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Annotated Content 



Chapter 0: Introduction 

Chapter 1: Basic definitions We introduce a general method of building 
forcing notions with use of norms on possibilities and we specify the two cases we 
are interested in. 

1.0 Prologue 

1.1 Weak creatures and related forcing notions [We define weak creatures, 
weak creating pairs and forcing notions determined by them.] 

1.2 Creatures [Wc introduce the first specific case of the general schema: cre- 
ating pairs and forcing notions of the type Qc(nor)(-^' ^)-] 

1.3 Tree creatures and tree— like forcing notions [The second case of the 
general method: forcing notions Q*''°°(_ft', E) in which conditions are trees 
with norms; tree creatures and tree-creating pairs.] 

1.4 Non proper examples [We show several examples justifying our work in 
the next section: the method may result in forcing notions collapsing Hi, so 
special care is needed to ensure proporness.] 

Chapter 2: Properness and the reading of names We define properties 
of weak creating pairs which guarantee that the forcing notions determined by 
them are proper. Typically wc get a stronger property than properness: names for 
ordinals can be read continuously. 

2.1 Forcing notions Q*^{K,J^), Ql,^{K,T,) [We show that the respective 
forcing notions are proper if {K, S) is finitary and either growing or captures 
singletons.] 

2.2 Forcing notion Qj(X, S): bigness and halving [We introduce an im- 
portant property of creatures: bigness. We note that it is useful for deciding 
"bounded" names without changing the finite part of a condition in forc- 
ing notions discussed in 2.1. Next we get properness of Q*f{K, S) when the 
creating pair {K, E) is big and has the Halving Property.] 

2.3 Tree— creating {K, E) [We show that properness is natural for forcing no- 
tions Qg''°°(_ftr, E) determined by tree-creating pairs (with our norm condi- 
tions). With more assumptions on {K, E) we can decide names on fronts.] 

2.4 Examples [We recall some old examples of forcing notions with norms 
putting them in our setting and we build more of them.] 

Chapter 3: More properties We formulate conditions on weak creating 
pairs which imply that the corresponding forcing notions: do not add unbounded 
reals, preserve non-null sets or preserve non-meager sets. 

3.1 Old reals are dominating [From the results of section 2 we conclude that 
various forcing notions are w'^-bounding.] 
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3.2 Preserving non-meager sets [We deal with preservation of being a non- 
meager set. We show that if a tree-creating pair {K, E) is T-omittory then 
the forcing notion Qf'^'^{K,Y,) preserves non-meager sets. We formulate a 
weaker property (being of the NMP~type) which in the finitary case implies 
that forcing notions Q^'^'^i-^j Q/(^: ^) preserve non-meager sets. We get 
a similar conclusion for Q'^^{K,T,) when {K,T,) is a finitary creating pair 
which captures singletons.] 

3.3 Preserving non-null sets [We formulate a property of tree-creating pairs 
which implies that the forcing notion Ql'^°°{K, E) preserves non-null sets.] 

3.4 (No) Sacks Property [An easy condition ensuring "no Sacks property" 
for forcing notions of our type.] 

3.5 Examples [We build a tree-creating pair {K, E) such that the forcing notion 
Qi'^''{K,T,) is proper, w'^-bounding, preserves the outer measure, preserves 
non-meager sets but does not have the Sacks property.] 

Chapter 4: Omittory with Halving We explain how omittory creating 
pairs with the weak Halving Property produce almost w^-bounding forcing no- 
tions. 

4.1 What omittory may easily do [We show why natural examples of forcing 
notions Q*^{K, E) (for an omittory creating pair {K, E)) add a Cohen real 
and make ground model reals meager.] 

4.2 More operations on weak creatures [Just what the title says: we present 
more ways to put weak creatures together.] 

4.3 Old reals are unbounded [We say when a creating pair (K, E) is of the 
AB-type and we show that this property may be concluded from easier-to- 
check properties. We show that Ql^{K, E) is almost w'^-bounding if {K, S) 
is growing condensed and of the AB-type. For omittory creating pairs we 
do not have to assume "condensed" but then we require a stronger variant 
of the AB, AB+.] 

4.4 Examples [We generalize the forcing notions from 
building examples for properties investigated before.] 

Chapter 5: Around not adding Cohen reals We try to ensure that the 
forcing notions built according to our schema do not add Cohen reals even if it- 
erated. We generalize "(/, g)-bounding" and further we arrive to a more general 
iterable condition implying "no Cohen reals" . 

5.1 (/, g)— bounding [We present easy ways to make sure that our method re- 
sults in (/, (?)-bounding forcing notions.] 

5.2 (?, .F)— bounding [We introduce a natural (in our context) generalization of 
(/, (7)-bounding property. For the sake of completeness we show that the 
new property is preserved in CS iterations.] 

5.3 Quasi— generic F and preserving them [We formulate a reasonably weak 
but still iterable condition for not adding Cohen reals. We define t-systems, 
we say when F is quasi- PF- generic and when a forcing notion is F-genericity 
preserving. These notions will be crucial in the next section too.] 

5.4 Examples [We construct a sequence {W^i^ : h G !Fi,k,£) such that W^f^ 
are f-systems and various forcing notions (including the random algebra) 
are (F, W^'^^)-genericity preserving (for quasi-generic F). We build a forcing 
notion Ql^^{K,T,) which is proper, w'^ -bounding, (/, (7)-bounding, makes 
ground model reals null and we use the technology of "F-genericity" to 
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conclude that its CS iterations with Miller's forcing, Layer's forcing and 

random algebra do not add Cohen reals.] 
Chapter 6: Playing with ultrafilters Our aim here is to build a model 
in which there is a ])-point generated by Hi elements which is not a g-point and 
mi = H2. 

6.1 Generating an ultrafilter [We say when and how quasi- W-generic T de- 
termines an ultrafilter on lo.] 

6.2 Between Ramsey and p-points [We define semi-Ramsey and almost- 
Ramsey ultrafilters and we have a short look at them.] 

6.3 Preserving ultrafilters [We give conditions on a tree-creating pair {K, S) 
which imply that the forcing notion Qi''®®(ii', E) preserves "2? is an ultrafil- 
ter" for V which is Ramsey, almost Ramsey. We say when the filter generated 
by V in the extension is almost Ramsey.] 

6.4 Exeimples [We construct f-systems such that if a quasi-T4^^-generic F 
generates a semi-Ramsey ultrafilter then it generates an almost Ramsey ul- 
trafilter, and we build a suitable quasi-generic F. For a function ip e lv^ we 
give a tree-creating pair {K, S) such that the forcing notion Qf'^^{K, S) pre- 
serves "2? is an almost-Ramsey ultrafilter" and it adds a function W (with 
W{m) G [■(/'(m)]"^ ^ ) such that for each partial function h & Yl ipim) 

mGdom(/i) 

infinitely often h{m) G W{m). Next we apply it to get an answer to Matet's 
problem.] 

Chapter 7: Friends and relatives of PP We deal with Balcerzak-Plewik 
number and various properties resembling PP-property. 

7.1 Balcerzak— Plewik number [We recall the definition of kbp and we show 
that it is bounded by the dominating number of the relation determined by 
the strong PP property.] 

7.2 An iterable friend of strong PP property [We introduce a property 
slightly stronger than the strong PP-property but which can be easily han- 
dled in CS iterations. We show that this property is natural for forcings 
Q*-''(i^,I]), Q;^(i^,S) (in finitary cases).] 

7.3 Bounded relatives of PP [We define various PP-like properties for local- 
izing functions below a given function. We say how one gets them for our 
forcing notions and how we may handle them in iterations.] 

7.4 Weakly non-reducible p-filters in iterations [We show that a property 
of filters, crucial for getting PP-like properties for our forcing notions, is 
easy to preserve in CS iterations.] 

7.5 Examples [For a perfect set P C 2^^ we build a creating pair {K, S) such 
that the forcing notion Q*j^{K, S) is proper, w'^-bounding and adds a perfect 

subset Q of P whith property that (VK G [uj]^)(Q\K ^ 2^). We use 
this forcing notion to get consistency of £) < kbp- We show how forcing 
notions from other parts of the paper may be used to distinguish PP-like 
properties (and the corresponding cardinal invariants) . We build an example 
of a forcing notion which is w'^-bounding and preserves non-meager sets but 
which does not have the strong PP-property.] 
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CHAPTER 



Introduction 



Set Theory]^ began with Georg Cantor's work when he was studying some spe- 
cial sets of reals in connection with the theory of trigonometric series. This study 
led Cantor to the following fundamental question: does there exist a bijection be- 
tween the natural numbers and the set of real numbers? He answered this question 
negatively by showing that there is no such function. Cantor's work did not stop 
here and with his sharp intuition he discovered new concepts like the aleph's scale: 



0,1, 



Thus Cantor's theorem says that Hq < 2^" and Cantor's question was: is 2^" equal 
to Ki? 

A real advance on Cantor's question was given by Kurt Godel when he showed 
that it is (relatively) consistent that 2^" — ^i- In 1963 Paul Cohen showed that if 
the ZF~axioms for Set Theory are consistent then there is a model for Set Theory 
where the continuum is bigger than Hi. Cohen's work is the end of classical set 
theory and is beginning of a new era. 

When the cardinality of the continuum is Hi (i.e. CH holds) most of the com- 
binatorial problems are solved. When the continuum is at least H3 then most of 
the known technology fails and we meet very strong limitations and barriers. 

When the continuum is K2 there are many independence results; moreover there 
are reasonably well developed techniques for getting them by sewing the countable 
support iterations of proper forcing notions together with theorems on preservation 
of various properties. 

The aim of this paper is to present some tools applicable in the last case. 
We present here a technique of constructing of (proper) forcing notions that was 
introduced by Shelah for solving problems related to cardinal invariants like the un- 
bounded number or the splitting number as well as questions of existence of special 
kinds of P-points (see Blass Shelah | |BsSh 242| and She lah ]Sh 207[ , ]Sh 326t ). 
That method was successfully applied in Fremlin Shelah EVSh 406[ , Roslanowski 



Shelah [RoSh 501|, Ciesielski Shelah [CiSh 653| and other papers. The first at 



tempt to present a systematic study of the technique was done in the late eighties 



when the second author started work on preparation of a new edition of [3h:b|. 
For a long time the new book, [ 5h:l |, was supposed to contain 19 chapters. The 
last chapter. Norms on possibilities, contained a series of general definitions and 
statements of some basic results. However, there was no new application (or: a 
good question to solve) and the author of the book decided to put this chapter 



large part of the beginning of this introduction is based on notes of Haim Judah. I really 
think that they fit to the present paper, though Saharon Shelah is not convineed — Andrzej 
Roslanowski. 
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0. INTRODUCTION 



aside. Several years later, when the first author started his cooperation with She- 
lah some new applications of Norms on possibilities appeared. But the real shape 
was given to the work due to questions of Tomek Bartoszyhski and Pierre Matet. 
The answers were very stimulating for the development of the general method. 
This paper is meant as the first one in a series of works presenting applicability 



of the method of norms on possibilities. In |RoSh 670 1 we will present more 
applications of this technique - for example we develop the ideas of Ciesielski Shclah 
|CiSh 653 to build models without magic sets and their relatives. Though one 



can get an impression here that our method results in non-ccc forcing notions, we 
managed to generalize it slightly and get a tool for constructing ccc forcing notions. 



That was successfully applied in |RoSh 628] to answer a problem of Kunen by 
constructing a ccc Borel ideal on 2*^ which is translation-invariant index-invariant 
and is distinct from the null ideal, the meager ideal and their inte rsection. It 



should be pointed out here, that already in Judah Roslanowski Shelah JRSh 373| 



an example of a ccc forcing notion built with the use of norms on possibilities 
was given (the forcing notion there can be presented as some Q*i'^'^{K,'E) in the 
terminology here). Investigations of ccc forcing notions constructed according to our 



schema are continued in [RoSh 672 . There are serious hopes that the technique 



presented here might be used to deal with problems of large continuum due to 



special products. This would continue Goldstern Shelah [ GoSh 448 |. Another 
direction is study of cr-ideals related to forcing notions built according to the schema. 
Let us note that most of the forcing notions constructed here fall into the 



category of snep-forcing notions of [ Sh 630 . Consequently, the general machinery 



of definable forcing notions is applicable here. We may use it to improve some of 
our results, and also to get more tools for handling iterations (see [ ^h 63C ] and 
|Sh 66S | for more details). 



We want to emphasize that though the aim of the paper is strongly related 
to independence proofs it should have some value for those firmly committed to 
unembellished ZFC, too. This is nicely expressed by the following: 

Thesis 0.0.1. We cannot discover the (candidates for) Theorems of ZFC with- 
out having good forcing techniques to show they are hard nuts. 

0.1. The content of the paper 

Most of the results of the paper originated in answering a particular question 
by constructing an example of a forcing notion. However, the general idea of the 
paper is to extract those properties of the example which are responsible for the 
fact that it works, with the hope that it may help in further applications of the 
method. That led us to separation of "the general theory" from its applications, and 
caused us to introduce a large number of definitions specifying various properties 
of weak creating pairs. Each chapter ends with a section presenting examples and 
applications of the tools developed in previous sections. Moreover, at the end of 
the paper we present the list of all definitions which appeared in it. This is not a 
real index, but should be helpful. The first chapter introduces basic definitions and 
the general scheme. In the next chapter we deal with the fundamental question of 
when our forcing notions are proper. The first two chapters are a basis for the rest 
of the paper. After reading them one can jump to any of the following chapters. 

In the third chapter we show how we may control some basic properties of 
forcing notions built according to our scheme. The properties we deal with here 
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are related to measure and category and they lead us to example 3.5.1 of a proper 
forcing notion which is w'^-bounding, preserves non-meager sets and the outer 
measure, but does not have the Sacks Property. This answers Bartoszynski's request 
|Ba94| , Problem 5]. 

The fourth part continues |RoSh 501], dealing with localizations of subsets of 
uj. Though the example constructed here is a minor modification of the one built 
there, it is presented according to our general setting. We show explicitly how the 
weak Halving Property works in this type of examples. 

A serious problem in getting models of ZFC with given properties of measure 
and category is that of not adding Cohen reals. What is disturbing here is that we 
do not have any good (meaning: sufficiently weak but iterable) conditions for this. 
In the fifth chapter we show how one can ensure that our general scheme results in 
forcing notions not adding Cohen reals. A ne w iterable co ndition for t his appears 
here and quite general tools are developed (see 5.3.6 , 3.4.2| ). Fi nally, in 5.4.2 , 5.4.4 
we fully answer another request of Bartoszyhski formulated in [ Ba94 , Problem 4] . 
We build a proper w'^-bounding forcing notion which preserves non-meager sets, 
makes ground model reals null, is (/, (7)-bounding and such that countable support 
iterations of this forcing with Laver forcing. Miller forcing and random real forcing 
do not add Cohen reals. 

The next chapter leads to answering a question of Matet and Pawlikowski. 
In S.4.6 we show that it is consistent that there exists a p-point generated by Ni 
elements which is not a g-point and that for every e lu^ and a family of Hi 
partial infinite functions h : dom(/i) — > lo such that h{n) < 'ip{n) for n G dom(/i) C 
UJ there is G 11 [ipin)]^^^ with (V/i e T){3°°n G dom(/i))(/i(n) G Win)). 

Several general results on preserving special properties of ultrafilters are presented 
on the way to this solution. 

A starting point for chapter 7 was a proble m of B alcerzak and Plewik. We 
show that the Balcerzak-Plewik number kbp (see 7.1.1 ) is bounded by a cardinal 



invariant related to the strong PP-property (in 7.1.3 ). N ext we show the consistency 



of both "0 < kbp" (in 7.5.2| ) and "kbp < c" (in 7.5.3 ). We treat our solution as 
a good opportunity to look at various properties of forcing notions related to the 
PP-property (and corresponding cardinal invariants). 



0.2. Notation 



Most of our notation is standard and compatible with that of classical textbooks 
on Set Theory (like Bartoszyhski Judah [BaJu95| or Jcch However in forcing 
we keep the convention that a stronger condition is the larger one. 

Notation 0.2.1. 1. R-° stands for the set of non-negative reals. The 
integer part of a real r G is denoted by [r J . 

2. For two sequences ri,i> we write v <i rj whenever v is a proper initial segment 
of ?7, and v ^ rj when either v <\ rj or v ~ rj. The length of a sequence ry is 
denoted by £g{r]). 

3. A tree is a family of finite sequences closed under initial segments. (In 



1.3.1 we will define more general objects.) For a tree T the family of all 



w-branches through T is den oted by [T]. We may use the notation lim(r) 
for this object too (see 1.3.1 , note that a tree is a quasi tree). 
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4. The quantifiers (V°°n) and (3°°n) are abbreviations for 

(3m e w){Vn > m) and (Vm e u}){3n > m), 
respectively. 

5. For a function h : X — > X and an integer k we define h'^'^^ as the A;*''- 
iteration of h: /i^^) = /i, /i^^+i) = /i o 

6. For a set X, [X]^'^, [X]<'^ and will stand for families of countable, 
finite and all, respectively, subsets of the set X. The family of fc-element 
subsets of X will be denoted by [X]^. The set of all finite sequences with 
values in X is called X^^ (so domains of elements of X'^^ are integers). 
The collection of all finite partial functions from a; to X is X^. 

7. The Cantor space 2'^ and the Baire space uj^ are the spaces of all functions 
from oj to 2, w, respectively, equipped with natural (Polish) topology. 

8. For a forcing notion P. Tp stands for the canonical P name for the generic 
filter in P. With this one exception, all P-names for objects in the extension 
via P will be denoted with a dot above (e.g. f, X). 

9. c stands for the cardinality of the continuum. The dominating number 
(the minimal size of a dominating family in w'^ in the ordering of eventual 
dominance) is denoted by and the unbounded number (the minimal size of 
an unbounded family in that order) is called b. Ai, Af stand for the cr-ideals 
of meager and null sets on the real line, respectively. 

General Definitions 0.2.2. 1. For an ideal J of subsets of a space X 
we define its cardinal characteristics (called additivity, covering number, uni- 
formity and cofinality, respectively): 

• add(J^) = iniii{\A\ -.ACJk y]AiJ], 

• cox{J) = min{|^| : ^ C J & IJ-^ = 

• non(J) = min{|y| -.Y <Z X k.Y ^ J), 

• cof(J) = min{\A\ : ^ C J & (VA e J){3B G A){A C B)}. 

2. Assume that X,Y are Polish spaces and R (- X xY is & Borel relation. 
Suppose that V C V' axe models of ZFC and that all parameters we need 
are in V. We say that the extension (V, V) has the R-localization property 
if 

(Va; e XnV')(3y €YnV){{x,y) £ R). 

If X € X f] V, y gY nY and (x, y) & R then we say that y R-localizes x. 

We say that a forcing notion P has the i?-localization property if every 
generic extension of V via P has this property. 

3. For a relation R'^ X xY we define two cardinal numbers (the unbounded 
and the dominating number for R): 

b{R) = mm{\B\ : (Vt/ e Y){3x G B){{x,y) ^ R)} 



<}{R) = mm{\D\ : (Va; G X){3y G D){{x,y) G R)}. 



CHAPTER 1 



Basic definitions 



In this chapter we introduce our heroes: forcing notions built of weak creatures. 
The Prologue is intended to give the reader some intuitions needed to get through 
a long list of definitions. A general scheme is presented in the second part, where 
we define weak creatures, sub-composition operations, weak creating pairs {K, S) 
and corresponding forcing notions Qc{iior){K,'E). However, in practice (at least 
in this paper) wc will be interested in two special cases of the scheme. The first 
main family of weak creating pairs (and related forcing notions) are creating pairs 
determined by composition operations on creatures. The second family consists of 
tree creating pairs coming from tree compositions on tree creatines. These two 
options are introduced in the following two parts of the chapter. It should be 
underlined here that the rest of the paper will deal with these two (essentially 
disjoint and parallel) cases of the general scheme. In the last section wc give some 
justifications for our work in the next chapter, showing that without extra care our 
schema may result in forcing notions collapsing Hi. 

Note: Our terminology (weak creatures, creatures, tree-creatures etc) might be 
slightly confusing, but it was developed during a long period of time (see introduc- 
tion) and large parts of it are established in literature already. 

Basic Notation: In this paper H will stand for a function with domain oj such 
that (Vm e a;)(|H(m)| > 2). We usually assume that € H(m) (for all m € 
w); if it is not the case then we fix an element of H(m) and we use it whenever 
appropriate notions refer to 0. Moreover we fix "a sufficiently large" uncountable 
regular cardinal x and we assume that at least H G W(x) (the family of sets of 
cardinality hereditarily less than x) or, what is more natural, even H G W(Hi). 

1.0. Prologue 

If one looks at forcing notions appearing naturally in the Set Theory of Reals 
(i.e. the forcing notions adding a real with certain properties and preserving various 
properties of the ground model reals) then one realizes that they often have a com- 
mon pattern. A condition in such a forcing notion determines an initial segment of 
the real wc want to add and it puts some restrictions on possible further extensions 
of the initial segment. When we pass to a stronger condition we extend the deter- 
mined part of the generic real and we put more restrictions on possible extensions. 
But we usually demand that the amount of freedom which is left by the restrictions 
still goes to infinity in a sense. The basic part of the definition of such a forcing 
notion is to describe the way a condition puts a restriction on possible initial seg- 
ments of the generic real. Typically the restriction can be described locally by use 
of "atoms" or "black boxes" , in our terminology called weak creatures. So a weak 
creature t has a domain (contained in finite sequences) and for each sequence w 
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from the domain it gives a family of extensions of w (this is described by a relation 
val[t]: if {u,v) € va.l[t] then v is an allowed extension of u). Moreover, such a t 
has a norm nor[f] which measures the amount of freedom it leaves. Further, we 
are told what we are allowed to do with weak creatures: typically we may shrink 
them, glue together or just forget about them (i.e. omit them). The results of 
permitted operations on a family iS of weak creatures are elements of S (5) in our 
notation (where S is a sub-composition operation on the considered family K of 
weak creatures), see 1.1.4. Now a condition in our forcing notion can be viewed as 
(w,S), where w is a finite sequence (the determined part of the generic real) and 
5 is a countable family of weak creatures satisfying some demands on its structure 
and requirements on nor[i] for t G 5. When we want to build a stronger condition 
then we take t € S such that w is in the domain of t and we pick up one of the 
possible extensions of w allowed by t. We may repeat this procedure finitely many 
times and we get a sequence w* extending w. Next we choose a family S* of weak 
creatures such that each s G iS* is obtained by permitted procedures from some 
<Ss C 5 (i.e. s e S(»Ss)). The pair {■w*,S*) is an extension of {w,S) provided S* 
satisfies the structure demands and norm requirements. 

However, this general schema breaks to two cases, which, though very similar, 
are of different flavors. In the first case we demand that the family <S in a con- 
dition {w,S) has a linear structure. Then we usually represent the condition as 
{w, to,ti,t2, ■ ■ ■), where for some sequence < mo < mi < m2 < . . . < to 

w is a sequence of length mo and for each i < u: 

ti is a weak creature saying in which way sequences of length rui 

may be extended to sequences of length m^+i. 

So it is natural in this context to consider only weak creatures t such that for 
some integers m^^^ < mj,p (dn stands for "down"), the domain of t is contained 
in sequences of length m^j^ and every extension of a sequence from the domain 
allowed by t is of length mj,p. In other words we require that if (u, v) e val[i] then 
ig{u) = m^j^ and £g{v) = m^p. In apphcations the domain of the relation val[t] 
consist of all legal sequences of length m^^^. Let us describe a simple example of 
this kind. Consider the Silver forcing Q "below 2"": a condition in Q is a function 
p : dom{p) — > u! such that 

dom(p) Clj & Iw \ dom(p)| = u) & (Vn e dom(p))(p(n) < 2"). 

Let us look at this forcing in a different way. 

Let K consist of all triples t = {nor[t],va\[t],dis[t]) such that 

• dis[t] = (m*. A;*) where m* < u) and fc* e {*} U 2™*, 

• nor[t] = m* if A:* = * and nor[i] = otherwise, 

• val[t] = {{u,v) € n 2* X n 2*: MOW & (A* 7^ * ^ v(m*) = fc*)}. 

ForSCK we let S(5) = if |5| 7^ 1 and 
ift&K,k*^* then 5]({i}) = {t}, 

ift G K, = * then T,{{t}) consists of all s G K with = m*. 
Now, a condition p in Q may be represented as a sequence {w^, tg, t^,. . .), where 

(a) each is from K, 

(b) wP is a finite sequence of length m*o such that wP{n) < 2" for n < m*?, 

(c) mri = mro + 
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(d) lim sup nor[t?] = oo. 

The order < of Q is defined by {wP, t^, if, if , . . . ) < i^, i?, tl,...)ii and only if 
for some N < u: 

wP < w"?, = ig{wP) + N, 

{w'i \ig{wP) + z, w« [-(wP) + i + 1) G val[if ] for each i < N, and 
i^eS(iPr+j) for every i<a;. 

The pair {K, S) is an example of a creating pair and the forcing notion Q (repre- 
sented as above) is Ql^^,{K,T,) (see 1.2.2 and 1.2.4). 

On the other pole of possible weak creatures we have those which provide 
possible extensions for only one sequence rj (i.e. those i for which |dom(val[i])| = 1). 
Weak creatures of this type are called tree-creatures and they say to us simply: 

/ know what the restrictions on extensions of a single sequence r] 
are, and I do not look at other sequences at all. 

Tree-creatures are fundamental for building forcing notions in which conditions are 

trees of a special kind. In these forcing notions a condition p = {w, S) is such that 
w is a root (stem) of a tree TP and each i g 5 is a part of the tree TP; usually such 
a i describes how one passes from an element r] G Tp to its extensions in Tp (not 
necessarily immediate successors). It is natural to put some requirements on sub- 
composition operations S when the weak creatures we consider are tree-creatures, 
and this leads to the definition of tree composition and tree-creating pair, see 1.3.3. 
Moreover, it turns out to be very practical to consider special demands on the 
norms nor[i] to take an advantage of the tree form of a condition, see 1.3.5. (Note 
that in further definitions we do not require that TP is a tree but we demand that 
it is a quasi tree only. This will simplify the notation a little bit.) Let us illustrate 
this by a suitable representation of the Lavcr forcing L. Recall that a condition in 
L is a tree T C o;^^ such that if r/ G T, root(T) < rj then |succt(77)| = to. 
Let K consist of all triples t = (nor[i], val[i], dis[i]) such that 

• dis[i] = (r/*, A*), where A* € [w]'^ and ?7* € 

• nor[i] = (l.g{rf), 

• val[i] = {{rf, v) -.rf <\v k £g{v) = tg{rf) + 1 & v{lg{rf)) G A*]. 

For i e if we let E({i}) ^ {s e K : ri" ^ ri^ k A" Q A*} and for 5 C if 
with |iS| ^ 1 we declare S(<S) = 0. Now, a condition p in L can be represented 
as (??P,(i^ : V G TP)), where TP C uj<^ is a tree such that root(TP) = rjP and 
for each v € TP, root(r'') < we have succtp(i^) = {p : {v,p) G val[i^]} (so 
S is {tP : V G T^} here). Moreover, we demand that for each infinite branch 
?7 through TP the norms nor[i^|.J go to infinity. The order < of L is given by 
{nP, {tP^:ve TP)) < {r]", {tl-.ue Ti)) if and only if jy? G TP and 

{yiyeT'i){ueTP ktlGi:{tP)). 

The pair {K, S) defined above is a tree creating pair and the forcing notion L is 

Ql^'^K, S). 

1.1. Weak creatures and related forcing notions 

Definition 1.1.1. 1. A triple t = (nor, val, dis) is a weak creature for H 
if: 

(a) nor G M-°, 
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(b) val is a non-empty subset of 

{(^,y)e U [R n H(z)]:x<y}, 

mo<nii<Lj i<mo i<mi 

(c) dis e 

The family of all weak creatures for H is denoted by WCR[H]. 
2. In the above definition we write nor = nor[i], val ~ val[f] and dis = dis[t]. 
[val is for value, nor is for norm, dis is for distinguish.] 

Remark 1.1.2. The dis[i] in a weak creature t plays the role of an additional 
parameter which allows as to have distinct creatures with the same values of val 
and nor. T his m ay be sometimes important in defining sub-composition operations 
on K (see |l.l.4| below): we will be able to have distinct values of S(io)i 
though val[<o] = val[ti] and nor[to] = nor[ti]. One may think that this additional 
parameter describes the way the weak creature t was constructed (while val[<], 
nor[i] give the final effect of the construction). We may sometimes "forget" to 
mention dis[<] explicitly - in most of the results and applications dis[i] might be 
arbitrary. In the examples we construct, if we do not mention dis[i] we mean that 
either it is or its form is clear. 



Definition 1.1.3. 1. If we omit H we mean for some H or the H is clear 
from the context, etc. 

2. We say that H is finitary (or of a countable character, respectively) if ll{n) 
is finite (countable, resp.) for each n £ oj. We say that K C WCR[H] is 
finitary if H is finitary and val[t] is finite for each t (z K. 

Definition 1.1.4. Let K c WCR[H]. 

1. A function E : [K]^"^ — > P{K) is a sub- composition operation on K if: 

(a) (transitivity) if 5 G [if]— and for each s e iS we have s G S(iSs) 

then S(5) C S( U Ss), 
ses 

(b) r e I](r) for each r e K and E(0) = 0. 

[Note that S(iS) may be empty for non-empty iS; in future defining E we 
will describe it only for the cases it provides a non-empty result, in all other 
cases we will assume that E(iS) = 0.] 

2. In the situation described above the pair {K, E) is called a weak creating 
pair for H. 

3. Suppose that (if, E) is a weak creating pair, to,ti G K. We say that to,ti 
are E-equivalent (and we write then to ti) if nor[io] — nor[ti], val[to] = 
val[ii] and for each 5 C [/f \ {io, ti}]- ^ we have E(5U {to}) = E(5U{ii}). 

Remark 1.1.5. Note that the relation as defined in [l.l.4| (3) does not have 
to be transitive in a general case (so, perhaps, we should not use the name E- 
equivalent). However, if (if, E) is either a creating pair (see |1.2.2| ) or a tree-creating 



pair (see |l.3.3 ) then ~x; is an equivalence relation. Then, if additionally E(5) is non- 
empty for finite S only, the value of E(5) depends on the '^s-equivalence classes 
of elements of S only. Therefore we will tend to think in these situations that we 
identify all '^s -equivalent elements of K (or just consider a selector K* C if of 
if/^s)- If ^{S) may be non-empty for an infinite 5 C if (which may happen 
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for tree-creating pairs), then we have to be more careful before we consider this 
identification: we should check that the values of S depend on ^^s^equivalence 
classes only. 

Definition 1.1.6. Let (K, S) be a weak creating pair for H. 

1. For a weak creature t ^ K we define its basis (with respect to {K, E)) as 

basis(t) = {u; e IJ [|H(i): {3s <E J:{t))(3u){{w,u) e val[s])}. 

2. For w e y Y[ H(i) and S e [if]— we define the set pos(w, S) of possible 
extensions of w from the point of view of S (with respect to {K, S)) as: 

pos*{w,S) = {u : (3s e I](5))((u;,u) £ val[s])}, 

pos(i(j, S) = {u : there are disjoint sets Si (for i < m < uj) with IJ St — S 

and a sequence < < • • ■ < ^m-i < (^g{u) such that 
u\£i:) ^ pos*{w,So) and 

u\£i e pos*{u\eo,Si) k ... & u G pos*(u|'^m_i,5,„-i)}. 

3. Whenever we use basis or pos we assume that the weak creating pair {K, S) 
with respect to which these notions are defined is understood. 

Definition 1.1.7. Suppose {K, E) is a weak creating pair for H and C(nor) is 
a property of cj-sequences of weak creatures from K (i.e. C(nor) can be thought of 
as a subset of if"). We define the forcing notion Qc{iior){K, S) by 

conditions are pairs {w,T) such that for some fco < ^- 

(a) e n H(*) 

i<kfi 

(b) T = {ti : i < u) where: 

(i) ti G K for each i, 

(ii) w G basis(ii) for some i < oj and for each u G pos{w, {ti : i G Iq}), 
lo G u! there is i G uj \ Iq such that u G basis(ti), 

(c) the sequence {ti : i < lo) satisfies the condition C(nor); 

the order is given by: (wi,T^) < (u'2,T^) if and only if 
for some disjoint sets iSo,iSi,iS2, . . . C w we have: 

W2 G pos(u;i, {t\ : a G Sq}) and G E({4 : (- G 5j+i}) for each i < uj 

(where = {t^ : i < uj)) . 

lip = {w,T) we let wP ^ w, TP = T and if TP = {U : i < uj) then we let 
if = ti. We may write {w, to,ti, . . .) instead of (w, T) (when T — {ti : i < uj)). 

Proposition 1.1.8. If{K,Yi) is a weak creating pair and C{nor) is a property 
of sequences of elements of K then Qc(nor) {K, E) is a forcing notion. 

Remark 1.1.9. The reason for our notation C(nor) for the property relevant 



for (c) of 1.1.7 is that in the applications this conditions will say that the norms 
nor[tj] go to the infinity in some sense. Some of the possibilities here are listed in 
1.1. iq below. 



10 



1. BASIC DEFINITIONS 



Definition 1.1.10. For a weak creature t let us denote 

'mdn{t) — miii{£g(u) : u G dom(val[t])}. 

We introduce the follow ing (b asic) properties of sequences of weak creatures which 
may serve as C(nor) in |l.l.7 : 



(soo) A sequence {ti : i < lo) satisfies ^""(nor) if and only if 

(Vi < cj)(nor[t,;] > maxji, mdn(^i)})- 
(oo) A sequence {U : i < uj) satisfies C°°(nor) if and only if 

lim nor[ii] = oo. 

i — >uj 

(woo) A sequence {U : i < oj) satisfies C^°°(nor) if and only if 

lim sup nor[ii] = oo. 

i — 'UJ 

Let f : UJ X UJ — > uj. We define the property introduced by / by 
(/) A sequence {ti : i < uj) satisfies C'''(nor) if and only if 

(Vfc < w)(V°°z)(nor[t,] > /(fc, md„(iO)). 

For notational convenience we will sometimes use the empty norm condition: 
(0) Each sequence {U : i < uj) satisfies C®(nor). 

The forcing notions corresponding to the above properties (for a weak creating 
pair {K, E)) wiU be denoted by Q,^{K, S), Qoo{K, S), Qwoo(if, S), Qf{K, S) and 
lT, E), respectively. 



Remark 1.1.11. 1) Note that the second component of a pair {w,T) e 
lor) is 0- sequence of weak creatures, and in the most general case the 

order of its members may be important. For example the property C^°°(nor) in- 
troduced in 1.1. 10| is not permutation invariant and some changes of the order in 



the sequence {U : i < uj) may produce a pair (w, T') which is not a legal con- 
dition. This is not what we would like to have here, so in applications in which 
this kind of problems appears we will restrict ourselves to suborders Qc(nor)(-^' ^) 
of Qcfnor-)(j^, S ) in w hich we put additional structure demands on the sequences 



(ti : i < uj) (see 1.2.6). Moreover, to get properness for forcing notions Q*o^(i4r, E) 



we will have to put some demands on (if, E) (see 2.1.6). These demands will cause 



that various variants of the norm condition C^°° (nor) result in equivalent forcing 



notions (see 2.1.3). So, from the point of view of applications, the main reason for 
introducing ^^""(nor) is a notational convenience. 
2) Note that 

Qsoo(if, S) C Q^{K, E) C Qwoo(/^, S) C Q^{K, E) 
where the inclusions mean "suborder" (but often not "complete suborder"). If 



we put some conditions on / (e.g. / is fast, see 1.1.12 ) then we may easily have 
Q/(i^,E) CQ^(/^,E). 

3) In our applications we will consider the forcing notion s Qf{K , E) only for 
functions f : uj x uj — > uj which are growing fast enough (see |1.1.12| below). 
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Definition 1.1.12. A function f : uj x oj — > uj is fast if 

{ykeu;){y£euj){f{k,£)<f{kj. + l) & 2-f{k,£)<f{k + l,e)). 
The function / is fl-fast if additionally (H is finitary and) for each k,£ d uj: 

2'^«(^) • (/(fc, £) + W + 2) < f{k + 1, £), 
where ipu{£) = | H H(i)|. 

Definition 1.1.13. Suppose that {K, S) is a weak creating pair and C(nor) is 
a property of sequences of elements of K. Let be a Qc(„or)(-^5 S)-nanie such 
that 

I^Qc(„o.)(i^,s) = |J{™^ ■ P ^ rQc(„„,)(K,s)}- 

Proposition 1.1.14. Suppose that {K,T,) is a weak creating pair and C (nor) 
is a property such that the forcing notion Qc(nor) (f^j non-empty. Then: 

1- '^Qc(„or)(-ff:S) "W is a member of J] H(i) ". 

2. //(Vi G t^)(H(i) = 2) then IKqc(„„,)(k,s) 'W is a real". 

3. If for every t G -fC, w G basis(t) the set pos(M,t) /las at lea.st two elements 

^'»e«lhQ,(_,(K,s) V". 

Remark 1.1.15. 1) We will always assume that the considered weak creating 
pairs (if, S) (and norm conditions C(nor)) are such that Qc{iior){Kj^) ¥^ 0- Usu- 
ally, it will be enough that K contains enough creatures with large norms and in 
each particular example this requirement will be easy to verify. 



2) In general, the W defined in 1.1.13 does not have to encode the generic fil- 



ter. We may formulate a condition ensuring this. Let (if, E) be a weak creating 
pair and C(nor) be a norm condition such that Qc{iior){K,^) is not empty. For 
P e Qc(nor)(^,S) define 

S{p) =^ G IJ n H(i) : {3q > p){w < u;')} 
Clearly S{p) is a subtree of IJ ]^ H(z). Moreover, for each G IJ H ^^(0 

n^uj i<n n^uj i<n 

P ')^Qc(nor)(-R^,s) "u' -A W'' if and only if w & S{p) and 

P l^Qc(Z)(i^!s) 'W G [S{q)r if and only if Sip) C 5(g). 

Now we may define a Qc{nor){K^ E)-name H by 

I^Qc(„o.,(.-,., H = {pe Qc(nor)(if, E) : G [5(p)]} 

and we may want to claim that \^ H = ^(}(,^^^^^{K,l:)■ But for this we need to 
know that any two conditions in H are compatible. A sufficient and necessary 
requirement for this is: 

(□) ifp, q G Qc(nor)(^, S) and Sip) C Siq) 

then p Ih g G ^Qc(nar){K.'S} (or in other words p > q modulo the equiva- 
lence of conditions). 
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In most of our examples and applications, the condition (□) will be easy to check. 
We will not mention it in future as we will not use its consequences. 
Note however that it is very easy to build examples of weak creating pairs {K, S) 
(even creating pairs or tree creating pairs) for which (□) fails. Some of these 
examples might appear naturally. 

1.2. Creatures 

Now we will deal with the first specific case of the general scheme: creating 
pairs and forcing notions Qc(nor)('^' Notation and definitions introduced here 
are applicable to this case only and should not be confused with that for tree- 
creating pairs. 

Definition 1.2.1. Let t be a weak creature for H. 

1. If there is m < w such that (V(u,w) S val[t]){£g{u) = m) 
then this unique m is called ti^^^. 

2. If there is m < uj such that {\/{u,v) € val[t]){£g(v) = m) 
then this unique m is called m\^^. 

3. If both m^jj and mjjp are defined then t is called an (m^jj, w}^^)- creature (or 
just a creature). 

4. CR„i^„,„,„p[H] = {< G WCR[H] : m*i„ = 77idn and r7i*,p = mup}, 

CR[H] = U CR fHl. 

md„<mup<ii; 

Definition 1.2.2. Suppose that K C CR[H] and S is a sub-composition op- 
eration on K . We say that E is a composition on K (and we say that (if, E) is a 
creating pair for H) if: 

1. if iS e [K] — ^ and S(5) ^ then S is finite and for some enumeration 
S = {^0, ■ • • , ^m-i} we have mj/p = rri^^^ for all i < m — 1, and 

2. for each s e S(toj ■ ■ ■ , tm~i) we have rn^^ = m^^^ and m*p = nh^~^ . 

In this paper we will always assume that the creating pair under considerations is 



additionally nice and smooth (see 1.2.5 below) and we will not repeat this demand 
later. 

Remark 1.2.3. Sets of creatures with pairwise distinct "i^^^'s might be natu- 
rally ordered according to this value and therefore in similar situations we identify 
sets of creatures with the corresponding sequences of creatures. 

Definition 1.2.4. 1. For K C CR[H] and a composition operation E on 
K we define finite candidates (FC) and pure finite candidates (PFC) with 
respect to {K, E): 

FC{K, E) = {{w, to, . . . , tn) : w E basis(to) and for each i < n 

ti e K,m*^p = TO*,"^' and pos(w,to, . . . ,ti) C basis(t^+i)}, 

PFC(if, E) = {(to, ... ,tn):{3we basis(to))((w, <o, • • • , in) e FC(if ))}. 



2. We have a natural partial order < on FC{K, E) (like in 1.1.7 ). The partial 
order < on PFC is defined by 

{to, . . . , i„_i) < (so, . . . , Sm-i) if and only if mup"' = mup"', and 
(Viu e basis(to)) (w G basis(so) and {w,to,.. . , i„_i) < (w, so, • ■ ■ , s,„_i)) 
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(so (to) < (sq) means that sq G S(to) (^nd basis(to) ^ basis(so))- 

3. A sequence (^o, ii, ^2, • • • ) of creatures from K is a pure candidate with re- 
spect to a creating pair {K, S) if 

(Vi <^)K;p = m^+^) and 

{3w £ basis(to))(Vi < a;)(pos(fi;, Iq, . . . ,ti) C basis(ii_|_i)). 

The set of pure candidates with respect to {K, S) is denoted by PG{K, E). 
The partial order < on PC(K, S) is defined naturally. 

4. For a norm condition C(nor) the family of C (nor) -normed pure candidates 
is 

PCc(„or)(if,S) ='{(to,ii,...) ePC(i^,I]) : (to,ii,... ,) satisfies C(nor)}. 

Definition 1.2.5. Let (K, E) be a creating pair for H. We say that 

1. {K, E) is nice if for all to, . . . , tn-i G K and s G E(to, ■ • . , tn-i) we have 
basis(<o) Q basis(s). 

2. {K, E) is smooth provided that: 

if (ui, to; ■ • ■ I in-i) G FC{K, E), m < n and w G pos(u', tg, . . . , t„„i) 
t/ien u \ rn^ G pos(iy,io, • ■ ■ ,tm-i) and u G pos(u f m^';;,tm, . . . ,i„-i). 

3. K is forgetful if for every creature t £ K we have: 



G val[t] & G n H(rj)] ^ 



4. X is /iiZZ if dom(val[i]) = J] H(n) for every t G if. 

n<m\ 



As we said in 1.2.2, we will always demand that a creating pair is nice and 
smooth (but these properties occur naturally in applications). The main reason for 
the first assumption is to have the effect presented in |1.2.8| (2) below and the second 



demand is to get the conclusion of 1.2.10, Before we state these observations let us 



modify a little bit the forcing notions we are interested in. 

Definition 1.2.6. Let (/f, E) be a creating pair and C(nor) be a property 
of cj-sequences of creatures. The forcing notion Qc(nor)(^'^) ^ suborder of 
Qc(nor) {K, E) consisting of these conditions {w, to,ti, . . .) for which additionally 



Remark 1.2.7. 1) The forcing notions introduced in 1.2.6| fit better to the 



idea of creatures and compositions on them. Moreover in most of the applications 
the forcing notions Qc(nor) ^) ^'^'^ Qc(nor) {K, E) will be equivalent. Even in the 
most general case they are not so far from each other; note that if p G Qc(nor) ^) 
and q G Qc(nor)(^, S), p < g (in Qc(nor)(^, S)) then q G Q^(„or)(^' E)."of course 
it may happen that Qc(nor)(-^' ^) trivial - this usually suggests that the tree- 
approach is more suitable (see 1.3.3| ). 



2) Several notions simplify for the forcing notions Qc(nor)('^' P*-"^' example if 
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to, . . . , tn-i E K are such that m — to^"^, m\i^ — fn^^^ and w G H H(i) then 

z<m 

pos(w, • ■ • , tn-i) ~ {u '■ for some < /ci < . . . < /c^ <rt — 1 we have 

u \ rriup € pos*(w,io, • ■ • ,i/ci) & 
u r mup^ e pos*(u \ niup , ifc^+i, . . . , ifej & ... & 
U e pOS*(u \ mup , ifej + l7 • ■ • , tn-i)}- 



3) The norm condition (soo) (sec 1.1. 10| ) can be presented slightly simpler for 



,iK,j:). For {'w,to,ti,...) e S) it says just that 

(Vi < oj){nor[ti] > m*i^). 

Proposition 1.2.8. Suppose {K,T,) is a creating pair for H. 

1. Assume that K is full. Then {K,Y,) is nice and if C {nor) is one of the 
conditions (soo), (oo) , or (/) (where f is any fast function) , then the forcing 
notion Qc(nor) (-^' ^) dense subset of Qc{nor){K,T,) . 

2. // {K, E) is nice, {w, to, ti, <2, • . • ) is a condition in Q'^{K, E) and (s„ : n G 
Lo) is such that for some = fco < fci < . . . < s„ G E(ii : kn < i < A:„+i) 
(for all n E uj) then {w, so, si, S2, ■ ■ ■) is a condition in Q^^^K, E) (stronger 
than {w,to,ti,t2, . . ■))■ 

3. // {K, E) is forgetful then it is full. 

Definition 1.2.9. Let {K, E) be a creating pair, C(nor) be a norm condition, 
p £ Qc(nor)(-^' ^) ^"^^ T be a Qc(nor)(-^' ^Y'^s.Tsie for an ordinal. We say that 

1. p essentially decides the name t if 

(Elm e u})(iu G pos(w'', t^,. . . , t^_i)){{u, ^m, ^m+i, . . . ) decides the value of f), 

2. p approximates t at n (or at i^) whenever: 

for each wi G pos(u'P, t^,. . . , t^_i), if there is a condition r G Qc(nor) ^) 
stronger than p and such that w'' = wi and r decides the value of f then 
the condition (wi, tfj, if^^^, . . . ) decides the value of f . 

Lemma 1.2.10. Suppose that [K, E) is a smooth creating pair, C(nor) is a norm 
condition and t is a Qc(nor)(-^' for an ordinal. Assume that a condition 

p G Qc(nor)(-^'^' ^) essentially decides t (approximates t at each n, respectively). 
Then each q > p essentially decides t (approximates t at each n, respectively). 

Proof. Immediate by smoothness. □ 
Definition 1.2.11. Let {K, E) be a creating pair for H. 

1. For a property C(nor) of w-sequences of creatures from K and conditions 
P>1& Qc(nor) ^) we define 

P <apr q (in Qc(nor)(-^' ^)) ^nd only if 

p < q and for some k we have (V« < uj){t^^i, — tf) 

(so then w'^ G pos(?«P,tg, . . . too). 

2. We define relations <^°° (for n < w) on Q*oo(^, by: 

(a) P <l°° q (in Q,*oo(-f'^, ^)) if P < 9 and w;P = , 

(/?) p ^^'^i g (in Qt^iK, E)) if p <r <? and if = for i < n + 1. 

3. Relations <5f' on Ql^iK, E) (for n < uj) are defined by: 
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(a) p<^ q (in Q*^{K, E)) ii p < q and wP = 
(/?*) P <^+i q (in Q:o(^,S)) if p <S° g and 

= t'j for all j < min{z < ut : nor[if] > n + 1} and 

{tl -.i <uj Sz nor[t^] < n + 1} C {t^ : i < u}. 

4. Relations <^^'^ on Q;,<^(ii', S) are defined by 

(a) p <S'- g (in Q;^(X,S)) if p < g and wP = w^, 
(/?+) P <::n q (in Q;oo(^, S)) if P <S'°° g and 

~ — < ^ ■ J^o'^I^i'] > n + 1}. 

5. Let f : ujxu! — > w be a fast function. Relations on Q^(ii', S) are defined 
by: 

(a) p<l q (in Q;,(i4:,S)) if p < g and wP = w^, 
ipf) P <i+i q (in Q}{K, E)) if p <iJ g and 

— t^. for all j < min{^ < u : nor[i^] > f{n + 1, m^^)} and 

{tl-.iKuk nor[i?] < /(n + 1, m'l)} C {tf : z < c.}. 

6. We may omit superscripts in <^j°°, <^°° and <^ if it is clear from 
the context in which forcing notion we are working (i.e. what is the norm 
condition we deal with). 

Remark 1.2.12. The difference between e.g. (3) and (4) is in the last condition 
of (3), of course. 

Proposition 1.2.13. Suppose {K,E) is a creating pair for H. Let C (nor) be 
one of the following properties of m -sequ ences: ^^""(nor), C°°(nor), C"'°°(nor) or 
C^(nor) for some fast function f (see 1.1. IL) and let <„ he the corresponding 
relations (defined in 1.2.l\ ). Then 

1- <apr is a partial order (stronger than <) on Qc(nor)(^' 

2- <n (with .superscripts) are partial orders (stronger than <) on the respective 
Qc(nor)(-^' ^) ^'^'^ P ^"+1 1 implies p <n q. 

3. Suppose that pn G Qc(nor)(^'^) (f'^''^ n £ Lu) are such that 

(Vn e Uj){Pn <«+l Pn+l)- 

Then the naturally defined limit condition p — limp„ satisfies: 

n 

P £ 'Qc(nor)(^> ^) and (Vn < Uj){pn <n+l p)- 

Remark 1.2.14. A natural property one could ask for in the context of creating 
pairs is some kind of monotonicity: 

basis(t) = dom(val[t]) and pos(M,t) — {v : {u,v) G val[f]}, 

for t E K and u £ basis(<). However, there is no real need for it, as all our demands 
and assumptions on creating pairs will refer to pos (and not val). But for tree- 
creating pairs we will postulate the respective demand, ma inly t o simplify notation 
(and have explicit tree-representations of conditions), see |l. 3.3 (3). 
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1.3. Tree creatures and tree— like forcing notions 

Here we introduce the second option for our general scheme: forcing notions 

in which conditions arc trees with norms. This case, though parallel to the one 
of creating pairs, is of different character and therefore we reformulate all general 
definitions for this particular context. 

Definition 1.3.1. 1. A quasi tree is a set T of finite sequences with the 

<]-smallcst element denoted by root(T). 

A quasi tree T is o tree if it is closed under initial segments. If T is a quasi 
tree then dcl(T) is the smallest tree containing T (the downward closure of 
T). 

For a quasi tree T and rj € T we define the successors ofrj in T, the restriction 
of T to T], the splitting points of T and maximal points of T by: 

succT(r?) = {v €T : T] <] v k -^{3p G T){r] < p < v)}, 
= {u gT ir] 

split(T) = {7]eT : |succt(t/)| > 2}, 

max(T) = {i^ G T : there is no p G T such that v < p}. 
Weputf = T\max(r). 

The set of all limit infinite branches through a quasi tree T is 

lim(r) =^ {?7 : 77 is an w-sequence and {3°°n){r]\n € T)}. 
The quasi tree T is well founded if lim(T) = 0. 

A subset of a quasi tree T is a front in T if no two distinct members of F 

are <]-comparable and 

(Vry e lim(T) U max(r))(3n E uj){t] \ n E F). 

Remark 1.3.2. Note the difi^erence between lim(T) and lim(dcl(T)) for a quasi 
tree T. In particular, it is possible that a quasi tree T is well-founded but there is 
an infinite branch through dcl(T). Moreover, a front in T does not have to be a 
front in dcl(r). 

Definition 1.3.3. 1. A weak creature t G WCR[H] is a tree creature if 
dom(val[f]) is a singleton {rj} and no two distinct elements of rng(val[i]) are 
<] comparable; 

TCR[H] is the family of all tree-creatures for H. 

2. TCR,JH] = {te TCR[H] : dom(val[t]) = {t]}}. 

3. A sub-composition operation S on if C TCR[H] is a tree composition (and 
then {K,T,) is called a tree-creating pair (for H)) if: 

(a) if 5 G [K]^"^, E(5) 7^ then S = {s^ : ly ef} for some well founded 
quasi tree ^ |J H(i) and a system {si, : v € T) C K such that 

n<ui i<n 

for each finite sequence ly € T 

Su G TCRi/[H] and rng(val[si/]) = succt(j'), 

and 

(b) ifi G T.{sv :vef) theni G TCRroot(T) [H] and rng(val[i]) C max(T). 



2. 
3. 

4. 
5. 



1.3. TREE CREATURES AND TREE-LIKE FORCING NOTIONS 



17 



If T = {root(T)}, t = t,oot(i.) e TCRroot(T)[H] and rng(val[t]) = max(r) 
then we will write instead of : e T). 
4. A tree-composition S on is bounded if for each i € S(siy : e T) we have 

nor[t] < niax{nor[s,y] : (377 G rng(val[i]))(j/ <l 77)}. 

Remark 1.3.4. 1) Note that sets of tree creatures relevant for tree composi- 
tions have a natural structure: we identify here S with {s^(^s) ■ s € S} where v{s) 

is such that s € TCRy(s) and s^(s) = s. 

2) To check consistency of our notation for tree creatures with that of [l.l.7| note 



that in |l.3.3| (3), if G S(sy_^ : 77 G T^) for each G T, T is a well founded quasi 



tree as in (3) (a) of then T* =^ [j is a well founded quasi tree, T* = [j 

and (Siy,r; ■ 1^ & T,r] G T^) is a system for which E may be non-empty, i.e. it satisfies 
the requirements of L.3.3| (3)(a). 



3) Note that if [K, S) is a tree-cre ating pair for H, i G TCR,,[H] then basis(t) — 
{77} and pos(77,t) — rng(val[t]) (see 1.1. 6| ). For this reason we will write pos(t) for 



pos(7y, i) and rng(val[t]) in the context of tree-creating pairs. 
4) Tree-creating pairs have the properties corresponding to the niceness and 
smoothness of creating pairs (see 1.2.5, compare with |1.3.9| ). 



When dealing with tree-creating pairs it seems to be more natural to consider 
both very special norm conditions and some restrictions on conditions of the forcing 
notions we consider. The second is not very serious: the forcing notions Q^J^'^'^{K, E) 



(for e < 5) introduced in 1.3.5 below are dense subsets of the general forcing 
notions Qc(nor){K, E) (for suitable conditions C(nor)). We write the definition of 
Qtrccj-^^ S) fully, not referring the reader to |l.l.7| , to show explicitly the way tree 
creating pairs work. 

Definition 1.3.5. Let {K, E) be a tree-creating pair for H. 
1. We define the forcing notion Qf'^^{K, E) by letting: 
conditions be sequences 73 = (t^ : 7/ G T) such that 

(a) T C y Y[ H(i) is a non-empty quasi tree with max(T) = 0, 



(b) tr, G TCR^[H] n K and pos(t^) = succT(r?) (see |l.3.4| (3)), 
(c)i for every 7/ G lim(r) we have: 

the sequence (nor[i^ffc] : k < uj,r]\k G T) diverges to infinity; 

the order be given by: 

{tli'-V^ T^) < : ^ e T^) if and only if 

T2 C and for each 77 G there is a well founded quasi tree To,,, C {T^)ln] 
such that G T,{tl : v G Tq,^). 

If 79 = (i^ : ?7 e then we write root(p) = root(r), = T, = t,, 

etc. 

2. Similarly we define forcing notions Qg'^°°(iir, E) for e = 0, 2, 3, 4 replacing the 
condition (c)i by (c)e respectively, where: 
(c)o for every 77 G lim(r): 

limsup(nor[t^ffe] : fc < w, 771'A: G T) = 00, 

(0)2 for every 77 G T and n < lo there is v such that rj <i v Cz T and 
nor[ii,] > n, 
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(0)3 for every rj £ T and n < lo there is 1/ such that rj <l v £ T and 

(ypeT){iy<ip nor[tp]>n), 
(0)4 for every n < lo, the set 

{iy e T : (Vp e r)(iy <J p ^ nor[ip]>n)} 

contains a front of the quasi tree T . 

3. If p G Q*/'='=(A^ S) then we let pl^'l ^ {t^ : v {TPfi]) for e T^. 

4. For the sake of notational convenience we define partial order Q^^^'"' {K ,Y?} 
in the same manner as Qg'^°°(i4r, S) above but we omit the requirement (c)e 



(like in 1.1.10; so this is essentially Q0(X, S)). 



Re mark 1.3.6. 1) In the definition above we do not follow exactly the nota- 
tion of |l.l.7| : we omit the first part of a condition p as it can be clearly read 
from the rest of the condition. Of course the missing item is root(p). In this new 
notation the name w of IllTI may be defined by 



ll"Q'/<=<=(K,s) W = |J{root(p) : p G T(^tr.o(^K.Y.)}- 

2) Note that 

Q^''°°(ii', E) C Qf°°(ii', E) C Qto-'^^CiC, S) C q^^'"'{K, E) and 
^^(ii', E) C Q*/°'=(i^, E) C (Q*2""'(^> 

but in general these inclusions do not mean "complete suborders" . If the tree- 



creating pair is t-omittory (see 2.3.4) then <[£l'^'^{K,T,) is dense in Q2 °°(^'^) ^'^'^ 



thus all these forcing notions are equivalent. If (i^, E) is 2-big (see 2.3.2) then 
Q^™^(X, E) is dense in Ql"<=(X, E) (see |2.3.12[ ). 



Let us give two simple examples of tree-creating pairs. 
Let H(i) = w (for i G w). 

Let i^o C TCR[H] consists of these tree-creatures s that if s G TCR,,[H] then 
rng(val[s]) C {rj'~^{k) : fc G a;} and 

tg{ri) if val[s] is infinite, 



norM^I ^^^'^^ ifval[s]i^ 
^ ^ [0 otherwise 



The operation Eq gives non-empty values for singletons only; for s G Kq we let 
Eo(s) = G Ki^ : val[t] C val[s]} (an operation S defined in this manner will be 
further called trivial). Clearly (iiTojEo) is a tree-creating pair. Note that: 

(a) the forcing notions Q^'''"=(ii'o, Eq) and (Qfi"<=(ii'o, Eq) are equivalent to Miller's 
Rational Perfect Set Forcing; 

(b) the forcing notions Q'/™(ii'o, Eq), Q^"<=(i^o, Eq), QT^Kq^T.^) are equiva- 
lent to the Laver forcing 

(thus Q*/'='=(i^o, So) is not a complete suborder of Eo), and ^''^''''{Kq, Eq) 

is not a complete suborder of Q2'''"'(ifo> 5^o))- 

Let us modify the norms on the tree-creatures a little. For this we define a 
function f : uj^^ > to by 



/((»-0, /(r;-(fc)) 



/(77) + 1 if fc = 
/(jy) otherwise. 
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Now, let Ki consist of tree creatures s G TCR[H] such that rng(val[s]) C {j]'^{k) : 
keu} (where s £ TCR^[H]) and 



nor[s] = 



f{ri) if val[s] is infinite, 
otherwise. 



Let El be the trivial tree-composition on Ki, so it is nonempty for singletons only 
and then Ei(s) = {t E Ki : val[t] C val[s]} (clearly (ifi,Ei) is a tree creating 
pair). Then 

(a) the forcing notion Q*'™(/i:i, Si) is a dense suborder of Q*2'™(^i: ^i), 

(b) the partial orders Q'i™''(i^i, Si) and Qf°''{Ki,j:i) are empty, but 

(c) Q^'^°{Ki,'E,i) is not-trivial (it adds a new real) and it is not a complete 
suborder of Q^°°(Ki,I]i) (e.g. incompatibility is not preserved) and it is 
disjoint from (Xi , Si ) . 

Definition 1.3.7. Let {K,T.) be a tree creating pair, e < 5, p G Qe °°(i4r, S). 
A set ^ C T'' is called an e-thick antichain (or just a thick antichain) if it is an 
antichain in {TP,<i) and for every condition q e (^'^"(if, S) stronger than p the 
intersection A f] dcl(r*) is non-empty. 



Proposition 1.3.8. Suppose that (K,T,) is a tree- creating pair for H, e <5, 
p G Qf'^K, S) and rj € TP . Then: 

1. Qf^°{K,'E,) is a partial order. 

2. Each e-thick antichain in T^ is a maximal antichain. Every front of T^ is 
an e-thick antichain in T^ . 

3. If e G {1, 3, 4}, n < uj then the set 

B„(p) =^ {r/ G TP : (i) {yvETP){ri<v => nor[t^] > n) but 
(a) no rj' <\ rj^rj' G T^ satisfies (i)} 

is a maximal <]-antichain in T^ . If e = A then Bn{p) is a front of T^ . 

4. For every m,n < lu the set 

F'nip) {?7 e TP : (i) nor[i^] > n and 

(a) \{ri' e TP : 1]' <\ ri k nor[t^/] > n}\ = to} 

is a maximal <i-antichain of TP. If e E {0,1,4} then F^{p) is a front of 
TP. 

5. If K is finitary (so |val[i]| < u: for t G K, see then every front of TP 
is a front of dcl(TP) and hence it is finite. 

6. // S is bounded then each F^{p) is a thick antichain of TP. 

7. p< G Ql'^^iK, S) and root(pM) = rj. 



Remark 1.3.9. One of the useful properties of tree-creating pairs (A', S) and 
forcing notions <Q^J^°'^ {K , Y,) is the following: 

(*)|iJ] Suppose thatp,q G Q^'°°(ii:, S), p < q (so in particular T^ CTP), r] € 
and V <\rj, v G TP . 
Then < . 



Definition 1.3.10. Let p,g g Q*'™(A:, S), e < 3 (and {K,T.) a tree-creating 
pair). We define relations <^ for n G w by: 
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1. If e e {0,2} then: 

P<oQ (in Qe^^iK, S)) ifp<q and root(p) = root(q), 
p <^+i q (in Qt/-(if, S)) if p <e 9 and 

if r? e F°{p) (see |l.3.8| (4)) and v eTP,v <r] then i/ e T"? and = t^. 

2. The relations <\ (on Qf ^'^(Js:, E)) are defined by: 

P ^0 q (in Qi™''(-f'^, 5^)) if and only if p < g and root(p) = root(g), 
p <i+i q (in Q'riK, S)) if p <i g and 

if ?7 e F^^{p) (see |l.3.8| (4)) and ly £TP,iy <ri then e T"?, = f?, and 

{f« : 77 e & nor[i9] < n} C {<p : e TP}. 

3. We may omit the superscript e in <^ if it is clear in which of the forcing 
notions Ql'^'^°{K, E) we are working. 



Proposition 1.3.11. Let {K, E) be a tree-creating pair for H, e < 3. 

1. The relations <^ are partial orders on Q*"'^(iir, E) stronger than <. The 
partial order is stronger than <^ . 

2. Suppose that conditions p„ G Qg''°°(-ft', E) are such that p„ <^+i Pn+i- 

Then limp„ £ Q*™(iir, E) and (Vn £ '-^){pn ^n+i limPn) (where the 
limit condition p = limp„ is defined naturally: T^ ~ T^"^). 

1.4. Non proper examples 

In the next chapter we will see that if one combines a norm condition with suit- 
able properties of a weak creating pair then the resulting forcing notion is proper. 
In particular we will see that (with the norm conditions defined in 1.3.5| ) getting 



properness in the case of tree-creating pairs is relatively easy. Here, however, 
we show that one cannot expect a general theorem like "Qc'(nor) ^) i^ always 
proper" and that we should be always careful a little bit. The forcing notions re- 
sulting from our general schema may collapse Ni! For example, looking at the norm 
conditions introduced in 1.3.5| (2) one could try to consider the following condition 



(c)5 (Vfc e w)(V°°n)(Vr/ e TP){£g{rj) >n => nor[t^] > k). 
If a creating pair {K,Y?) is finitary then, clearly, the forcing notions '^^^'^'^{K^Y?) 
and ^1^'^{K, E) are the same. 

The forcing notion <[^^^°°{K, E) might be even not proper. The following exam- 
ple shows this bad phenomenon which may be made quite general. 

Example 1.4.1. Let H(i) ~ lo ior i £ lo. 



There is a tree creating pair (i ^[i.4.]|, E ji,4.i| ) for H which is simple (see 2.1.7 ) and 
the forcing notion Q5™(j ^,4.]| , l |i,4.i| ) is not proper (and collapses c onto lo). 



Construction. To define the family i^TXi] of tree creatures for H choose 



famihes 7^ 5; C i?,, C [uj]^ and functions h^^,-, — > w (for 77 G w^^, < ^ < 
ig{ri)) such that for every r/,£ we have: 

(a) uj £ Rr,, hr,(uj) = lg(ri) + 1, 

(/3) if T e 5^ then h^{F) = £, each 5^ is infinite, 

(7) if To, Fi £ 5^, To ^ Fi then To n Ti = 0, 

{6) if A e hr,{A)>l+l then for each T e 5^ 

Ar]F£Rrj and /i^(AnT)=^, 
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(e) if Ao,Ai £ Rr,, Aq C Ai then ft.^(ylo) < /i^(Ai). 

There are several possibihties to construct S^,Rri,hri as above. One can do it for 
example in the following way. Fix rj £ oj^. Take a system {K„ : a £ w— of 
infinite subsets of uj such that 

a) i^o = uj, 

b) o-o < 0-1 G cj^" ^ iC^, C K„^, 

c) (Tf),ai £ bJ^ k, I <n k <tq ^ <Ti ^ i^c^ n K^^ = 0, 

d) aec^<" ^ K,= [j K^-i^,n)- 

Now put i?,, = { U if^ : 7^ / C tj"-}. For A e i?,, we declare that 

e) > 1, h^{uo) = = n + 1, 

f) if for some a £ uj^ ~ ^ , t < n the set A contains the set K,, then ft.,, (A) > 
£+1, 

g) if C Ai, Ao,v4i e i?,, then /i,,(Ao) < ft,,(Ai). 
Next we put 

F^'™ = U{^^-(m) : cr e ~ for < ^ < n, TO e w and 

5^ = {i^^^'" : m e ijj]. 

It should be easy to check that S'^, i?^, /i^ (for ?7Gti)^'^,0<.^<£(7(?7)) defined in 
this way satisfy the requirements (a)-(e). 

A tree creature t £ TCR,,[H] is in 4 i| if 77 G uj^^ , ^9{v) > and 

dis[t] £ Rrj, val[t] = {{ri,ri'^{m)) ; m G disft]} and nor[t] = /i,,(dis[t]). 

If A G R,j then the unique tree-creature t £ TCR,,[H] fl -K |i.4.i| such that dis[t] = A 
will be denoted by f''^. 

The operation Z 1.4, i| is trivial: it gives a non-empty result for singletons only and 
then = {7g : val[s] C val[<]}. 

Claim 1.4.1.1. The forcing notion QI'^°°{R ^ia.i\ , S |iX]| ) collapses c onto w. 

Proof of the claim. Fix 77 G \ {()} for ^ moment. 

Elements of S'^ are pairwise disjoint so we may naturally order them according to 
the smallest element. Say = {F^'™- : m < uj}. Let / : [£g{r]),uj) — > ui. We 
define a condition p^'"^ £ Q^^'^'^ (-K |i.4.i| , S] |i.4.i| ) putting (we keep the notation as for 
the forcing notions Ql'^^^K, E)): 

root(p-'^^'') — rj; 

let ko = £g(T]), ke+i = f{ke) + ke + 1 (for i < oj); 

if J/ G TP^-", fc£_i < eg{:y) < kg then tf'" = i^.F^'^*'"-"' and 

sucCj,p/,„ {ly) — {v'~{m) : to G F^^^^'^^'^^''}. 

Clearly this defines p-^^'' G ( Ji^nT|, Note that 

\i f,g : [ig{ri),uj) — > uj are distinct 

then the conditions pf^'^^pS'V are incompatible in Q5''°''(J( |i.4.i| , 
(by the requirement (7)). Let f be a Q|'^°°(A|i.4.i|, Eh.4.i|)-name tor a function 
defined on oj<^ such that ll-"f(77) G V & f(?7) : [1^, jf=-^ w" for ri£Lj<^ and 
for / : [ig{vi),uj) — > lo we have 

i^Qr°(i<jri],s[i]) t(77) = /. 
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This definition is correct as {p^'^ : /: [£g{ri),uj) ut} is an antichain (of course it 
is not necessarily maximal in Q5'°°(i< ^.4.i| , S |i.4.i| )). The claim will be shown if we 
prove that 

I^Qr"(i<[I],E[I]) (V5 G ^'^ n V)(3r; e LU<^){yn > lg{i^)){T{r,){2n) = g{n)). 

For this suppose that g <E u"^, P c Qr°(-^^m|,S^1ID. Choose an increasing 
sequence £5 (root (p)) < fco < ^i < • ■ • of odd integers such that for each £ < w 

{yv e TP){kf < tg{v) ^ nor[tP] >£ + 2). 

Let / : [ko^Lo) — > be a function such that: 

1. /(fcf) = kt+i - ki-1 

2. if n > ko then f{2n) = g{n). 

(Note that these clauses are compatible as the fc^'s are odd. Of course there is still 
much freedom left in defining /.) 

Choose T] d TP n uj^^ and look at the condition pf'^ . Due to the requirement 
{5) this condition is compatible with p: define r G Qs''"^ (-K|iXi|, S |i.4.i| ) by 

root(r) = 77, T'' C and 

if J/ e < eg{v) < ki then 

iv = i"^'^" and succt'-(!^) = {v'^{m) : ni G Ay} 

where = dis[iP] n Fi'^^^^^^^^. 
Note that by the choice of ki and the requirement {6) we have 

t"-'^-- e S[I](t^) n ^^{tf ) and norlt''-^'^] = £. 

Consequently the definition of r is correct. Clearly r is stronger than both p and 
pf'"^. Thus 

r Hr^i^.^^) ^ fco)(r(??)(n) = fin)) 
which together with 

(Vn > fco)(/(2n) = (7(n)) and fco = ^g(r/) 
finishes the proof of the claim. □ 

□ 



Our next example shows that the assumption that {K, E) is finitary in 2.1.6 
crucial. 

Example 1.4.2. Let H(i) = a; for i g a;. 
There is a creating pair (K |i.4.2| , S [i.4.^) for H which is forgetful and growing (see 
^.l.l| (3)) but the forcing notion Qi^()< |iX^ , S |i.4.2| ) is not proper (and collapses c 
onto Lu). 

(By |2.1.3| we may replace by either Ql^^ or Q*r^ or (for a fast function /).) 



Construction. This is similar to |l.4.l| : for < i < i < lu choose 9 ^ S- <Z 
Ri Q [^f^ and functions hi : Ri — > co satisfying the requirements {a)-{e) of the 
construction of 1.4.1 (with i instead of rj and (g{i])) and 

(C) [JSf ^LU for each < i < i < lo 
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(this additional condition is satisfied by the example constructed there). Fix an 
enumeration = {pf'"^ : m £ w}. 

A creature t £ j^: |i.4.2| may be described in the following way. For each i G 
[m^j^, mjjp) we have a set Ai G Ri. Now: 

dis[i] = (A, : TO^„ < i < jTilp) 

val[t] = {{u,v)e n H(z)x n HW:ii<]i;& (Vze[m*,„,mJ,p))(t;(z) G^,)}, 



-it 



nor[i] max{/ij(Ai) : i G [TO*i„,m^p)}. 

If creatures to,... G il ]i.4.2| are determined by sets Aj G Ri (for < n, 

i G [tij'j^, mup)) in the way described above and rn^,^^ = rriup (for j < n — 1) then 
S |i.4.2| (^o, ■ ■ . ,tn-i) consists of all creatures t G -KjiT^ which are determined (in 
the way described above) by some sets Ai G Ri (for i G [Wdn' "^"p"^)) such, that 
Ai C whenever 771^^^^ < i < rriup, j < n. 

It is easy to check that ZjiX^ is a composition operation on Jf [i.4.^ . The creating 
pair (j< |i.4.;] , £ ]i,4.2| ) is forgetful and growing. 

Claim 1.4.2.1. The forcing notion Q'^jK ^T^ , S [~4^ ) collapses c onto uj. 

Proof of the claim. We proceed like in |l.4.1.l| (with small modifications how- 
ever). Let TT : uo — > uo x uo : n ^ (710(71), tti (n)) be a bijection. Let tt* : lA^i^) — > 
(for 7t G a;) be mappings defined in the following manner. Let / : [n,uj) — > uj] 

inductively define tiq = ri, n^+i = ni + T^oifin^)) + 7ri(/(?7-f)) + 2 
(for £ < u) and then 777^ = 7i£ -|-7ro(/(r7f )) + 1 (so rii < me < 77£+i); 
now put <(/)(^) = /(777£) (for (euj). 
For 0<7i<a;, 77G Y[ ^(7) and a function / : [n,uj) — > uj define a condition 

ko = n, k2l+l = fc2£ + 7ro(/(fc2i!)) + l, fc2i!+2 = fc2£+l+7ri(/(fc2£)) + l, 

— u, 

if k2e < 7 + ^7 < fc2£+2 then t^ G K ^i a/^ is such that ra^^.^ — n+i, 
= r7 + 7 + 1, dis[tf = (^t'n'''^'^^"')- 



As in 1.4.1.1, if f,g : [n,u}) — > lo are distinct, ?7 G H ^(7) then the conditions 

i<n 



puj ^pU,g g^j-g incompatible. Consequently we may choose a Q^(Ki.4.2, S 



1.4.2 



-name 



T for a function on u) such that Ih (Vn G Lo){T{n) ; [77, lu) — > uj) and p IFT{?7) = /. 
To finish it is enough to show that 

e c.'^ n V)(377 G a;)«(T(77)) - g). 



Suppose that p G Q^(ii1iX2, ^1.4.2), g G t^''^. Choose 2 < 7o < n < . . . < such 
that nor[i^J > f -I- 2 and next choose k^ < ki < k2 < ■ ■ ■ < uj such that for each 
^ G 

*? *? 
7(7|j* < ke < ?77up and for some set G Rke we have 

/ifc,(Af) > £ + 2 and (V77 G Ae){3(u,v) G val[tl]){v{ke) = n) 

(possible by the way we defined (-K i.4.^ , S] |i,4.2| )). Choose any v G pos(?«P, tp, ... , tf^) 
and let u = v\ko. Next choose / : [fco, uj) — > uj such that for each £ ^ ui: 

T^o{f{k2t)) = fc2£+i - k2t - 1, 7ri(/(fc2£)) = k2t+2 - k2i+i - 1, /(fc2£+i) = g(^), 
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and if k e {k2e, ^£+2) \ {he+i}, < ^ < ^up {£ < uj, i < uj) then 
(3(z.,«)eval[if])(z;(fc)eFW('=)). 

One easily checks that the choice of / is possible (remember the additional require- 
ment (C)) and that the conditions p^'-^ and p are compatible in Q^(JC|iX2|, S [l.4.^ ). 
As 

p""'^ i^Q^(K|r7],sjr7]) Ki'^in)) = <(/) = g, 

we finish the proof of the claim. □ 

□ 

One could expect that the main reason for collapsing c in the two examples 
constructed above is that the (if, I])'s there are not finitary. But this is not the 
case. Using similar ideas we may build a finitary creating pair (K, S) for which the 
forcing notion Q^^^K, E) collapses c onto u! as well. This is the reason why we have 
to use forcing notions Q*f{K, £ ) with {K, E) satisfying extra demands (including 
Halving and bigness, see 2.2.12| ) and why Q'^{K, S) is used only for growing {K, E) 



(so then Q*^{K,'E) is dense in Ql^{K,E), see p.lD - This bad efi'ect can be made 
quite general and we will present it in this way, trying to show the heart of the 
matter. One could try to cover the previous examples by our "negative theory" 
too, but this would involve much more complications. 

Definition 1.4.3. We say that a weak creating pair {K, E) is local if for every 
t ^ K , w basis(t) and u £ pos{w,t) we have ig{u) = £g{w) + 1. 



Definition 1.4.4. Let {K, E) be a (nice and smooth) creating pair for H which 

up = "^dn 



is local (so t G K =^ m[ = to^j^^ + 1) and simple (which means that E(5) 7^ 



1; see 



|2.1.7|(1)). 

We say that (if, E) is definitely bad if there are a perfect tree T C w"^^ and 
mappings Fq, Fi such that 

1. T n t^™ is finite for each meuj, dom(i^o) = dom(i^i) = U 11 H(i), 

2. if u e n H(i), m<LU then Fi{v) : THw™ — > 2 and Fo{v) : TfMj^ — > T 

i<.'rn 

is such that (V77 £ T n Lu'^){Fo{v){r]) e succt(?7)), 

3. if t G K, nor[t] > 2, m = m*,„ > 0, i < 2 and F* : T n w"^ — > T is such 
that F*{iy) e succt(i^) for v e T n w"* then there is s £ E(i) such that 
nor[s] > nor[t] — 1 and for each rj eT (1 uj''^ ^ ^ there is, v E succt(»7) with 

(Vm e basis(s))(Vw e pos(M,s))(Fo(w)(i^) = i^*(j^) & Fi{v){v)=i). 



Proposition 1.4.5. Suppose that (if, E) is a local, simple and definitely had 
creating pair for H such that E(i) is finite for each t £ K . Then 

(a) the forcing notion Q^(if, E) collapses c onto lo, 

(b) if f ■ UJ ^ UJ — > UJ is a fast function then the forcing notion Qy-(if, E) 
collapses c onto uj. 

Proof. In both cases the proof is exactly the same, so let us deal with (a) 
only. So suppose that a finitely branching perfect tree T C lo^^ and functions 
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Fo,Fi witness that (ivT, S) is definitely bad. Let G" : T x J] H(i) — > [T] and 
Gi : [T] X n H(i) — » 2^ be defined by 

i<Cuj 

G°{r],W)\eg{r]) =rj, and 

G°lr],W)\{m + l) = FoiW\{m+l)){G°iij,W)\m) for m > lg{ri), 
G\p,W){n) = Fi{W\{n + l)){p\n) for n G tj. 

We are going to show that 

I^Q^(K,s) (Vr e 2'^ n V)(3ry G T)(V°°n G Lo){r{n) = Gi(G"(r7, M^), 

where W is the Q^(i4r, E)-name defined in |l.l.l4 To this end suppose that r G 2'^ 
and p G Q^(i^, S). We may assume that lg{wP) > and (Vi G w)(nor[tf] > 3). 

Fix jQ G w for a moment. By downward induction on z < iq we choose s*" G 
S(tf ) and : T n cj^sIm'^) + * - 1 ^ T such that 
(a) nor[si(,,i] > nor[if] - 1, 

(/?) ^:,^('^) e succt(j^) for G T, = egiwP) + z - 1, 

(7) for all sequences u G basis(si(,_i) and v G pos(m, Si^^i) and every ly G T of 
length = £g{'wP) + i — 1 we have 

Foiv)iFl,d'^)) = Fl^,_,,{^) and F,iv)iFl^,{i^)) = r(^gK) + z) 

[for z = io we omit the first part of the above demand] . 
It should be clear that the choice of the Sig/s and F*^,iS as above is possible by 
1.4.4| (3). All levels of the tree T are finite, so for each i G uj there are finitely many 
mappings F* : T D Jdi^P) + * - 1 ^ T n Jdiw^) + Moreover, each S(tf) is 
finite (for i Cz uj). Hence, by Konig's lemma, we find a sequence (tf : i Cz uj) and a 
mapping F* : T — > T such that 

(i) (Vz^ G T){F*{iy) G sucCT(i^)) and 

(ii) for each i G uj there is > i such that for every j < i 

= and (Vt. G T n c.^^ (^«^) + J - ^){F*{iy) = F*^,^^^{iy)). 

By (a) we have that q — (w^, ip, t', . . . ) G Q^(i4r, E) and it is stronger than p. 
Take any rj Q T with igirj) — £g{wP) - 1 and let 770 = F*(77), 77^+1 = F*(ryi), and 
77"*" = lim(r7i) G [T]. It follows from (7) and (ii) (e.g. inductively using smoothness) 
that for each n G uj and v G pos{wP ,tQ, . . . ,t^_i) we have 

(7;,i«,C+i,...)l^ G°{rjo,W)mv)=v+\ig{v) and 

G\G"ir,o,W),W)\[£g{rjo)Jgiv)) = r\Mvo),i9iv)r. 

Hence we conclude 

<lHLiK.^) {Vn>eg{m)){G'{G"{m,W),W){n)^r{n)), 
finishing the proof. □ 



Example 1.4.6. Let f : uj x lu — > cj be a fast function (for example f{k,€) = 
2"^^ {I +1)). There are a finitary fmiction H and a creating pair (K |i.4.6| , S|i 
H such that 



for 



(a) (- ^.4.e| ; ^i.4.6| ) is local, simple, forgetful and definitely bad (and smooth), 

(b) S |i.4,6| (t) is finite for each t G KiA.t , 
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(c) the forcing notions Q^(_K [iX6| , S |i.4.6 ) and Qf (-K |i.4.^ , ^1.4. el ) are not trivial 
and thus collapse c onto u. 

Construction. Let f : uj x iv — > iv be fast. For n e uj let kn = 2-^("-+^'"+^). 
Next, for n lu, let H(rt) consist of all pairs (zq, z\) such that 

■■ Y\_ — ^ and Zi : J| fcj — > 2. 

Immediately by the definition, one sees that H is finitary. Now we define the 
creating pair (-K |i.4.6| , S [i.4.^ ) for H. A creature t G CR[H] with > is in J( |i.4.g| 



if: 



d\s[t\ 



^dn- {K-^^ n h), F^Fl), where 



2<m^^ — 1 

Al C fc,„t _i for G n h 



i<7n\ —1 



Mn 



1) eA\, , 



h t 



Fl : {1/ e n kr- v{r 



1) e Al 



-1)} 



val[t] consists of all pairs {w,u) G Y\ H(?;) x Y[ H(i) such that w <u 

and if u{m*'^^) — {zq, zi) then zq ^ Fq and zi D F*. 
nor[t] = A:„jt — max{|yl^| : e H ^i}- 

i<m\ —1 



If i e CR[i/], m^,j = then we take t to KTII if: 

nor[t] = 0, dis[<] = (0,2:*, z*), where x* S /cq, J* < 2, val[i] = {( (),it )}, where 
u G H(i), u(0) = (a:*, I*) (both and i* are treated here as functions from 



i<0 



{()})• 

The composition operation ] 
singletons only and Sh 4 = {s G Ah 4 d : val[s] C val[i]}7~Easily (iiT 



is the trivial one (so Si 4 e{S) is non-empty for 

) 



L.4.f , MIA 



is a local, simple and forgetful creating pair. Note that if n > and t G 



1.4.6 



is such that = n and = for each j/ G 11 then nor[i] = /c„_i > 



i<n— 1 

/(n, n), so the forcing notions Qi^(-K |iX6| , STZ^), Qy(i^iXe , SiXe) are non-trivial. 
Finally let T = IJ ]\ h and for v G ]jrH(i) let F^v),F^v) be such that 

v{m) — {Fq{v), Fi{v)). It should be clear that T, Fq, Fi witness that (JC |i.4.e| , S]i.4.6|) 
is definitely bad. 



CHAPTER 2 



Properness and the reading of names 

This chapter is devoted to getting the basic property: properness. The first 
two sections deal with forcing notions determined by creating pairs. We define 
properties of creating pairs implying that appropriate forcing notions arc proper. 
Some of these properties may look artificial, but in applications they appear natu- 
rally. The third part deals with forcing notions Q^J'^'^{K, S) (determined by a tree 
creating pair). Here, properness is an almost immediate consequence of our choice 
of norm conditions. In most cases, proving properness of a forcing notion we get 
much stronger property: continuous reading of names for ordinals. This property 
will be intensively used in the rest of the paper. Finally, in the last part of the 
chapter we give several examples for properties introduced and studied before. 

2.1. Forcing notions Q*<^(if,E), Ql^{K,i:) 
Definition 2.1.1. Let {K, E) be a creating pair for H. 

1. For t e K, mo < m*^^, TO*p < mi we define the creature s'^= t f [mo, mi) 
by: 

nor[s] = nor[t], 

dis[s] = (4, mo, mi)'^(dis[t]), 

val[s] = {{w,u)e n H(z)x n : {u\ml^,u\mi^) €val[t] k 

w <\ u k {Vi e [m,o,m,*i^) U [m^p, mi))(M(?) = 0)}. 

[Note that t f [mo, mi) is well defined only if val[s] above and then 
m^dn = '^0, m*p = mi.] 

2. The creating pair {K, S) is omittory if: 

{Mq) a t e K and u G basis(t) then u'^[„t „jt^^) g pos{u,t) but there is 

V G pos(u,i) such that v\[ml^,m*^p) ^ 0[™t_^_„t_^), 
(Kli) for every {to, ... , i„-i) G PFC(ii', S) and i < n: 

ti r [m*''„, m*"p-i) e S(io, . . . , i„_i), 

(KI2) if i,t t [mo, mi) G K then for every u G basis(t [mo, mi)) and 

V G pos(u,t f [mo, mi)) we have 

v{n)^Okne[£g{u)J.g{v)) n G [mfi„, mj,p). 

[Note that (KIq) implies that in the cases relevant for (Kli), ti f [m*^^, mup~^) 
is well defined.] 

3. {K, E) is growing if for any {to, ■ ■ ■ , tn-i) G PFC(ii', E) there is a creature 
t G E(to, • • • ,tn-i) such that nor[t] > maxnor[ij]. 

i<n 

Proposition 2.1.2. // {K, E) is omittory then it is growing. 
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Proposition 2.1.3. Suppose that a creating pair (iiT, S) is growing. 

1. Then Q*^{K,T,) is a dense s ubset o f both Q*^{K,J:) and Q*„^{K,J:) and 
Q*j:{K,Y,) (for every fast (see 1.1. li) function f : uj x u — uj). Conse- 
quently whenever we work with growing creating pairs we may interchange 
the respective forcing notions as they are equivalent. 

2. Moreover, if g : lu x uj — > u, p (1 Q^^{K,T,) then there is q ^ 'Q^^{K,Yj) 
such that p <5'°° q and 

(Vn e uj){noY[tl] > 5(n,m*[;)). 

Proof. Suppose that 5 : w x — > ui a.nd {w,to,ti, . . .) e Q1^{K,Y,). Choose 
an increasing sequence fcp < ^1 < ^2 < • • ■ such that 

nor[ifcJ > 5(0, m*»^) and nor[tfe„_^i] > g{n + 1, mup ) 



(exists by |l.l.lO| (woo)) and choose sq e Sfa . . , ifco), Sn+i G S](tfc +1, . . . ,ifc„+i) 
such that nor[s„] > nor[tfc^] (exist by p.l.l| (3)). Hence (by 1.2.8(2); remember 
that we assume {K, S) is nice) 

q"":^' {w,so,si,S2,...)eQ:^{K,j:) 

and clearly (ui, toi ill ^2, • ■ ■ ) — 9- 

Theorem 2.1.4. Assume (K^T,) is a finitary creating pair. Further assume 
that p S Q*^{K,'S) and for n < lu we have a Q*^{K,'E,)-name t„ such that 
^^Q' (if,s) "tVi is an ordinal" and £ < u. Then there is q — (w^, sq, si, S2, . . . ) 
such that: 

(a) p<r QtooiK,^) and 

(b) ifi<n<uj,m< rriup ^ then the condition q approximates f,„ at s„ (see 

T2;^(2)). 



Proof. Let p = (w^, t^, t{, t^,. . .). Let Sj = if for i < I. Now, by induction 
on n > ^ we define q^, Sn, ^n+ij in+2 7 • ■ • such that: 

(i) = P, 

(ii) qn+i = {wP,so,... ,Sn,tl^^,t\\^^,...) e Q:^(X,I]) 

(iii) qn <T' qn+1 

(iv) if wi S pos(wP, soj • ■ • jSn,_i), m < TOup"^ and there is a condition r G 
Q*3o(i4r, E), <o°°-stronger than {wi, Sn,t''n+i,t''^_^_2, ■ ■ ■) which decides the 
value of Tm 

then the condition {wi, Sn, t"+27 • ■ • ) does it. 
Arriving at the stage n + 1 > ^ we have defined 

g„ = (wP,So,... ,s„_i,i;j~\t";i,...). 

Fix an enumeration ((w",to") : i < A:„) of 

pos(u;^', So, . . . , s„_i) X (m^'^-i + 1) 

(since each H(m) is finite, fc„ is finite). Next choose by induction on fc < fc„ 
conditions qn,k & Qsoo(^''^: ^) such that: 
(a) (Jn.o = 

(/3) gn,/c is of the form {w^, sq,. .. , s„_i, i"''', . . . ) 

(7) qn,k <n qn,k+l 
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(S) if, in Q*^{K,^), there is a condition r >o «, t^^''', C+i> ^«+2> ■ ■ ■ ) which 
decides (in Q*^{K, E)) the value of Tm^, then 

K, c+Y\ • • • ) e Q:oo(i^, s) 

is a condition which forces a value to f„iii . 

(Note: «,C^C+l,^"^2,■••) eQL(if,S).) 

For this part of the construction we need our standard assumption that {K, S) is 
nice. Note that choosing {'w^,t^'''~^^ ,t^^'^^^ ,t^'^2^ , . . . ) we want to be sure that 

(wP, so,..., s^^r,Q^+\e4t\tlit\ • ■ • ) e '^looiK, S) 

(remember that p_.1.7| (b)(ii) mig ht fail). But by |1.2.8| (2) it is not a problem. Next, 

the condition qn+i =^ 9n,fc„ G '^1^{K, E) satisfies (iv): the keys are the clause (6) 
and the fact that 



( n ,n,k+l ,n,fc+l ,nM+l n _^soo f n ,n,k„ ,n,k„ ,n,K„ \ (Z Pf,* ( K V\ 

„ dot ,n,k„ 
n+k ~ ''n+k 



Thus Sn =^ i"'''", (?n+i and =^ i":^'? are as required 



Now, by 1.2.13 



q =^ (wP,so, si, . . . ,s/, 5;+!, . . . ) = lim9„ S Q*oo(-f^, 5]). 
Easily it satisfies the assertions of the theorem. □ 



A small modification of the proof of 2.1.4 shows the corresponding result for 
the forcing notion Q^^iK, S): 

Theorem 2.1.5. Assume {K, S) is afinitary creating pair andp G Q^^{K, E). 
Let Tn be Q^^IK,!^) -names for ordinals (for n < u), i < lu. Then there is a 
condition q = {w^, sq,si, . . .) £ Qlj^{K, E) such that 

(a) p <i q and 

(b) there is an increasing sequence £ — kg < ki < k2 < . . . < to such that if 

up 



n < u! and m < mup" ^ then the condition q approximates t„i at Sk„ 



As an immediate corollary to theorem 2.1.4 we get the following. 

Corollary 2.1.6. Assume that (i^T, E) is a finitary creating pair. 

(a) Suppose that t„ are Q*^{K^^^jjmames for ordinals and q £ Q*^(i^, E) is a 
condition satisfying (b) of 2.1.^ (for £ = {)). Further assume that q < r E 
Q*^{K, E), n < £g{w^) and r Ih "f„ ^ a" (for some ordinal a). 

Then for some q' £ Q*^{K, E), q <apr q' <o f, we have q' Ih "f„ = a". 
(Note: {q' eQ*^{K,'E,) : q <apr q'} is countable provided IJ H(i) is countable.) 

(b) The forcing notion Q*^{K, E) is proper (and a-proper for a < lui). 



It should be underlined here that ^.1.6 



appli es to forcing notions Ql^{K, E) for 



2.1.3 ). To get the respective conclusion 



finitary growing creating pairs (remember 
for Ql;^{K, E) we need to assume more 

Definition 2.1.7. We say that: 

1. A weak creating pair {K,T,) is simple if E(iS) is non-empty for singletons 
only. 
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2. A creating pair {K, S) is gluing if it is full and for every k < lu there is 
no < u! such that for every uq < n < uj, {to, . . . , i„) G PFC{K, E), for some 
s G S(fo, ■ • • , tn) we have 

nor[s] > mm{k, nor[io], ■ ■ • , nor[i„]}. 

In this situation the integer tiq is called the gluing witness for k. 

The two properties defined above are, in a sense, two extremal situations under 
which we may say something on [K, E) . The demand "either simple or gluing" 



(like in 2.2.11) should not be surprising if one realizes that then we know what may 
happen when E is applied, at least in terms of m^^^, "^up- 

Corollary 2.1.8. Assume that (KyY,) is a finitary and simple creating pair. 

(a) Suppose that in are Q^^o ^ ) -names for ordinals, ko < ki < . . . < uj and 
q G Q^f^(/f, E) are as in 2.1.^ fb). Suppose that q < r G Q'^^{K, E), and r 



decides the value of one of the names Tn, say r Ih "fn — ct". 
Then for some q' S Q'^^{K, E) we have 

q <apr q' II" "t-ii ~ a" and q',r are compatible. 

(b) The forcing notion Q^Q^(_ftr, E) is proper (and even more). 



Remark 2.1.9. Note the presence of "simple" in the assumptions of 2.1.8. In 



practical applications of forcing notions of the type Q^oo can get more, see 



2.1.12 below. 



Definition 2.1.10. Let (if , E) be a creating pair for H. We say that (if, E) 
captures singletons if (if , E) is forgetful and for every {to,... ,tn) G PFC(if, E) 
and for each u e basis(io)(= 11 H(m)) and v £ pos(u,to,... ,tn) there is 

(so, . . . , Sfe) e PFC(if, E) such that (to, ■•■,*«) < (so, ■ ■ ■ ,Sk) (see |l.2.4| ) and 



pos(u. So,... , Sk) = {v}, m^°^ = m^°^, ml^l = ml^. 
[Note that we put no demands on the norms of the Si's.] 

Proposition 2.1.11. Suppose that (if, E) is a creating pair which captures sin- 
gletons (so in particular it is forgetful), p G Ql^^{K,Y.) and f is a Q^^(if, E)- 
name for an ordinal. Then there is q £ Q^^{K, E) such that 

P <o °° 1 '^'^'^ 1 decides t. 
Proof. Take r G (^^^^(if, E) such that p < r and r \\- f = a (for some a). 



Look at w^: for some n G a; we have G pos(w^, tg, . . . , tn_i). By 2.1.10 we find 
So, . . . ,Sk such that pos{wP, so, . . . , s/c) = {w^} and 

(wP, tl tl,...)< {w^, so,..., Sk,eo, t^, ...)=' g G Q;^(if , E). 

Clearly p <^°° q. To show that g Ih f = a we use our standard assumption that 
(if, E) is smooth. Suppose that q' > qis such that g' Ih f ^ a. We may assume that 
ig{w'^ ) > m^^. By the smoothness we have w'^ t"^up G pos(wP, sq, . . . ,Sk), and so 
w'' tf^iup = y aii'i £ POs{w^ ,to, ... ,tl) (for a suitable £ < ui). Consequently 
q' > r and this is a contradiction. □ 
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Corollary 2.1.12. Assume {K,Y,) is a finitary creating pair which captures 
singletons. 

1. Let p £ Ql^^{K, E), f„ be Ql,^{K, Y,)-names for ordinals (for n < lo) and 
£ < Lu. Then there is a condition q £ Q^^(K, E) such that 

(a) p <e q and 

(b) the condition q essentially decides (see 1.2.!\ (1)) each name f„. 

2. The forcing notion Q^^{K, E) is proper. 



Proof. 1) Follows from 2.1.5 and ^.l.ll| 



2) Follows from 1). □ 

2.2. Forcing notion Q*j:{K,T,): bigness and halving 

Definition 2.2.1. Let f = (r^ : m < w) be a non-decreasing sequence of 
integers > 2. For a creating pair {K, E) for H we say that: 

1. {K, E) is big if for every k < lu there is m < w such that: 
ift€K, nor[i] > m, u ^ basis(t) and c : pos(u,t) — > {0, 1} 

then there is s e E(t) such that nor[s] > fc, and cfpos(u, s) is constant. 
In this situation we call m a bigness witness for k. 

2. {K, E) is f-big if for each t ^ K such that nor[i] > 1 and u E basis (i) and 
c : pos{u,t) — > r„t there is s S E(t) such that nor[s] > nor[i] — 1 and 
c \ pos(m, s) is constant. 

Remark 2.2.2. Clearly, for a creating pair {K, E), f-big implies implies big. 



To show how the notions introduced in definition 2.2.1 work we start with 



proving an application of 2.1.4 to the case when the creating pair is additionally 
big and growing. 

Proposition 2.2.3. Assume {K, E) is a finitary, growing and big creating pair. 
If P e Qsoo(^) S); P II" < m", m < LO then there is q, p <o q e Ql^{K, E) such 
that qW- "t = m,Q " for some mg. 

Proof. Let h S be such that h{k) is a bigness witness for k (remember 
that (if, E) is big, see ^.2.l| (l)). Note that ^.1.4| + ^.1.3| (2) give us a condition 



p' = {vjP, So, si, S2, • • • ) e QlooiK^ such that p <^°° p' and 

(a) nor[si] > /l(™•|pos(«>^so,... + i) foj. aU £ < w and 

(/3) p' approximates the name f at each n < lo. 

Using iteratively the choice of h{k) we will have then 
(7) for every £ < lo and each function 

d : {{u,v) : It e pos(t(J^, sq, . . . , S£_i) & u G pos(u, s^)} — > m + 1 
there is a creature s £ E(s£) such that nor[s] > m'^'^ and 

d \ {{u,v) G dom((i) : v £ pos(u, s)} 
depends on the first coordinate only. 
(Since, as usual, we assume that {K, E) is nice, we have in (7) above that basis(s) D 
pos(w;P,so, . . . ,Si-i).) 

Now apply (7) to find s'^ £ E(s£) (for £ < to) such that nor[s^] > m'^'^ ~ rn^^ 
and for every u £ pos(w^, Sq, . . . , s'^_^) we have 



32 



2. PROPERNESS AND THE READING OF NAMES 



(S) for each wq, wi G pos(u, s^), i < m 

(vo,S^+l,4+2; • ■ • ) II" = * iff (wi,4+l:4+2> ■ • ■ ) 1^ = *• 

Look at g Sq, s'^, Sj, . . . )• First it is a condition in Q*^{K, E) as (K, S) is 

nice and G S(sf), nor[s^] > m'^^'^. To show that 

(3mo < m){q \h T = TOq) 

take a condition r = {wi,to,ti, . . . ) > g such that r decides the value of f, wi £ 
pos{wP , s'q, . . . ,s'^_i) and £ is the smahest possible. By (/3) we know that the 
condition {wi, s'^, s'^^^, . . .) forces a value to f, say mo. We claim that £ = 0, 
i.e. wi = wP (which is enough as then q decides the value of f). Why? Suppose that 

£ > and look at the requirement (S) for £ — 1, u — wi \ rn^J'^^. By the smoothness 
u € pos(u;P, Sg, . . . ,s'f,_2) and consequently, by (S), for each v G pos^u, s'g_^) we 
have 

Applying smoothness once again we note that for each w G pos(w, s'^_^^ s^, . . . , sj.) 

w \ rn^^ G pos('u, and w G pos(w \ m'^^, s'^, . . . , 4)- 

Hence for each such w we have 

(w tm^'j^, 4,4+1'- ■•') II" ■^^"^o and 

(W, 4+1,4+2: ■■■) > (W l'»7l^^n'4:4+l,---) 

and so 

(w;,4+i,4+2,--- ,) ll-T = TOo- 
Hence we may conclude that (w, S£_]^, 4, ■ • • ) 1^7" = which contradicts the choice 
of£. □ 



Remark 2.2.4. One may notice that the assumptions of 2.2.3 are difficult to 
satisfy in most natural cases. First examples of growing creating pairs one has in 
mind are omittory creating pairs. However, if we demand that an omittory creating 
pair {K, S) is smooth then we get to 

t £ K & u G basis(t) uD[„t „^t^^-j G pos{u,t). 

This excludes bigness as defined in ^.2.1 . Thus it is desirable to consider in this 



case a weaker condition, which more fits to specific properties of omittory creating 
pairs. 

Definition 2.2.5. An omittory creating pair {K, S) is omittory-big if for every 
k < Lu there is m < uj such that: 

ift G K, nor[t] > m, u € basis(i) and c : pos(u,t) — > {0, 1} then there is s G 
such that nor[s] > k and c|'(pos(u, s) \ {0[,„t _,„t )}) is constant. 
We may call m an omittory-bigness witness for k. 

Proposition 2.2.6. Assume {K,T,) is a finitary, omittory and omittory-big 
creating pair. Suppose that p G (J*^{K, E), p Ih "f < m" , m < u). Then there is a 
condition q G Q*oq(A', E) such that p <q°° q and q decides the value of f. 
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Proof. We start as in the proof of 2.2.3, but in (7) there we say that 

d \ {{u,v) e dom(d) : v e pos(u,.s) & {3k G [£g{u), ig{v))){v{h) ^ 0)} 

depends on the first coordinate only, and therefore we get s'^ G S(s^) as there but 
with ((5) replaced by 



{S) for each vq, vi £ pos(u, s^) \ {u'~i) 



Ih f 



iff 



4 * < 



«+2i ■ 



.)lhr 



Now conies the main modification of the proof of 2.2.3. We choose an infinite set 
/ = {iQ, ii, 12, . . . } C such that for every i < m we have 

it: k < £ < e' < uj, w e poa{wP , s'q, . . . ,s'^J, vq e pos(u',s-^ r* [mup,mup)), 

ui e pos(w, s^^, [toup ,m.up )), and 

II II 
(Elm e [m^n ,mup))(wo(™) 7^ 0) and (Elm e [m^^^*' ,mup ))(wi(m) 7^ 0) 

then: (wo, s^^+i, 4+2. • • ■ ) 1^ = « iff s^+i, Sj,,+2. • • • ) 1^ t- = i 

and a similar condition for the case oi w — ^ < i < < uj. The construction 
of the set / is rather standard (by induction) and it goes li ke in the proof of the 
suitable property for the Mathias forcing (see e.g. BaJu95 , 7.4.6]). Next we look 
at 

q =f {wP, s [7nJ>^, mup ), s'^, ^ [mup , mup ), s-^ ^ [mu^ , Wup ),■■•)• 

It should be clear that it is a condition in Q*^{K, S) which is <n°°-s trong er than 
p. Note that, as {K,Y,) is omittory (remember the demand (Hq) of 2.1.1 (2)), by 
the choice of the set / we have 



if wi e pos(u'*, tp, . 
the condition (wi, t^^j^, 



,tl), k <uj, wi\[mj;^,m^p 



+2' ■ 



then {wi\m^^,tl,tl^j^,tl^^, 



jg and 
. ) decides the value of f 
, ) does so. 



Now, like in 2.2.3 we show that the condition q decides the value of f, using the 
remark above and the choice of the set /. □ 



Definition 2.2.7. Let {K, E) be a creating pair. 

1. We say that {K, E) has the Halving Property if there is a mapping 

half -.K — > K 

such that 

(a) for each t <E K, half(i) e E(t) and nor[half(t)] > inor[i], 

(b) if to,... ,tn e min{nor[ti] : i < n] > 2 and a creature t G 
E(half (to), • • ■ ,half(t„)) is such that nor[t] > then there is s G 
E(to, . . . , tn) such that 

nor[s] > min{-nor[ti] : i < n} and (VwGbasis(to))(pos(7i, s) C pos(M,t)). 

2. We say that {K, E) has the weak Halving Property if there is a mapping 
half : K — > K which satisfies (a) above and 
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(b) if to e K, nor[io] > 2 and t e E(half(io)) is such that nor[t] > 
then there is a creature s G S(to) such that 

nor[s] > -norfio] and (Vw G basis(to))(pos(u, s) C pos(u,i)). 

3. Whenever we say that {K, S) has the (weak) Halving Property we assume 
that the function half : K — > K witnessing this is fixed. 

Remar k 2.2 .8. Remem ber that we standardly assume that creating pairs are 
nice, so in 2.2.7 (lb), 2.2.7 (2b~) we have basis(to) ^ basis(t) and basis(to) ^ 
basis(s). Of course, the Halving Property implies the weak Halving Property. 
Moreover, the two notions agree for simple creating pairs. 

Our next lemma shows how we are going apply the Halving Property. 

Lemma 2.2.9. Assume that (K, S) is a creating pair with the Halving Property 

(witnessed by a mapping half : K — > K). Suppose that f : lo x lo > lo is a fast 

function, f is a Q*j:{K, T,)-name for an ordinal, n < w, < e < 1 andp G Q*j:{K, S) 
is a condition such that 

(Vi G w)(nor[if] > e ■ f{n,m,^J). 
Further assume that there is a condition r G Q^(-R', E) such that 

(Vi G w)(nor[i[] > 0) and (w^, half (ig), half (t?), ■■.) <lr and 

r essentially decides f (see 1.2.i). Then there is a condition q G Q*j{K,T,) such 
that 

(Vi G uj){nor[t'l] > — ■ f(n,m^^J), p <q q and q essentially decides f. 

Proof. First note that the niceness i mplies that (w'', half (ig), half (i^), . . . ) is 
a condition in Q*f{K, E) (by |T|(l)(a) and |l.2.8| (2); remember that / is fast). Now 
suppose that r G {K, S) is as in the assumptions of the lemma. Take m < a; so 
large that 

(Vu G pos(w'', t^,... , i^_;^))((u, ^m+i, . . . ) decides the value of f ) and 

(Vi > m)(nor[t[] > |/(n,m^^J) 

(for the first requirement remember that [K, E) is smooth; the second is possible 
since £ < 1). Next choose integers = «o < H < • • ■ < im-i < im such that 

(V^ < mm e S(half(iP ), . . . Mntl^.^i)))- 

Applying the Halving Property (see ^.2.7 (lb); remember that we have assumed 
nor[t^] > for each £ G w) we find S£ G E(t^^, . . . , t^^^_^_-^) (for £ < m) such that 

nor[s^] > min{inor[i^] : ig < i < ig+i} and 
(VMGbasis(tfJ)(pos(-u, s^) C pos(u,tp). 

Then easily 



dcf 



(^^",30,... ,s™_i,Ct;,+i,...) G (Q)}(ii', E), p<iq and 
(V^Gc.)(nor[^f]>|/(n,m*g) 
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(for the last statement remember that / is fast so f{n, •) is non-decreasing). More- 
over q essentially decides the value of f as 

P0S{WP, So,... , Sra-l) C pOs{wP , t^, . . . , 

□ 



Remark 2.2.10. One could ask why we cannot in the conclusion of ^L2^ require 
that simply nor[tf] > inor[t^] (for j chosen somehow suitably, e.g. such that 



m 



dn 



— m^^). The reason is that "the upgrading procedure" given by ^.2.7| (lb) 



takes care of possibilities only: no other relation between s,t there is required. 
In particular we do not know if I](i) H S(s) ^ 0. Consequently, if we apply this 
procedure to all m (replacing each by suitable Sm) then we may get a condition 
incompatible with r. 

Theorem 2.2.11. Assume that a creating pair {K,T,) for H is finitary, 2-big 
and has the Halving Property. Further suppose that a function f : uj x lu — > uj is 



H-fast and that {K,Y1) is either simple or gluing (see 2.1.1). Let tv„ he Q^(A', S)- 
names for ordinals (for m & lo), p d Q^(i4', E) and n < lj. 

Then there is a condition q G <Q*j:{K,'E,) such that p <^ q and q essentially decides 



(see 1.2.L ) all the names f,„ (for m £ uj). 



Proof. Let {K, E) and / be as in the assumptions of the theorem. 

Claim 2.2.11.1. Suppose that f is a Q^(i^, E)-name for an ordinal, n < lu, a 
condition p £ Q^(iir, E) and a real e are such that 

2|pos('u;P,tg)| ^ 2-¥'H(nidn) < £ < 1 



(where (pu{() — \ Y[ H(j)|, see 1.1. li ), and 

noY[tl] > 1 and (Vi > O)(nor[if] > e • /(n + 1, m*Jj). 

Then there is a condition q e Qj{K,'S) such that p <q q, Iq G E(tQ), nor[tQ] > 
nor[tQ] — l,q essentially decides the value off and 

Ni > O)(nor[t«] > ^—5^ ■ f(n + l,m*M). 

V /V 111 — 2|pos(toP,tg)| •' ^ ' an^/ 



Proof of the claim: First note that our assumptions on e (and the fact that / is 
H-fast) imply that if i G if is such that m^^^ > m^^ and 



~\t\ > -, FTT • fin + 1, Wh„) 



then 



nor[t] > f{n, m*i„) -I- <^H(m^„) + 2. 

Let {w^ : m < mo} enumerate pos(wP,iQ). We inductively choose conditions p'^ 
for m < ruo such that 

(a) p'o-iwltlt^...), 
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if there is a condition r e Q^(-fC, S) such that <o r and 

(Vz £ c.)(nor[t[] > . /(n + 1, ml)) 

and r essentially decides r then we choose such an r and we put 

-Pm+l — ^0' ^1 1 ■ ■ • )j 

(7) if we cannot apply the clause (/3) (i.e. there is no r as above) then 

pI+i = half (t;;'"), half (if ), . . . ). 

[For the sake of the uniformity of the inductive definition we let to be e.g. w^] 
Note that by the niceness there are no problems in the above construction (i.e. 
pI, e Q}(if, S)). Let c : pos(wP,ig) — > 2 be such that 

if the clause (/3) was apphed to choose Pm+i, 
otherwise. 



Due to the bigness of [K, E) we find a creature sq € '^{t^) such that c is constant 
on pos(wP, So) and nor[so] > nor[iQ] — 1. Note that 

q (wP, so, to'"" , t^r , tf" , . . . ) e Q} (X, S) 



(the niceness applies here once again, see 1.2.8; the norm condition should be 
obvious as G '^*f{K, S)). Moreover 

norfi,-"""! > — ; ^ ■ f(n + 1, m ) 

' 2lP°*'("'''' 0^1 an ^ 

and hence, in particular, 

nor[i^ ] > /(n, m^;^ ) + (/^h (?7id„ ) + 2- 

If the constant value of c |" pos(w'', sq) is then easily the condition q satisfies the 
requirements of the claim (use 1.2.10). 

So we want to exclude the possibility that the constant value is 1. For this 
assume that it is the case. First note that then, due to the way we constructed 
-PrnoJ ^6 may apply lemma ^.2.9| and conclude that there are no m G pos(u'P, sq) and 
r G Qj(if, S) such that nor[t[] > for alH G t^J and 

P™ P™ 

(w, io"" , ti"" 7 • ■ • ) <o ^ and r essentially decides the value of f. 

Now we inductively choose an increasing sequence < < . . . of integers, crea- 
tures si, S2, . . . G iiT and conditions pa,pi, . . . G ^^*^{K, S) such that 

1. po — q (defined above), ^o = 0, 

2. £k+i is such that £k+i > £k and 

(V* > 4+i)(nor[if ] > /(" + fc + 2, m£)), 

3. = if for i < 4 and nor[if ] > /(n + fc, m*£ ) + (Ph(to1'' ) + 2 for i > 4, 

4. there are no u G pos(fi;P, sq, . . . , s^^) and r G Qf (/^, S) such that 



(Vi G u;)(nor[t[] > 0) 

tk + l' 



and (u, tf _^]^, tf +2' ■ ■ ■ ) — ^ and r essentially decides f, 



for i G (4,4+i], Si G S(if ) and nor[si] > f {n + k , m"^^) , 
6. nor[sf,_^J > /(n + fc + l,^^'^') and pk <{ Pk+i- 
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Suppose we have defined £k, Pk and Si for i < £k- Choose ik+i according to the 
requirement (2) above. Fix an enumeration 

{w^ : m < ruk} = pos(wP,so, . . . ,se,,tP^^^^, . . . 

We inductively choose conditions p^^^ G Q*j:{K,Y^) (in the way analogous to the 
construction of Pm's): 

{P)k if there is a condition r G Q*j:{K, E) such that <o r and 

(Vz G c.)(nor[t[] > ^ . /(n + fc + 2, m^)) 
and r essentially decides r then we choose such an r and we put 

(7)fc if we cannot apply the clause (/3)fc then 

pI+1 = (w;l+i,half(t^^),half(i?-), . . . ). 

As previously, due to the assumptions about (K,T,), we can carry out the con- 

Pk 



struction. Let Ck ■ pos{wP , sq, . . . , sg^,t^^^j^, . . . jtgl^J — > 2 be a function such 



that 

, fc \ _ / if the clause {l3)k was applied to choose p^^i 
Ck[w,J = I ^ otherwise. 

Applying successively 2-bigness (to each t^^ for i — ik+i,ik+i — 1, • • ■ ,^fc + 1) we 
find creatures s^^+i, . . . , Sf^^j such that for each i ^ [£k + 1, f-k+i] 

Si G S(tf'=) and nor[s,] > nor[if'=] - |pos(wP, sq, . . . , se^,tf^^^, . . . ,tf^i)| 
and for each u G pos(i(jP, sq, . . . , se^, Sft+ii ■ ■ • j ^f^^j^) the value of Ck(u) depends 
on u \ rriup only. If the constant value of Ck \ pos(w, se^+i, . . . , si^^-^) (for some 
sequence v G pos(i(j^, so, • • ■ ,se^)) is then easily 

(i;,s,,+i,... ,s,,^,,^o"^^l"^...) gQ}(x,e) 

(remember that (if , E) is nice), it is <o-stronger than {v,tg^^^,t^^_^_2, ■ ■ ■) and it 
essentially decides f (by 1.2.1C). This contradicts the inductive assumption (4). So 
the constant value is always 1 and consequently Ck \ pos(w^, sq, . . . , s^^, . . . , s^i^^-^) 
is constantly 1. Put 

Pk+i {wP, So, ... , s,,^, , io"- , ii"" , . . . ) G Q;(if, E). 
Note that for alH G a; 

nor[t^'= ] > f{n + fc + 1, m^;/ ) + ^H(m^;^ ' ) + 2 



and thus Pk+i satisfies (3). By the construction (and 2.2.9) the condition Pk+i 
satisfies the inductive requirement (4) (for fc + 1). Since / is H-fast we have that 
for i G [ik + l,^fc+i] (by the inductive assumption (3)) 

nor[ir+^] > nor[if ] ~ |pos(«;P,so, . . . ,s,,,t?:+„ . . .^i)! > /(n + fc, m£^' ), 
and for i > ik+i 
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and (if fc > 0) 



nor[t^^"] = nor[sf J > f{n + k, m^^ ). 

Hence pk <{ Pk+i- Moreover nor[s^j.^J > f{n + fc + 1, m^^^'-). Thus the require- 
ments (5) and (6) are satisfied. 

Finally look at the limit condition 

p* = (w^, so,si, . . . ) = limpfc G Q*f{K,T,). 

Now we have to distinguish the two cases: {K, S) is simple and {K, E) is gluing. 

If our creating pair is simple then we take a condition r > p* which decides the 
value of f and such that nor[i[] > for alH G w. We may assume that for some 
fc e w we have G pos{wP, sq, ■ ■ ■ , s^^). Then {w^ , ^^^+17 *?^+2' ■ ■ ■ ) — o and this 
contradicts the assumption (4) about pu ■ 

Now suppose that {K, E) is gluing. Note that choosing £k+i we may take it 
arbitrarily large. So we may assume that (additionally) £k+i — ik is larger then the 
gluing witness for f{k,mnp). Then we find s^^j^ G Y,{si^+i, . . . ,se^_^-^) such that 

nor[4+i] > min{/(fc,mup'"),nor[sf,+i], . . . ,nor[st,^^^]} = f{k,m'^^). 
Put Sq — So and consider the condition 

p = {w^,So,Si,S2,--.) >P ■ 

Now we finish choosing the r as earlier above p** . The claim is proved. 

Claim 2.2.11.2. Suppose that t is a Q*j,(K, Yi)-name for an ordinal, n < uj and 
p £ Q^(i4r, E). Then there is q G Q*j:{K,'£) such that p <^ q and q essentially 
decides t. 

Proof of the claim: Take io < so large that 

(Vz>zo)(nor[tf]>/(n + l,m;,g). 

Let {wm ■ ITT- < ITT-*} enumerate pos(w^, t^, . . . ,t^^). Choose inductively g™, £m (for 
TO < TO*) such that 

go is given by ^.2.11.l| for {wq, if„+2' ■ • ■ )> £o = 1 

£i = — , ^ ,p — T7, Em+i = ^'"unr-i (for TO > 0), 

qrn+1 is given by claim |2.2.1Ll| for (ii;,„+i, ig", if", . . . ), 
Note that arriving at the stage to + 1 < to* of this construction we have 

|pos(u>o,iP+i)| + \pos{wi+i,tl')\ < ipHim^dn )' 

i<m 

so Em+i satisfies the respective demand. Moreover, 

nor[if"] > Bm+i ■ fin + 1, to^^^ ) > /(n, to^^^ ) for i > 0, to < to*, 
and for each to < to* 

nor[tg'"] > nor[iP - to > f{n, m^"^ ) + 2. 
Consequently we may carry out the construction and finally letting 

a'^- (ujP t^ t^ ^ 

q — yw ,tQ,... itjjjj'-o ,■■■) 

we will clearly have a condition as required in the claim. 
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Applying inductively claim 2.2.11.2 to fm and n + m we finish the theorem (using 



1.2. IS and 1.2.10). □ 



Corollary 2.2.12. Suppose that a creating pair (K,T,) is finitary, 2-big and 
has the Halving Property. Further assume that it is either simple or gluing. Let 
f : LU X Lu > Lo be an H-fast function. Then the forcing notion Q^(ii', S) is proper. 

2.3. Tree creating {K, E) 

Proposition 2.3.1. Let e < 3, n < u, p g E) and let A<ZTp he an 

antichain in such that (V?7 £ A)(3h' £ < r]). Assume that for each 

rj E A we have a condition G Q^J'"^{K,Y.) such that p^^^ <o Qri arid 
ife^l then {tV : J/ G T"?" & noT[tV\ < n} E [tl : v E TP). 
Then there exists q € Ql"'°{K, S) such that p <^+i q, A<Z T?, ^[''l = q^ for tj E A 
and if V E T^ is such that there is no rj E A with r] < v then v eT'^ and = t1. 

Definition 2.3.2. Let {K, S) be a tree-creating pair for H, /c < cj. 

1. A tree creature t G A' is called k-hig if nor[f] > 1 and for every function 
h : pos(t) — > k there is s G S(t) such that /i['pos(s) is constant and nor[s] > 
noY[t] - 1. 

2. We say that [K, E) is k-hig if every t E K with nor[t] > 1 is fc-big. 



Remark 2.3.3. The difference with 2.2.1 is not serious - we could have inter- 
fering. 

Definition 2.3.4. A tree creating pair {K, S) is t-omittory if for each system 
{s^ : v E T) K such that T is a well founded quasi tree, root(s,y) = v, pos(si/) — 
succt(j^) (for V E T) and for every j/q G T such that pos(s,y|-, ) C max(r) there is 
s E E(si, -.veT) such that 

nor[s] > nor[si/o] ~ 1 ^'^d pos(s) C pos(sj,(,). 

Remark 2.3.5. The name "t-omittory" comes from "tree-omittory" : it is a 
natural notion corresponding to omittory creating pairs for the case of tree-creating 
pairs. The main point of being t-omittory is that ii p,q E ^^"''{K, Y,), p < q then 
we have a condition r G Qf'^K, E) such that p <§ r and dcl(r'') C dcl(T«) and 
tl = tl for each v E T\ root(r) < v. [Why? Let r] root((j) and let T* C TP be a 
well founded quasi tree such that 

(Vi^ G f *)(succT* (i^) = pos(iP)), and root(r*) = 77, and t« G E(tP : G f *). 

Let T- = {root(p)} U \J{pos{tP) : v < jy & j/ G T^} U pos(<9). Clearly T" is a well 
founded quasi tree and we may apply 2.3.4 to (i^, ifj : < 77 & G T^) and 77. Thus 



get r G E(t«,tP ■.v<\T]hvETP) such that pos(r ^^^p^) C pos(t?). Note 
that, by transitivity of E, T ^^^^^ G E(iP -.v Ef-\^ f*). For u E pos(r„^j(p)) let 
t^ = tl and so on. Easily, this defines a condition r as required.] 

Moreover this property implies that Qf°'^{K, E) is dense in Q|'''^°(if, E). 

Lemma 2.3.6. Suppose (iiT, E) is a tree-creating pair, e < 3, p G Qg'^°°(i4', E), 
n < uj and t is a Q*^J'"^{K,'S)-name for an ordinal. Further assume that if e = 2 
then (if, E) is hounded (see \l. 3.^1 (4)). Then: 
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1. There exist a condition q G Q^^^°{K, S) and a maximal antichain A CT"^ of 
Ti such that: 

(a) P <n 9; 

(/3) for every rj £ A the condition q^"^^ decides the value of t, 
(7) A is an e-thick antichain of (see definition 1.3. Tf j. 

2. Assume additionally that either 6 = and (K, S) is t-omittory or e = 1 
and {K, E) is 2-hig. Then there are q £ Q*/°'=(ii', S) and a front F of T"? 
satisfying clauses (a) and {(3) of (1) above. 

Proof. 1) Put 

An = {v eTP-. (37? e F^{p)){r] < ly) and there is q G Qf^^'iK, S) such that 
p''^' ^0 9' 1 decides the value of f and 
if e = 1 then (V?7 G T«)(nor[<9] > n)}. 

Claim 2.3.6.1. (Vr G < r ^ Aonr''7^0). 

Proof of the claim: Suppose r G Q^'''"' (X, E) is such that p < r. We may 
assume that r decides the value of f and if e = 1 then additionally we have (V77 G 
T^nor[i;;] > n) (by |l.3.8| (3)). Now, as F°{p) is an e-thick antichain of TP (see 
1.3.^ (4), (6); remember that if e = 2 then we assume that (-K^, E) is bounded), we 



find J/ G y such that {3ri G F^{p)){r] <] i^). Look at the condition A'^^: it witnesses 
that ly £ Aq. 

Thus 

A'^= {ly £ Aq : there is no v' <i u which is in Aq} 

is an e-thick antichain of T'p and for each 77 G ^ we may take a witness (7^ for 
rjiE Aq. Now apply |2.3.1| to find q G Qf^^'iK, E) such that p <^ g and gl''! = 9,,, for 
ri e A. 

2) If e = and (if, E) is t-omittory then for each 1/ G F^{p) we may choose a 
condition g^, >o p^'^^ deciding the value of f (see remark 2.3. 5| ). Now apply 2.3.1 . 

Assume now that (if, E) is 2-big, e = 1. Let 

Ai {u eTP : (377 G Fl{p)){-q < v) and there is q >o p'"' such that 
{i9 : p G T« & nor[i«] < 7i} C {t^ : p g TP} and 
there is a front F of with (Vp G F)(9[''l decides f)}. 

Our aim is to show that F^(p) C Ai which will finish the proof (applying p. 3.1 
remember that F^{p) is a front of TP "above" F^^{p)). 

Fix 770 G F^{p). For each "qo <'q &TP such that nor[iP] > 1 the creature tP is 
2-big so there is s^, G E(tp such that nor[s^] > nor[iP] — 1 and 

either pos(s^) C\ Ai =% or pos(s^) C Ai. 

Claim 2.3.6.2. If rjo < -q £ TP , nor[tP] > n + 2 and pos(s,,) (1 Ai ^ 9 then 
77 G Ai. 

Proof of the claim: By the the choice of s,, we know that then pos(s,,) C Ai 
so for p G pos(s,,) we may choose a condition qp and a front F^ C T'^f witnessing 
p £ Ai. Look at the quasi tree 

T"^ ='{7;}Upos(s,)U y T^". 

pepos(s,) 
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It determines a condition r e Q^''''''(iir, S). It follows from the assumption nor[tP] 



> 



n + 2 that nor[s,,] > n and therefore 



{tl-.i^eT"- k norK] < n} C : e TP"}. 

Hence the condition r together with = [J (which is clearly a front of 

pepos(s^) 

T^) witness that rj £ Ai, finishing the proof of the claim. 

Now we construct inductively a condition q: 
root(T9) ^ 770, r« C TP, 

ifv eTi and nor[tP] <n + 2 then i« = t^, succt</(!^) = pos(t^), 
if 1/ e T'? and nor[tP] > n + 2 then = Si,, and succT9(t^) = pos(si,). 
It should be clear that q e Qf'^'iK, S) and 

{tl-.i^eT^k nor[tl] <n}C{tP:iye Tf'™'}. 

Claim 2.3.6.3. B ^'^ {t? e : (Vv e T'J){r] < ^ nor[i?] > n + 2)} C Ai. 

Proof of the claim: Suppose that rj ^ B. Take a condition r G Q''°°(-^j^)5 
£l^|< r which decides f. We may assume that {Wi^ G T'')(nor[t^] > n + 2) (by 
L3j(3)). Consequently = {t^ : G T'' & nor[ij;] < n} C {tP : e TP} and 



root(r) G Ai. But now we note that for each ly G T'', if 77 < < root(r) then 



nor[t|^] > n + 2 (as rj £ B) and t-^ = s^. Thus we may apply 2.3.6.2 inductively to 



conclude that all these including 77, are in Ai, finishing the proof of the claim. 

Claim 2.3.6.4. Ifr]eTi,T]^ Ai then there is v ^ pos(t^) such that v ^ Ai. 
Proof of the claim: Should be clear. 

Claim 2.3.6.5. 770 e Ai. 
Proof of the claim: Assume not. Then we inductively choose a sequence 

7/0 < 771 <l 772 < . . . G T« 

such that 

(Vi G UJ){^1^ iAik nor[t«^^J < + 2). 
For this suppose that we have defined rji ^ Ai. Take rj* G pos(t^. ) \Ai (possible by 



2.3.6.4| ). By claim |2.3.6.3| we know that 77* ^ S so there is G (T?)!'''! such that 
nor[t9] < 71 + 2. Let 77^+1 be the shortest such i.e. 77^+1 is such that 

[7/ G T"? & 77* < 7/ <] 77^+1] ^ nor[t«] > 7i + 2 and nor[i^,.^J < 



By repeating applications of 2.3.6.2 we conclude that 77^+1 ^ Ai, as otherwise 
V* e Ai. 

Now look at the branch through determined by {rji : i < lu) - it contradicts 
q G <Q^i'^'^{K, S). This finishes the proof of the claim and the lemma. □ 

Theorem 2.3.7. Suppose {K, S) is a tree-creating pair, e < 3, p € Qf°°{K, S). 
Further suppose that ife = 2 then S is bounded. Let n < uj and let fk be Qf°'^{K, E)- 
names for ordinals (for k Cz lu). Then: 

1. There exist a condition q G Q^J°''{K,'S) and e-thick antichains Ak C T"^ of 
T'i such that for each k ^ uj: 
(a) P <%. 9; 
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(/?) for every rj G the condition (/[''I decides the value of Tk, 

(7) {yv G Afc+i)(3?7 e v4fc)(r/ < i^). 
2. // either e = and (i^, S) is t-omittory or e = 1 and (K, S) «s ^-&«(7 i/ien 
there are q G Qg''''''(iir, S) and fronts Fk of T'^ such that for each k £ u the 
conditions (a) -(7) of (1) above are satisfied. 



Proof. This is an inductive apphcation of 2.3.6 and 2.3.1 (and 1.3.g + 1.3.11) 



□ 



Lemma 2.3.8. Let (K, E) be a tree-creating pair, f be a Q^^°°{K, Yi)-name for 
an ordinal, p G Q}^'°°{K,T,), n < lu. Then there are a condition q G (J}^'°''{K,'E,) 
and a S-thick antichain ACT^ of such that q > p and 

(a) (Vr/ G A){yu G TP){iy <i r] =^ v^T" ktl= t^), 

(/3) for every rj G A the condition ql''! decides the value of f, 

l-f) {yri e A)iyv e T'')ir) ^ u =^ nor[i«] > n). 

Proof. Look at the set 

B " {r]eTP : there is a condition q > p^^^ such that root((?) = rj, 
(Vi^ G T'^){nor[tl] > n) and q decides the name f}. 

Easily, B Ci ^ ^ for every condition r > p. Hence the set 

A'^^^ {rj e B : ^{3iy e B){iy < rj)} 

is a 3-thick antichain of T^. Now we finish in a standard way. □ 



Theorem 2.3.9. Let {K,T,) be a tree-creating pair, ik be Ql^°°{K,'E) -names 
for ordinals (for k < to) and p G Qy'°'^(K,Y^). Then there are a condition q G 
Qtreej^^^ S) and 3-thick antichains Ak ofT^ such that q > p and for every k G uj: 

(a) Ak C Tl, 

(/?) if rj G Ak then q^^^ decides ik, 
(7) (iv G ^fe+i)(3r7 G Ak){v < v)- 



Proof. Build the condition q by induction using 2.3 



□ 



Corollary 2.3.10. Ife<A, {KjT,) is a tree creating pair which is bounded if 
e = 2, and [J H(i) is countable then the forcing notion Q^J°^{K,T,) is proper (and 

even more). 



Proof. By [2.3.7 , 2.3.E (or rather the proofs of them) and the definition of 
thick antichains (remember 1.3.9). □ 



Lemma 2.3.11. Assume that (X, S) is a 2-big tree-creating pair, n < lo, and 
p G Qf'^'iK,!:). Then there are q G Qf'^'iK,!:) and a front F of T'J such that 
p <^ q and 



{yv G F)(Vr/ G r'?)(jy < r/ 



nor[t^] > n + 1). 
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Proof. It is like |2.3.6K 2). We consider the set 



Al =^ {i/ e TP : (377 G Fl{p)){-q < j/) and there is q >o pi""' such that 
{t« : p G & nor[i«] < n} C {t^ : p g T^} and 
there is a front T of with 

(Vp G F)(V?7 G T9)(p < ^ nor[i9] > n + 1)}. 
We proceed exactly as in |3J(2) to show that C A*. □ 

Corollary 2.3.12. Suppose that [K^Ti) is a 2-big tree creating pair, n < lo, 
p G Qf°'=(A", S). Then there are q G Qf'^'iK, S) and fronts F,„ of Ti (for m G uj) 
such that 

p<lq and {Vri E T'^){yiy e Fm)iiy < t] =^ nor[i«] > m). 
Hence, in particular, Qf'^^{K,T,) is dense in Qf^'^{K,'S). 

2.4. Examples 

In this part we will give several examples of weak creating pairs, putting some 
of the known forcing notions into our setting. It seems that the main ingredient of 
any application of our technique is, next to an appropriate choice of the function 
H, the definition of the norm we use to measure possibilities. Often such a norm 
is an application of a particular type of pre-norms. 

Definition 2.4.1. A function H : P{A) — > is a pre-norm on the set A 
(or rather V{A)) if 

(a) B C C C A imphes H{B) < H{C) 

(b) H{A) > and if a G A then H({a}) < 1. 
A pre-norm H on A is nice if additionally 

(c) if B C C C A, H{C) > 1 then either H{B) > H{C) - 1 or H{C \B) > 
H{C) - 1. 

Definition 2.4.2. 1. For a non-empty finite set A we let dp ''(A) = 

2. For a finite family A C [w]^'^ such that (Va G A){\a\ > 1) we define 
dp^(A) G cij by the following induction 

dp^A) > always, 
dp\A)>l ifA^0, 

dp"'^(A) > n + 2 if for every set X C a; one of the following conditions holds: 
dp^({a e A:aC X}) >n+l or 
dp^({a G A : a C cj \ X}) >n + l. 

3. For a non-empty finite family A of non-empty subsets of to we let 

dp^(A) = min{|/| : (Va G A){a Dl^ 0)}. 

4. For n G w, i < 3 and A in the domain of dp* we let 

dp; = iog2+„(dpXA)). 

Proposition 2.4.3. 1. Let i < 3, n e uj. Suppose that A is a finite set in 
the domain o/dp' such that dpl^{A) > 0. Then dp^ I'PiA) is a nice pre-norm 
on V{A). 
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2. If H is a nice pre-norm on 'P{A), r < H{A) is a positive real number and 
H"^ : P{A) — > is defined by 

WiB) = max{0, H{B) - r} for B C A, 

then is a nice pre-norm on V^A). 

Proof. 1) Note that (in all cases), if B,C C A then 

dp'{B U C) < dp'(B) + dp\C). 

The only unclear instance here might he i = 1, but note that if IJA C [mQ,mi), 
B CA then 

dp\B)>k + 2 if and only if 

for every partition {Ig : i < £o) of [TOo,mi), £o < 2*^+^, there are 
b <E B and £ < £q such that b C Ig. 

2) Check. □ 



KEMARK 'AAA. 4.^(2) will bc of Special importance when defining creating 
pairs wit h the Halving Property. Then we will use for r — [^H{A)\ (see 2.4.6 , 
riband |7.5.1| ). 

Our first e xample of a creating pair recalls Blass-Shelah forcing notion applied 
in | BsSh 242 to show the consistency of the following statement: 

if Vi , ^2 are non-principal ultrafilters on to 

then there is a finite-to-one function f £ lo^ such that /(2?i) = 
f{D2). 

(The suitable model was obtained there by a countable support iteration of forcing 
notions close to Q*^^ {I^^aA 



, EK 4 gl) over a model of CH. 



Example 2.4.5. Let H(to) = 2 for to G w. We build a full, omittory and 
omittory-big (and smooth) creating pair (-K [2.4.5| , l j2.4.5| ) for H. 

Construction. A creature t e CR[H] is in K |2.4.5| if to^j^^ + 2 < TO^p and there 
is a sequence (A^ : u G Y\ H(i)) such that for every we J| H(i): 

(a) A\^ is a non-empty family of subsets of [toJj^^, to* ), each member of has 



n H(i) and {i e [to^„, toJjj 



) : t;(*) = 1} e A* U {0}, 



up; 

at least 2 elements, 
{(3) (u,w) e val[i] if and only if 

u <\ V £ 

(7) nor[t] = min{dpJ(A^) : u £ Jl H(*)}. 

[Note that we do not specify here what are the d\s[t\ for t £ it^X^. We have a 
total freedom in this, we may allow all possible values of dis[t] to appear.] 

The composition operation 1 2.4.5 on if 2.4.5 is defined as follows. Suppose that 
io, ■ • • ,tn £ -K |2.4.5| a-re such that m\i„ = rnj^^ for i < n. Then 



.4.51(^07 • ■ • 7 ^ri) 



s £ S[ 
s € K 

for each i < n we have {v \ 



"up — ■■Mn 
if and only if 



2.4.5 



up 



'"up 
I up 



and for every {u,v) £ val[s] 
) e val[t,]. 
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It is an easy exercise to check that X ]2.4.5| ) is a full, omittory, smooth and 

omittory-big creating pair (for the last property use 2.4.3). Note that the forcing 
notion Qsoo(i<|2X^! £ |2.4.5| ) is non-trivial as for each toq < mo + 2"+^ < mi there is 
t e i^UsIn CR,„o,™i [H] such that nor[i] = log2(n + 1). 



One may consider a modification of (it^X^: 



this we let K^Jl = {t e K^a^ : (Vuo,ui e 



,tn) — 5]b.4.5|(io 



lect that (i^PXsl; 



4 5I) making it forgetful. For 
H(z))K„ = Al)} and 

tn) n iijaT^ (for suitable to,... ,ti € K^J^). 
is a forgetful, omittory and omittory-big creating pair. 

□ 



Example 2.4.6. We define functions H : lo — > uj and f : lu x u — > uj and a 
creating pair (^^2.4.^ , for H such that: 

• / is H-fast, 

• (i^b.4.e|, 32. 4. el) is 2-big, forgetful, simple and has the Halving Property, 



the forcing notion Qj(i^^X^, £ ]2.4.6| ) is non-trivial. 



Construction. Let F G u;^ be an increasing function. Define inductively 
functions H = and f ^ such that for each n,k,i ^ to: 

(i) H(n) = F{LpYi(n)) ■ 2/("'") (remember ^H(n) = H |H(i)l, <Ph(0) = 1), 

(ii) /(O, £) = ^ + 1, /(fc + 1, ^) = 2^»W • (/(fc, £) + F(^h(^)) • ^h(^) + 2) 
(note that (i) + (ii) uniquely determine H and / and / is H-fast). 

A creature t G CR[H] belongs to A [2. 4.^ if — vn\^ + 1 and 

• dis[t] — (m^j^, At,Ht), where At is a subset of H(m[jj^) and Ht : V{At) — > uj 
is a nice pre-norm, 

• val[t] = {{u, u) G n H(i) X n H(i) : u < w & w(m*,„) G At}, 

• nor[<] ^Ht{At). 

For t G j ^.4.6| let S [2.4.6| (t) consist of all s G i^2.4.6 such that m|jj = m^^^, C 



and (VB C As)(H7{B) < Ht{B)). (And if 5 C FhlA \S\ ^ 1 then we let 
~AS) = 0.) Next, for t G i ^2.4.6| we define half(t) G K \.a.(\ as follows: 
ilnorftl < 2 then half(t) = it, 



nor[t] < 2 then half(t) 
if nor[t] > 2 then half(t) G K |2.4.6| is (the unique creature) such that 

™df^*^=™d„, Aait(t)=^t, and iJhaifW = (i?*)'' (see|Z|(2)), 
where r = [inor[t]J . 

It should be clear that (i ^.4.e| , S] [j.4.g| ) is a forgetful, simple and 2-big creating pair 
(for the last remember the definition of nice pre-norms). Moreover, the function half 
witnesses that {K 2a.^ , ^a.S^ has the weak Halving Property (and so the Halving 
Property). [Why? Note that if s G E^(half(t)), nor[s] > 0, nov[t\ > 2 then 
As C At and 

1 < Hs{As) < i/haif(t)(^) = HtiAs) - L^norMJ. 



Thus Ht{As) > [inor[t]J + 1 > inor[i] > 1. Now look at a creature t' e K 
such that dis[t'] = (m^^^, Ag, Ht \V{As)).] Finally note that if m < w and t G 
is such that dis[t] — (m, H(m), dpg |'7'(H(m))) then nor[t] > f{m,m). □ 




2.4.( 
2.4.( 
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Note that the creating pah (K, S) described in the Prologue to represent the 
Silver forcing Q "below 2"" is an example of a finitary creating pair which captures 
singletons. 



The first serious application of tree-creating pairs appeared in |Sh 326 1. The 
forcing notion CT^ constructed there was later modified in v a rious ways a nd several 
variants of it found their applications (see e.g. [|BJSh 368 1, FrSh 406 | and |]4 



i^^^^A^- ^^TtI) • (One should note 



below). This forcing notion is essentially the k^i 
similarities with the forcing notion Q*oo(i^|T|, ^2.4^ H 

Example 2.4.7. Let / G uj^ be a strictly increasing function, H(m) = /(m) + l 



for m ^ Lo. We construct finitary tree-creating pairs {K 
such that 

1 

2. ( 



2.4.7' ^2.4.7 



£ < 4, for H 



^|2.4.7|' ^|2.4.7| ~ ^2.4.7|i 



' ^[2.4.71 ' ^2.4.7 1' (-^ 2.4.7 
(-^2.4.7 ' ^2.4.7)' (^2.4.7 



4 Jj are 2-big local tree-creating pairs, 
4 ^) are 2-big t-omittory tree-creating pairs. 



A tree creature t E TCR,, [H] 



Construction. First we define (iilfjl, 
(where ?7 e U 11 H(i)) is in K^Jl if 

• dis[i] = {ri,At,Ht), where At C H.(ig{ri)) and Ht is a nice pre-norm on 

• val[t] = {(?7, iy):r^<iiy k ig{y) = £g{rj) + 1 & iy{igir])) e At}, 

• nor[i] = Ht{At). 

The operation 4 ^ is the trivial one and for t G TCR^ [H] n R 2 4 -, ■ 

SQt) = {se TCR„[H] n K gT^I -.AsCAt k H, = Ht \V{A,)}. 

Easily, (i^fXl, is a finitary 2-big simple tree-creating pair. 

To define 11^ 4^] on KfZ^ = we let for t e TCR^[H]: 

T^{t) - {i e TCR^[H] n ■■As'ZAt k (VB C ^)(i7,(B) < Ht{B))}. 

Plainly, (ii|2 4 7], 4 yl) is a finitary 2-big simple tree-creating pair too. 

To have t-omittory variants of the tree-creating pairs defined above we declare 



that a tree-creature t G TCR^[H] is in K 



2.4.7 



if 



• dis[i] - {ri,T^l,At,Ht), where < 77^* G U 11 H(i), At C ii{tg{Ti;)) and 

n<u) i<n 

Ht is a nice pre-norm on 'P{At), 
. val[t] = {(,7, iy):v;<i^ & ^<?(^^) - ^5(^t ) + 1 & ^(^5(%*)) G At}, 

• nor[t] = i/t(At). 

The operations 4 J, SjX^ such that if T is a well founded quasi tree, {si, : 
G r) is a sy stern ot tree-creatures from Rff", 



such that 



{Viy G f )(s^ G TCR^[H] & rng(val[s^]) = succT(t^)) 



then 5]kX1(s^ : v eT) consists of aU tree-creatures s G iiB^nTCRi.oot(T) [H] such 
that for some vq E T we have 

rng(val[s]) C rng(valK]) C max(r) and H, ^ Hs^JP{A,), 
and En 4 J(si, : ^ G T) is defined in a similar manner but we replace the last demand 



(on 



3y "(VB C As){Hs{B) < Hs^ (B))". Now check that E[71, IJJl are t 



omittory 2-big tree compositions on R 



2.4.7 



2.4.7 



□ 
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Let us finish our overview of "classical" examples recalling Fremlin-Shelah forc- 
ing notion. This forcing notion is essentially Qi™(i^|X|, 1 ^2.4.6 ), and it is a relative 
of Qi'^''°(Ji^ |X^ , 4 t] ). It was apphed in | FrSh 40^ to construct a model in which 
there is a countable relatively pointwise compact set of Lebesgue measurable func- 
tions which is not stable. 



Example 2.4.8. We build a function H and a finitary, local 2-big tree-creating 

pair 



H2.4.S 



Construction. Choose inductively increasing sequences {rik : k < uj) and 
(rrifc : k < uj) such that no = — 4, rrifc+i > • 2"'= and 

K+i)("'=+^'"*'^" • (mfc+i)-(^-+6) > log^K+i), > 2("'=+i''"+' . {mk+it 



fc+6 



For i e w let H(i) = {a C : ^ > 1 



A tree-creature t e TCRr, [H] is taken to K 2a.^ if 

• dis[i] ~ {r],At), where At C ll{£g{ri)) is non-empty, 
. val[t] - {(?7, J.) : < 1/ & = £5(77) + 1 & i/(£5(?y)) e AJ, 

,2/ 



nor[t] 



<?3('?) + l 

log2("f9(i7))^(^9('')+2) 



dp^(A). 



[Note that dpQ(H(i)) > log2(ni) — {i + 2).] The operation £2.4.5 is trivial and for 

t e TCR^[H] nisT: 



Srat) = {s e iCIin TCR^[H] : A, C At}. 



Check that £ j2.4.8 ) is a local 2-big tree-creating pair. 



Remark 2.4.9. 1. No te that if W is the ' 
generic real (see p_.1.13 ), then 



{K2. 



4.S 



2.4.8 



IK. 



HK2 



& 



) {yi euj){W{i) Cm 

(Vr/ e vn n n,)(V°°« et^)(r?(i^ 



> 1 



2^ + 2 ' 



□ 

-name for the 
and 



Thus, after forcing with Q_Y°'^{K2A.t, ^ 2.4.^ , the ground model reals are of 
measure zero. 

2. One can define a t-omittory variant of (ii 2.4.8, S^Xsj) (similarly to the def- 
inition of the pair (A|| 4 J, E| 4 j) ; in forcing this would correspond to con- 
sidering Q^'""(j^, lffi|)) 

3. In practical applications, forcing notions of the type Qq''"^{K,J^) can be 
represented in an equivalent form as <Q*^'°°{K* , E*) for some t-omittory pair 

{k*,j:*). 

In the next two examples we want to show that the choice of the type of forcing 
notion or the norm condition may be very crucial. Even if we use the same or very 
similar weak creating pairs, different approaches may result in forcing notions with 
extremely different properties. 



Example 2.4.10. There exists a finitary, local and 2-big tree-creating pair 
(K^IT^,S^ 



such that the forcing notion ""iitree 



jtrco 



{K2 



2.4.1c 



(-K |2.4.io| , S [3.4.ic| ) is w'^-bounding 



adds an unbounded real. 



but the forcing notion 

Construction. Let H(i) = 2*+^ for i e uj. A tree-creature t e TCR,,[H] is 
taken to A |2.4.ic| if 

• dis[t] = {ri,At) for some At C ll{£g{r])), 
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• val[<] = 

• nor[t] 



The operation E2 



{(77, v):ri<vk lg{v) = £5(77) + 1 & v{ig{ji)) £ A}, 
dp^(A,). 

is trivial and S ;.4.io| (^) = {s G -K^Xi^ : val[s] C val[i]}. 



Plainly, (-K2.4.10; ^2.4.10) is a finitary, local and 2-big tree creating pair. By 



2.3.7 (2) we c onclude that Q^'^°°(_K j.4,io|, SlTZiol ) is w^-bounding (compare 3.1.1 ) 



Note that, by pl2| ^T%i^aA^W±^ dense in S^^ 

Suppose now that p e Q3 °(-K ]2.4.io| , S |2.4.io| ). By induction on « < cj wc build 
an increasing sequence (n^ : i < lo) Q uj, a condition q G Q3'^°°(-K [2.4.io| , S^Xio) £ind 
a function / : {77 e T'' : (3i < u)){lg{ri) ~ rii)} — > w such that 

(a) g > p and root(g) = root(p), 
(/3) 7^0 = ^<7(root((z)), /(root((7)) = 0, 

(7) if I/, 77 G T"?, £3(7/) = 77,, £5(7^) = 77,+i and 77 < 7/ then /(t/) G {7(77), /(77) + 1}, 
{5) for each rj ^T'' such that £(7(7/) = 77^ there is exactly one v such that 

7/ <] i^, Igiv) = 77i+i and /(t^) = 7(77) + 1, 
(e) live T"?, 7T,i < £3(7^) < 77i+i then nor[t«] = f{v\7ii). 



The construction is quite straightforward. Suppose we have defined 77.;, TTlw 
TP n and /|T« n w^""'' in such a way that 



<77 



i c 



(V7/ G n tj'^»)(Vi^ G TP) (7/ < 



nor[t^] > /(77)). 



By the definition of Q3 °°(i^2. 4.1c , 5^2. 4.1c) we find 77,;+i > rii such that for each 



rj eT'^ n uj'^i there is 77* G T^' n such that 77 < 77* and 

(Vzy G Tf)(77* < ;y nor[iP] > /(77) + 1) 

(remember n w'^* is finite). Now, for each rj e T"^ D tj""* we continue building 
the condition q above 77 in such a manner that each t1 (for 77^ < ig{i') < 77^+1) has 
norm /{r]) and the 77* is taken to T'^. Declare f{ri*)^f{'q) + l and 7(77') = 7(77) 
for all Tj' gTTi w^-^+i extending 77 but diS'erent from 77*. 

It is easy to check that q built in this manner is a condition in (])3''°°(JC p,4.ic| , I |2.4.io| ) 
stronger than p. 

Note that for each m G ui the set {rj e T"^ : ij e dom(/) & /(t;) = 771 + 1} is the 
Bm{q) (and thus it is a 3-thick antichain of T^). We will be done if we show the 
following claim. 



^, S j.4,io| ) then for some m e uj the set 



ig{r]) = Hi (for some i G lu). 

77 < and f{iy) 7(77) 



77j > n 



Claim 2.4.10.1. If q < r e 

{rj £ : rj £ dom(/) & f{ij) — 777} is infinite. 

Proof of the claim: Choose rj £ such that 

(Vi^ G T'')(77 < 1/ ^ nor[q>2) and 

Let m = f{r]) + 1. Note that if G £g{iy) 
then: 

1. \{v* gT"- -.v <\v* k e.g{v*) = 77j+i}| > 4, 

2. there is at most one v* G T"^ such that 

igiv*) — 77j_|_i, V <\ V* , and fiy*) = m, 

3. there are j* > j and v* G T*" such that 

v <1 7^*, ig{v*) — 77j. and f{i^*) = "m- 
Hence the set {t^ G T*" : 7; < 7/ & G dom(/) & /(t^) = 7n} is infinite. 



□ 
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Remark 2.4.11. Note that the proof that Q3'^°°(_K ~4.io|, S^Zi^ ) adds an un 



bounded real does not use the specific form of {K2a.iq,^2A.i(.T- With not much 



changes we may repeat it for any local tree creating pair (K, E) such that 

1. if e pos(i), t G K and m < nor[t], m e w 

then there is s G such that nor[s] = m and ly G pos(s), and 

2. if nor [i] > 2 then |pos(t)| > 2. 

In the last example of this section we try to show the difference between the 
use of tree creating pairs and that of creating pairs. 



Example 2.4.12. Let {ui : i < oj) C uj, f : uj x u — > ui and H : u; 
be such that 

1. /(o, e)^e + i, f{k + i,£)^ 2^»w+i • (/(fc, e) + W + 2), 

2. no = 0, > (n, + 1) • 22 ' > > + n„ 

3. HeO = [[n„n,+i)]^^' + l 
(so / is H-fast). 

We construct weak creating pairs 4 12 
that 



]<UJ 



> S p.4.i2p and (A|77|, I |.4.i2| ) for H such 



(a) (i<^.4.iJ, iJ2.4.id) is a 2-big, local and finitary tree creating pair, 

(b) (i^ 2 4 12 ' 5^2 4 12) is a simple, 2-big, finitary and forgetful creating pair with 
the Halviiig Property, 



(c) if P is either Q'r^ (-K|f7T|, S|77|) or Q}{K^^ S |77^ ) and W is the cor- 



responding name for the generic real (see 1.1.13 ) interpreted as an infinite 
subset of uj, then 

Ihp " (Vi e u}){\W n [ni,nj+i)| = + 1) and 

(VXe[cj]'^ n V)(V°°ietj)(iy n [ni,ni+i) C X or T4^ n [n,„7i,+i) n X = 0)". 

Construction. Wc try to define minimal forcing notions adding a set W C 
[uf^ with the property stated in the clause (c). The most natural way is to use 
weak creatures giving approximations to W with norms related to dp^. 

Defini ng (A ^^ tZji) may follow the simplest possible pattern presented 



if 



already in ^.4.8| and 2.4'.iu| . So a tree-creature t G TCR^[H] is in K 

• dis[i] = (77, At), where At C H(£5(ry)), 
. val[<] - {(77, iy):r,<iiyk ig{v) = £g{rj) + 1 & 1^(^3(77)) £ 

• "O'^W - 2.yH(^ g(^))^ • 

The operation Y. ^ is trivial (and so s G 4 12 (^) ^^"^ '^'^ly val[s] C val[< 



S j 4 1 |j ) is a local 2-big and finitary tree creating 



One easily checks that {KI2 4 12 
pair. Note that (see the proot of |lj.4.3| ) 

dp^(H(i)) > 22-^hW'-/('^») + 1 and thus dpJ(H(i)) > f{i, i) ■ 2 ■ fnii)^- 
Consequently, Qtree^^^^ . ^2.4. id) is a non-trivial forcing notion. Checking that 
it satisfies the demand (c) is easy if you remember the definition of dp . 

Now we want to define a creating pair {R\2a 1^1 ^^^Xiil) i^i a similar way as 



(-^2 4 12; 4.1 j )- However, we cannot just copy the previous case (making suitable 
adjustnientsj as we have to get a new quality: the Halving Property. But we use 
2X^(2) for this. Thus a creature t G CR[H] is taken to 4 if mjjp 



1 



and 



dis[<] = {fn*^^,Bt,rt), where Bt C II{m*^^) and rt is a non-negative real. 
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val[t] ^ {(m, G n H(i) X n : u < V & w(m*i„) G SJ, 
nor[t] = max{0, ^E^' 



The operation Sf^^ is defined by: 
It is not difficult to verify tha t (J^^hj ^ 12, 4 12 



& C St 



>rt}. 



) is a finitary, forgetful, simple and 
2-big creating pair (remember 2.4.S(^2 j j. Let half : ii^^TT^ — ^ 4 be such that 
s — half(t) if and only if m^j^ = "i^^^, — Bt and Ts = + inor[tJ. 
We claim that the function half witnesses the Halving Property for (iilj 4 ^A, 4. id)- 
Clearly half (i) e and 



nor[half(t)] = max{0, 



I max{0, 



dp^(at) 



dPo(at) 

1 dpi(Bi) 

= 5nor[i]. 



inor[t]} 



Suppose now that to G K 2 4 1 j , nor[to] > 2 and i G 4 ^^ (half (fp)) is such that 
nor[i] > 0. Then m^^^ ~ "^dn' ^ Btg and > rtg + ^norf^o]- Let s G 
il{to) be such that Bs = Bf and = rt^,. Clearly val[s] — val[i] and nor[s] = 



max{0, „ /^^"/"^J^a — fto}- But we know that 



dPi^(gt) 



< norftl = maxjO, . < y, 

dP|!,(B.) ^ ^ dpi(B,) Innrf/ 1 



n < 



2.4.12 



2.4.12 



is not 



and hence inor[io] < nor[s] 

Moreover, by standard arguments, the forcing notion Qj(i^ 
trivial and satisfies the demand (c). 

Let us try to show what may distinguish the two forcing notions. We do not 
have a clear property of the extensions, but we will present a technical hint that 
they may work differently. Let us start with noting the following property of the 
pre-norm dp^. 

Claim 2.4.12.1. Suppose thatAo,... ,Ak-i G [cj]"^'^ are finite families of sets 
with at least 2 elements, m > and dp^(j4i) > m for each i < k. Then there 

is a set X <Z uj such that for each i < k 

both dpi({a G A, : a C X}) > m - 
and dp^({a G A, : anX = 0}) > m- 

Proof of the claim: We prove the claim by induction on k. 
Step fc = 1. 

We have C 'P([mo, mi)) such that dp^(Ao) > m > 2. Take a set X G [mo,mi) 
of the smallest possible size such that dp^({a G : a G X}) > m — 1. Pick any 
point n e X and let F = X \ {n}. Then 

dp^({a e Aq : aC Y}) < m - 1 and dp^({a G : a C {n}}) = 0. 

Hence we get dp^({a £ Aq : an X = 0}) > m — 2 (remember the characterization 
of dp^ from the proof of 2.4.31 (1)). Consequently, the set X is as required. 
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Step fc + 1. 

Suppose Aq, . . . , Ak-i,Ak C ^([mo, mi)) are such that dp^{Ai) > m > (^±lK^±fl^ 
Let Xq C [toq, mi) be such that for each i < k 



and 



k{k+3) 



dp\{a eA,:aC Xq}) > m - 
dp\{a e : anXo = 0}) > m 2 

(exists by the inductive hypothesis). Since dp^(j4fc) > m, one of the foUowing holds: 
dp^ {{a e Ak ■■ a C Xo}) > m - 1 or dp^({a G : a n = 0}) > rri - 1. 

We may assume that the first takes place. Take Xi C Xq such that both 

dp^({a e Ak-.aC Xi}) > m - 3 and dp^({a £ Ak : a C Xq\ Xi}) > m - 3. 

Let /o = {z < fc : dp\{a S : a C \ Xi}) > to - - 1}. If /q = fc then 

we finish this procedure, otherwise we fix iq £ fc \ h and we choose a set X2 C Xi 
such that 

dp^({a e Ak-.aC X2}) > to - 5, 

dp^({a <£ Ak ■■ a (Z Xi \ X2}) > m - 5, and 

dpi({a e : a C \ X2}) > to - _ 2. 

We let /i = {i < fc : i e /q or dp^({a e A, : a C \X2}) > m - -^^^ - 2}. Note 
that /o /i. We continue in this fashion till we get Ig = k. Note that this has to 
happen for some £ < k. Look at the set X^+i constructed at this stage. It has the 
property that 

dp^({a e Afc : a C Xg+i}) > m. - (2fc + 1), 

dp^({a e ^fe : a C Xo \ X«+i}) > to - (2fc + 1), and for i < fc 



dp^({a e : a C \ X^+i}) > to - - (fc + 1) > m ^ . 

So let X — Xq \ Xi^i and check that it is as required for Aq, ... ,Ak (and fc + 1). 
Now we may show an extra property of W which we may get in the case of 



(fc+l)(fc+4) 



;.4.12|J ^2.4.12 



Claim 2.4.12.2. The following holds in VQ'i'°° ( ^flT^ 



)■ 



there are sequences {ik ■ k < lu) , {Xi : i < u) from V such that 

1. ia < ii < . . . < uj, Xi [rii, rii+i), 

2. for each k Ecu, for exactly one i G [ik,ik+i) we have W Cl [nj,n.i+i) C Xi, 

3. the set {i uj -.W f] [n^, n^+i) C Xi} is not in V. 

[The last demand is to avoid a triviality like Xi € {0, [ui^rii^i)}.] 

Proof of the claim: Let p G Qf^^if^J^A.i'^^ 4. id)- We may assume that (Vt^ G 
TP){nor[tP] > 4). Let i > eg{TOot{p)) andTct ?? gT^', £g{r]) = i. Then 



dp^Ajp) > 2S"^"(*)' > 



</'H(i)(</5H(«) + 3) 



Since \{r] G T^* : ig{r]) = i}\ < (pu{i), we may use |2.4.12.l| to find a set Xi C 
[ui, rij+i) such that for every rj € T^ with ^(/(r/) = i we have both 



dp\{aeAtP : a C X,}) > dp\AtP) 
dpi ({a dAtP-.anX^^ 0}) > dpi(Ap) 



yH(»)(yH(»)+3) 
2 

yH(i)(yH(t)+3) 
2 



and 
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Note that 



> 



nor[t^] - 1. 



Therefore we may inductively build a condition q G Qf'^'^(K^A.i2\; 4. id) ^-^d ^ 
sequence {ik '■ k < oj) such that 

1. p < q, root{q) = root(p), £g{TOot{q)) = io < ii < 12 < ■ ■ ■ < to, 

2. for each e T', if (gii]) — i then either 

At. = {a e : a n X, = 0} or A^. = {a E At^ : a C X,} 

(and so nor[t^J > nor[i5j] — 1), 

3. for each rj E T'' with £g{ri) = ik there is exactly one i = i{r]) G [ik,ik+i) 
such that 

if 1] <] v Cz T'^, (-gi^) — ik+i and = i>\i 

then Afi — ia G Atv : a C X^j, 
and for distinct rj as above the values of i{ri) are distinct. 
Now check that the condition q forces that {Xi : i < uj) and {ik : k < uj) are as 
required. 

Finally look at 2.4.12.2] in the context of the forgetful creating pair (A jl 4 



CHAPTER 3 



More properties 



While the properness is the first property we usuaUy ask for when building a 
forcing notion, the next request is preserving some properties of ground model reals. 
In this chapter we start investigations in this direction dealing with three properties 
of this kind. We formulate conditions on weak creating pairs which imply that the 
corresponding forcing notions: do not add unbounded reals, preserve non-null sets 
or preserve non-meager se ts. Ap plying the methods developed here we answer 
Bartoszyhski's request (see [ Ba94| , Problem 5]), building a proper forcing notion P 
which 

preserves non-meager sets, and 
preserves non-null sets, and 



is w -bounding, and 



does not have the Sacks property. 
A forcing notion with these properties is associated with the cofinality of the null 
). The construction is done in 3.5.1, 3.5.2 and it fulfills promise 



ideal (see IBaJu95 



of PaJu95| , 7.3A] 



3.1. Old reals are dominating 

Recall that a forcing notion P is lo^ -bounding if it does not add unbounded 
reals, i.e. 

Ihp {Vx G uj'^){3y e oj"^ nV){y°°n){x{n) < y{n)). 
Any countable support iteration of proper w'^-bounding forcing notions is lo^— 



bounding (see |Shj| Ch VI, 2.8A-C, 2.3]). 

Conclusion 3.1.1. Suppose that {K,I]) is a finitary tree-creating pair. 

1. If {K, E) is 2-big then the forcing notion (Q)*i'™(i^, S) is w^-bounding. 

2. If {K, E) is t-omittory then the forcing notion Qq^''{K, E) is tj^-bounding. 



Proof. By p.3.7| (2) and |l.3.8| (5) 



□ 



Conclusion 3.1.2. Let {K,T.) be a finitary creating pair for H, and let / : 
ui X ui — > u! be an H-fast function. Suppose that {K, E) is 2-big, has the Halving 
Property and is either simple or gluing. Then the forcing notion Q*j:{K,'S) is w^- 
bounding. 



Proof. By 2.2.11. 



□ 



Conclusion 3.1.3. Let {K, E) be a finitary creating pair which captures sin- 
gletons. Then the forcing notion Q'^^{K, E) is tj^-bounding. 



Proof. By ^.1.12| . 



□ 
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3.2. Preserving non- meager sets 

An important question concerning forcing notions is if "large" sets of reals from 
the ground model remain "large" after the forcing. Here we interpret "large" as 
"non-meager" . Preserving this property in countable support iteration is relatively 
easy. Any countable support iteration of proper w^-bounding forcing notions which 
preserve non-meager sets is of the same type (see [BaJu95, 6.3.21, 6.3.22]). If 
we omit "w'^-bounding" then we may consider a condition slightly stronger than 
"preserving non-meager sets" : 

Definition 3.2.1. Let P be a proper forcing notion. We say that P is Cohen- 
preserving if 

^meager evcry countable elementary submodel N of (7Y(x),G,<p, a condition 
p £ P and a real x G 2*-^ such that p, P, . . . G iV and x is a Cohen real over 
A^, there is an (A^, P)-generic condition q G P stronger than p such that 

q I hp "a; is a Cohen real over A^pp]". 

In practice, forcing notions preserving non-meagerness of sets from the ground 
model are Cohen-preserving. Now, to deal with iterations we may use ph^ , Ch 
XVIII, 3.10] (considering (i?, S*, g) as there with g^ being a Cohen real over a). 

Theorem 3.2.2. Suppose that IJ H(i) is countable and {K, S) is a t-omittory 

tree-creating pair. Then the forcing notion QQ'^°°(Ar, E) is Cohen-preserving. 

Proof. Suppose that A^ < (H(x),G,<*) is countable, H,A:, E,p, ... G N, 
p G (Qfi'™(A:, S) and xG2^ is a Cohen real over A^. Let (f„ : n < w), ((fcf -.iKuj): 
n < Lu), (((j" : i < u}) : n < Lo) list all QQ'°°(Ar, E)-names from A^ for ordinals and 
sequences of integers and sequences of finite functions, respectively, such that for 
each n < Lo: 

(a) IhQtrco^^ "the sequence (fc" : i < uj) is strictly increasing", 

(b) ihQLo(^;s)"(v* < w)(ar : 2)". 

Thus each (fc", &f : i < lu) is essentially a name for a canonical co-meager set 

{yG2'^:(3-»)(yr[fcr,fcIVi)=^r)}- 
Of course, the enumerations are not in A^, but their initial segments are there. 

Claim 3.2.2.1. Suppose that q G Q*o'^°°(A:, S) n N , e T'^ , n e uj. Then there 
exists a condition q" G Q^q°°{K, J^) Ci N such that 

1. <o q:^, 

2. nor[i'?"] > n, 

3. decides the values of for m < n, 

4. for every m < n: 

g^Mh (3zo<...<z„<^)(xr[fc™,fc™+i) = <& ... &xr[C,C+i) = 0. 

Proof of the claim: First, using |2.3.7| (2), choose a condition q* G Qo'^^'iK, Y,) D N 
such that ql'^l < q*, q* decides the values of fm for m < n and for some fronts F* 
of T'^ (for j < uj) we have 

(a) (Vj G ^)(Vr;o G F*^,){3r^, G F*){r^, < r;o). 
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for each m < n, j e lu, rj e F* and i < j, the condition decides the 

values of fc™, ct™, 
(7) (F,* ■.j<u;)eN 

(remember that N is an elementary submodel of (7Y(x), G, <p)- Now take an 
infinite branch p ^ N D lim(r* ) through the quasi tree T'^ . Take an increasing 
sequence {ij : j < oj) ^ N oi integers such that p\£j G F* . Then, by (/3), we have 
two sequences (fc™ : m < n, j < oj) and (ct™ : m <n,j < cu), both in N, such that 
for m < n, j < uj: 

Look at the set 

{2/ e 2^^ : (Vm < n)(3-j-)(2/r[fcr,^r+i) = <)}■ 

It is a dense Il^-set (coded) in N and therefore x belongs to it. Hence we find 
j* < UJ such that 

(Vm < n)(|{j < r : x\[kj\kjl,) = aj^}\ > n). 

Now take ry* e T^^*) " such that nor[i^*] > n + 1. Since (iiT, S) is t-omittory 
we find a condition G (^^('^"(iir, S) n such that 



<o 9": pos{tl") C pos(t^,I), nor[t^"] > n, and 



~ fo^' ^-ll ^ £ "^^'^ , v <\ r] (compare 2.3.5). Now one easily checks that is 
as required in the claim. 

We inductively build a sequence (g„ : n < uj), a condition q e Q^q°'^{K, S) and 
an enumeration {vn : n < uj) oi T'^ such that for all m, n G uj: 

1. Vn <i Vm ^ n < m, 

2. : n < w) C T^, 

3. Qn G Qo'''"'(-ftr, S) n N, pl'^"! <g g„ and if Vm < Vn (so m < n) and z/„ G 
pos(i9-) then (q™)!"^"! <[J <z„, 

4. nor[t^^] > n, 

5. the condition q„ decides the values of fm for m < n, 

6. for every m < n: 

<z„ ih (3*0 < . . . < i„ < c.)(xr[fc™, fci^+i) = < & ... & = <), 

The construction is actually described by the conditions above: with a suitable 
bookkeeping we build sequences {vn : n G w) and {An : n < C V{uj). Arriving at 
the sta ge n of the construction we know for m < n and qm for m < n. Applying 
3.2.2.1 we find qn G Qq''"^{K, J^) Ci N such that the requirements (3)-(6) above are 
satisfied. Next we choose An C |J A,n of size |pos(i^" )| and we assign numbers 

from An to elements of pos(t-^^) in such a way that pos(t^^) = {vk '■ k e An}, the 
set w \ y Am is infinite and min(ti; \ IJ Am) G A„. 

m<n m<n 

The (7 constructed above is a condition in Qq'°'^{K, E) due to (4), and it is stronger 
than p by (3) and (7). Clearly q is not in N, but as every finite step of the 



56 



3. MORE PROPERTIES 



construction takes place in TV, the condition q is {N, Qq'^^{K, S))-generic (by (5)). 
Moreover, by (6), 

what impHes that 

q ^^%""=iK,T:) "a; is a Cohen real over A^[rQt-=(_ft:,s)]" • 
This finishes the proof. □ 

The definition ^.2.3| below was inspired by 3.2.2 and its proof. We distinguish 
here the two cases: "(fT, E) is a creating pair" and "(X, S) is a tree-creating pair", 
but in both of them the flavor of being of the NMP-type is the same: it generalizes 
somehow the notion of t-omittory tree-creating pairs. (Note that if {K, S) is a t- 
omittory tree-creating pair then it is of the NMP-type.) One could formulate 
a uniform condition here, but that would result in unnecessary complications in 
formulation. 

Definition 3.2.3. 1. A finitary creating pair {K, S) is of the NMJP-type 

if the following condition is satisfied: 
(®)nmp Suppose that {w, to,ti, . . . ) G Q'^iK, S) is such that 

(V/c e uj){nor[tk] > </?H(m*,';J) 

and let uq < ni < n2 < ■ ■ ■ < iu . Further, assume that 

g : y pos(w, to,... , t„,_i) — > |J pos(w, to,... , t„,+i-i) 

is such that g{v) G pos(t;, t„;, . . . , tn._^-^) for v G pos(w, to, . . . , tn.-i) 
(so V <] g(v)). Then there are < i < lu and a creature s G 
S(tjio, ■ ■ ■ I ^-rii-i) such that 
(a) nor[s] > min{nor[t„i] - ^puim'gl) : tiq < m < nj, 
{(3) for each v G pos(w, to, . . . , tn^-i, s) there is j < z such that 

f|mup ^ g(v\mup )■ 

2. A tree-creating pair {K, E) is of the NM-P -type if the following condition 

is satisfied: 

(®)nmp Suppose that {t^ ■.rjeT)e Ql'''''{K, E) (see |l.3.5K 4)) is such that 

(Vr; G r)(nor[i^] > 1) 

and let Fq, Fi, F2, . . . be fronts of the quasi tree T such that for i < uj: 

(Viy G F,+i)(3i.' G F,)(i^' < v). 

Assume that a function g : \} Fi — > IJ F^+i is such that v < g(i/) G 

Fi^i provided v £ Fi. Then there are < i < w and a tree-creature 
s G E(i^ : {3iy G Fi){ri < v)) such that 
{ay'"'° nor[s] > inf{nor[t^] - 1 : G T}, 

^^^trcc each ly G pos(s) there are j < i and k < tg{v) such that 
v\k<£ Fj and g{i^\k) < j^. 
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Theorem 3.2.4. Assume (iiT, S) is a finitary, gluing and 2-big creating pair. 
Suppose that (-ft', S) is of the NMP-ij/pe and has the Halving Property. Let f : 
uj X Lo — > oj he an H-fast function. Then the forcing notion Q^(_ftr, E) is Cohen- 
preserving. 



Proof. By |3.1.2| we know that the forcing notion Q_*j{K, S) is uj'*-^ -bounding. 
Consequently it is enough to show that if ^ C 2*^ is a non-meager set then 

ll"Qj.(K,s) is not meager" 



(see |BaJu95, 6.3.21]). So suppose that A C 2^^ is not meager but some condition 
in Q*j:{K, S) forces that this set is meager. Thus we find a condition pq G Qj{K, S) 

and S)-names &„ such that 



2 (for n < uj) and 



Po II~q*(a:,s) " fco < fci < ■ • • < w and ct„ : [fc„, fc„+i) 

As Qj{K,T,) is cj^-bounding, we find a condition pi > po, a sequence = fco < 
ki < k2 < . . . < uj and names p„ such that 

Pi ll"Q'(i<',E) "Pn : [fcn, fc„+i) — > 2 (for n < tj) and 
i^x e A){y°-n){x\[kn,kn+i) ^ PnT . 
Further, applying 2.2.11 we find p2 > pi such that p2 essentially decides all the 
names /j„. Clearly we may assume that nor[tP^] > /(2, mj"^ ) for all n < a; (and thus 



nor[tP^^] > ipH{m^^ )). Choose 
such that 



no < ni < 



fP2 



< Lu and £o < h < h < ■ ■ ■ < UJ 



(Vm e w)((^H(m^n") < im+1 - im) 

and for each m < uj and every sequence w G pos(u'^^ , fp^, . . . , 

tion(«;,i^;^^^^,e„+,+i,. 
the choice of ^2)- Let 



the condi- 



decides all the names pj for j G [im,£m+i) (remember 

g: u pos(«;p^tg^... ,c„-i)^ IJ posK^C. 



be such that w <J g{v) G pos(u;P2 , C • • • , C„+i-i) for « ^ pos(wP2 , C > • • • . C„-i)- 
Next, for each v G pos(?i'P^ , , . . . ,t^^^_^), m < fix ^(w) G [4n,^m+i) and 
such that 

-1)), 



• there are no repetitions in {£{v) : v G pos(w^^ , ig^ , 

• p(v) : — > 2 is such that 



(5(«),Ci'C„ 



1+1' ■ 



IK 



) " Pe{v) = Piv) " . 



Now we apply successively 3.2.3(1) to the condition {w^^ , , tf^ , . . . ), the sequence 
{ui : i < uj) and the mapping g. As a result we construct an increasing sequence 
= io < n < 12 < . . . < w of integers and creatures s,- G ^{t^^. , . . . , ) such 

that for all j < lu: 

1. nor[sj] > mm{nor[tPl] - ipH{m^n )' ■ ■ ■ 'nor[tP^ ,] - (pH(mj^''+' )}, 



2. for each u G pos{wP^ , t^'^ , . 



fP2 



_^,Sj) there is i* G [ij,ij+i) such that 



JP2 

7(wfmdn*). 
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It should be clear that {wP^ ,sq,si,...) e Q}{K, S) (note that if nor[tP2] > /(fc 



l,mj'Jj ) for all n e [77,^^,71^^.^^) then nor[sj] > /(fej^i^n))- Look at the set 



A* {x e 2^ : for infinitely many j ^ uj, for every i* G [ij, ij+i) 

(V^;eposK^tg^... ,iP;_i))(xr[A;,(,),fc,(,)+i)=PW)}- 

It is a dense Il^-subset of 2^ and hence A* n A ^ 9. Take x € ^* n ^. Note 
that the choice of the Sj's (see clause 2. above) implies that for each j < ui and 

f e pos{wP^ , So, . . . ,Sj) there is i* £ such that letting v' — v\m^^^' we 

have 

Hence (w^^ sq, si, • . • ) ll-Q'(if,s) " (3°°n G Ci;)(a;|'[A:„, /c„+i) = ", a contradiction. 

□ 



Theorem 3.2.5. Assume that {K, E) is a finitary 2-big tree-creating pair of 
the 'N'M.P -type. Then the forcing notion Q^i^'^{K, E) is Cohen-preserving. 

Proof. Like |3.2.4| but using |3.1.l| , |2.3.7| (2), [2X1^ , and |3.2.3| (2): we choose po, 
km <^m Pii kn and Pn as there. Further we inductively build an increasing sequence 
{£rn : m € of integers, a condition p2 > pi and fronts Fm of T^^ (for m < us) 
such that \Fm\ < im+i — (-m and for every G Fm+i 

ri<v eT'P^ => nor[iP^] > to + 1 and p^''' decides all for j G [^™, ^m+i), ) 

and the front F,n+i is above i^,„. For v G we define g[v) G i^m+i, ^(j^) £ 
f^ m, ^m+ i) and p(j^) : [fc£(^), — > 2 in a manner parallel to that in the proof 



of 3.2.4 , Next we build a condition q > P2 and an increasing sequence {mi : i E uj) 

such that each Fm. n T'^ is a front of and 

if 77 G Fm, nT'i, i e Lo then pos(i«) C [j{Fm : < m < mi+i} 
and for every G pos(t^) there are j and A; < £g{v) such that 
I'ffc G Fj and .g(i^|'fc) < i/. 

Finally we let 

A* = {a; G 2^^ : (3°°7 G u;)(Vto G [m„ TO,+i))(Vi/ G F™)(xr[fc,(,), fc,(,)+) = p(z.))} 
and we finish as in 3.2.4. □ 



Theorem 3.2.6. Suppose that [K, E) is a finitary creating pair which captures 
singletons. Then the forcing notion Q'^^{K,T,) is Cohen-preserving. 

Proof. Like |3.2.4 but using |T|, ^.1.12| and \iA.l(\ . Note that the last implies 
that the pair (K, E) has the following property: 

(®) // {to, ... ,tN) e PFC(i^,E), (^h(to*°J < fc, = no < ni < . . . < nfe < iV 
and u G pos(u|"m^°^, fo, • • ■ j^w) then there are sq, ■ . . , Sf E K such that 



POs(m|'to^'^,so, 
{so,... ,si). 



,Si) = {u}. 



mlf^ and {to, . . . .^at) < 



Consequently, choosing an enumeration {wj : j < (fui'm*^^)} 



of basis(to) and letting uj = wj u\[m*J'^, runp'*'^ ) we will have (remember 
{K, E) is forgetful) 
(a) Uj G pos(wj,to, • ■ • ,inj+i-i), 

(/3) {to,... ,tN) < {so,... ,Si), 
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(7) for each w e basis(so) and v e pos{w, sq, ■ ■ ■ , sg) there is j < (pH{m^^^) 



such that V \mnp 



Thus we may repeat the proof of 3.2.4 with not many changes. □ 



Let us note that it is not an accident that we have the results on preserving of 
non-meager sets only for forcing notions which are very much like the ones coming 
from t-omittory tree-creating pairs. If we look at the opposite pole: local weak 
creating pairs, then we notice that they easily produce forcing notions making the 
ground reals meager. 

Definition 3.2.7. Let H be of countable character. We say that a weak cre- 
ating pair {K^ S) for H is trivially meagering if for every t € K with nor[t] > 1 and 
each u G basis(i) and v G pos(u,t) there is s G S(i) such that nor[s] > nor[t] — 1 
and V ^ pos(u, s). 

Proposition 3.2.8. 1. If{K, S) is a local trivially meagering tree-creating 
pair for H, H is of countable character and e = 1, 3 then 

lhQtroo(/f 5]-) " n V is meager ". 

2. // (A', S) is a simple finitary and trivially meagering creating pair for H and 
f : Lu X Lu — > uj is H-fast then 

ll"Q*(K,S) "w'^ n V is meager ". 

Proof. In the first case remember that if p G Qf°°{K,'S), e = 1,3 then for 
some V €TP we have (V77 G TP)(:/ < 7? => nor[tP] > 2). Hence, as {K, E) is local 
and trivially meagering we easily get 

I^Q|-(^_s) " (Vx G Yl H(m) n V)(V°°m G u}){W{m) ^ x{m)) ". 

For the second case suppose that p G Q*f{K, S). Since f{n + 1, £) > fni^) + fin, i) 
using the assumptions that (K, S) is simple and trivially meagering we immediately 
see that 

finishing the proof. □ 



Later, in 4.1.3| , we will see that the forcing notions Q*^{K,Y,) may make the 



ground model reals meager too. This suggests that if one wants to build a forcing 
notion preserving non-meagerness then the most natural approach is Q*"^"" for e — 
0,2 or Q;^. 

3.3. Preserving non-null sets 

In this section we introduce a property of tree-creating pairs which implies that 
forcing notions Ql'^'^°{K, S) preserve non-null sets. Though preserving non-null sets 



alone is not enough to use the preservation theorem of |Sh:i, Ch. XVIII, §3], one 
may apply the methods of | |Sh 630 |, [Sh 669 1 when dealing with countable support 



iterations of forcing notions of the type presented here. 

Definition 3.3.1. We say that a weak creating pair (-ft', S) is of the NNP- 
type if the following condition is satisfied: 
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(®)nnp there are increasing sequences a = (o„ : n < w) C (0, 1) and 

fc = (A:„ : n G C such that hm a„ < 1 and: 

n — ^oo 

i/t G X, nor[i] > 2, v e basis(i), ^g(w) > N < uj and a function 

5 : pos(w,i) -^T'liV) 

is such that (Vu G pos(ti, f))(a„-|_i < ^^-'^ ) t/ien the set 

{n < : there is s G such that nor[s] > nor[t] — 1 and 

basis(i) C basis(s) and (Vw G pos(u, s))(n G g{u))} 

has not less than N ■ a„ elements. 
(The sequences a, A: from (®)nnp are said to witness NNP.) 

Definition 3.3.2. We say that a tree-creating pair {K,Y.) for H is gluing 
(respectively: weakly gluing) if for each well founded quasi tree ^ C [J H(i) 

and a system {sn : v E T) (Z K such that 

(Vj/ G f )(s^ G TCR^[H] & pos(s^) = succt(i^)) 
there is s G S(s,y : v eT) such that 

nor[s] > sup{nor[si,] — 1 : G T} 
(nor[s] > inf{nor[s^] — 1 : G T}, respectively). 

Remark 3.3.3. The above definition, though different from ^.l!^ (2) (for creat- 
ing pairs), has actually the same meaning: we may glue together creatures without 
loosing too much on norms. 

Definition 3. 3.4. W e say that a weak creating pair [K, S) is strongl y finit ary 
if K is finitary (see |l.l.3| (2)) and S(5) is finite for each S CK. U ~e (see |l.l.4| (3)) 
is an equivalence relation on K and S depends on '^^-equivalence classes only, then 
what we actually require is that S(5)/~5] is finite. 

Theorem 3.3.5. Suppose (KjT,) is a strongly finitary tree-creating pair of the 
NNP-ij/pe. Further suppose that: 

either (K, S) is t-omittory and e = 

or {K, E) is 2-big and weakly gluing and e = 1. 
If ^ C 2'^ is a non-null set then ll"Qti-co(^ "A is not null". 

Proof. In both cases (i.e. e = and e = 1) the proof is actually the same 
so let us deal with the case e = 1 only (and thus we assume that {K, S) is 2-big 
and weakly gluing). Suppose that A C 2*^ is a set which is not null but for some 

Po eQ'r°(if,S) 

po ll-Qt™(if,E) "A is null". 

We may assume that A is of outer measure 1 - just consider the set 

{x G 2'^ : {3y G A)(V°°n)(x(n) = y{n))}. 

Let a = (a„ : n < u), k = (fc„ : n < lo) witness that (if, E) is of the NNP-type. 
Let T be a Qf°'=(-fir, E)-name for a subtree of such that 
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By 2.3.7(2) we find a condition pi > po and fronts Fn of such tliat for eacli 
n < Lu: 

(Vry e i^„)(the condition pj.''' decides T n 2"'). 
Clearly we may assume that 

Fo = {root(pi)} and {\fneLj){\fiy eFn+i){3iy' eFn)ii^' <\v L k^+i < ig{v)) 



and (Vn e w)(Vi^ e i^„)(V?7 e rPi)(i/ < ^ nor[iPi] > 4 + n) (remember |2. 3.121 ). 
As (if, E) is weakly gluing and finitary we find a condition p2 > pi such that 

j^P2 = (J F„ and (Vt? € Tf^)(nor[iP=^] > 3). 
For ry e F„, n < let : pos(tP2) — > 7'(2"' + -'^) be a function such that 

(V;. e pos(<j;^))(p[''i i^Q-c(^,s) r n 2" + 1 = 5,(1.)). 

tP^) then a„+i < %^ 



Clearly, if 77 e F„, n < w and v e pos(t5'^) then a„+i < Let (for 



n < tj) 

=' {ct e 2^^ + 1 : there is s e E(tP2) such that 

nor[s] > nor[tP^] — 1, and (Vi^ e pos(s))(ct G ,g,,(i^))}. 

Due to (®)nnp we know that 2"+-'^ • a„ < (for all 77 £ F„, n G tj). Fix n < uj. 
By downward induction on m < n we define sets X^^ for 77 G Fm'- 
if ry G i^m, m < n then 

= {cr G 2"+i : there is s G S(tP=^) such that 

nor[s] > nor[tP^] - 1 and (V;^ G pos(tP2))(f7 G X"))}. 

Now we may apply the choice of d, k (remembering that tg{vi) > km for each 
r] G Fm) to conclude (by the downward induction on to < ri) that 

(Vto < n)(V77 G Fm)i\X:;\ > 2«+i ■ a„). 

Hence, in particular, 2"+^ • ao < |-'^root(p2) I ''^'^^ n < oj. So look at the set 

F {a; G 2^^ : (3-n)(xr(n + 1) G X^^^.^^^^)}. 

Necessarily /i(F) > ao > and thus we may take x G F D A. For each n < lo such 
that x\{n + 1) G ^root(p2) may choose a well founded quasi tree Sn and a system 
(s" : V G S'n) of creatures from K such that: 

Sn ^ [J ^m, max(S'„) C F„+i, root(S'„) = root(p2) and for all y G 5,1 we have 

pos(s;j) = succs„(z/), <GS(tP^), nor^] > nor[C] - 1 and xfCn + 1) G X,", 

and if 1/ G Sn<^Fn, v* G pos(s") then x\{n + l) G g,j{v*). Note that if one constructs 
a condition qn such that 

in<iuj 

(Vto < n)(Vj^ G T?" n F„0(j^ G S'„ & = s^^) and 
(Vto > n)(Vi^ G T?" n i^™)(i«" = t^^) 

then qn ll"Qtr<=c(-jf 2) a:^|'('^+ 1) G T. Hence, in particular, 
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(©) ifn is such that x\{n + 1) £ -^root(p2)' < " + 1 ^-i^d G S'„ n 
then p^2^ Ih xfm G T. 

Applying the Konig Lemma (remember that {K^ S) is strongly finitary!) we find a 
quasi tree 5* C |J and a system {s^, : v ^ S) such that 

1. max(5) = 0, 

2. for all V &S: 

s\xccs{v) — pos(s^) and nor[si,] > nor[t^^] — 1 and Si, £ 

3. for some increasing sequence < no < < ^2 < • • • < we have: 

(VzGa;)(xrK + l)GX";^,(^^)) and 

(Vi e u){\/v e n i^.)(Vj > e S'„^ & = s"^. 

The quasi tree S determines a condition q e Q*'^°°(i^, E) stronger than p2- We 
claim that q I^Q5r<=<=(x.s) (Vi < uj){x\i G T). Why? Let i ^ uj and G STl-Fj. Then 

Sv = s"% and v G S*™, n F^, i < and a;C(ni + 1) G -'^,'^ot(p2)- 
But now we may use (©) to conclude that for each such v 

and hence qW x\i Consequently q\\- x £ [T], contradicting q > po. □ 

We may get a var iant o f 3.3.5| for tree creating pairs which are not gluing (e.g. 
for local {K,Y.), see |l.4.3| ). Then, however, we have to require more from the 
witnesses for the NNP~type. 

Theorem 3.3.6. Suppose that (i^T, S) is a strongly finitary 2-big tree creating 
pair of the NNP-i?/pe with witnesses a, k such that kn = n. Then 

\\'QY°°{K.'S) " ^ ^•s non-null " 

whenever A C_ 2^ is a set of positive outer measure. 



Proof. It is similar to 3.3.5. We start exactly like there choosing A, T, pi, 
fronts F„ of T^i and functions g„ : F„ — > V{2^) such that p^^'^ Ih T n 2" = gniv) 
for each n E uj and rj E Fn- Next we define gnW) for v G below F„ by downward 
induction, in such a way that: 

if J/ G T'P^ and there is 770 G F„ such that v <\ riQ and (7„ (77) has been 
defined already for all 77 G pos(iPi) and (Vr; G pos(t^i))(a^g(^) < 



2„ ; then 



gn{v) = {(7 G 2*^ : there is s G S(iJ^O such that 



nor[s] > nor[tPi] — 1, and (Vt? G pos(s))(cr G 5n(??))}. 

We continue as in 3.3.5| getting suitable Sn for n £ oj and applying the Konig lemma 
we get S C T^i with the corresponding properties. 

Note that the main difference is that, in the above construction, we may keep the 
demand ^^'^i'^'*^ > ^^^(i/) (and this is the replacement for "weakly gluing"). □ 



3.5. EXAMPLES 



63 



3.4. (No) Sacks Property 

Recall that a forcing notion P has the Sacks property is for every P-name x for 
a real in uj^ we have 

l^p {^F G Yl H" + ^ n V)(V7i e uj){x{n) e F{n)). 

The Sacks property is equivalent to preserving the basis of the null ideal: every 
Lebesgue null set in the extension may be covered by a null set (coded) in the 
ground model. Here we are interested in refusing this property, i.e. getting forcing 
notions which do not preserve the basis of the null ideal. 

Definition 3.4.1. We say that a weak-creating pair {K,Yi) strongly violates 
the Sacks property if 

((g)) |3.4.i for some nondecreasing unbounded function / G uj^ we have 
if t € K, nor[i] > 1 

then for each u e basis(i) there is n > ig{u) such that 
/(n) < \{w{n) : w G pos{u,t) & n < £g{w)}\. 

Theorem 3.4.2. Let H be of countable character and let {K, E) be a weak 
creating pair for H which strongly violates the Sacks property. Assume that 
either {K, E) is a creating pair and P is one of Q*^{K , E), Q^(K, E), 
Ql^iK,E), Q}(if,E) 

or {K,T.) is a tree-creating pair and then P is one of Q^J'^°{K,Y.) (e <5). 
Then the forcing notion P fails the Sacks property. 

Proof. For simplicity we may assume that H(z) = oj (for all i G uj). Take an 
increasing sequence {uk : k < u) of positive integers such that fc + 1 < f{nk) for 



all fc G w. Let W be the P-name for the generic real (sec |1.1.13 ) and let x be the 
P-name for an element of uj^ such that 

Ihp (V/c G uj){±{k) = T:{W\nk)). 

where tt : — *■ lo is the canonical bijection. Now we claim that 

l^p (VF G n H" + ^ n V)(3°°n)(i(n) i F{n)). 

Why? Suppose that p G P, F G ]\ [oj]^' , N e uj . By |1 .ll in all relevant cases, 



we find k > N and n G [nk,nk+i) such that p "allows" more than f{n) values for 
W{n). But k + 2 < f{nk) < f{n) and thus the condition p "allows" more than 
k + 1 values for x{k + 1). □ 

3.5. Examples 



Example 3.5.1. We build a tree-creating pair (j ^.s.i] , £ [3.5.1 ) which is: strongly 



finitary, 2-big, t-omittory, gluing, of the NNP-type, and which strongly violates 
the Sacks property. 

Construction. Before we define (-K jj.s.j, £ [3.5 i| ) let us note some basic prop- 
erties of the nice pre-norm dpi defined in p.4.2| (l),(4). 

Claim 3.5.1.1. Let M < uj, k < uj. 
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1. If AC M then either dpl{A) > dpl{M) - log2+fe(2) 
or dpliM \ A) > dp2(M) - log2+,(2). 

2. Suppose that a G (0, 1), N < cu and a function g : M — *■ V{N) is such that 

(Vm<M)(7V.^^^^i^<|g(m)|). 

Then a-N < \{n < N : dp^({m < M : n e 9{m)}) > dp".(A'f) - 1}|. 
Proof of the claim: 2) Let u{n) — {m < M : n g{m)} and 
X^{n<N: dp°(u(n)) > dp°(M) - 1}. 

Look at the set Y {(m, n) E M x N : n E g{m)} and note that 
\Y\^ ^ \gim)\>N. ^^'+lY' .M. 

On the other hand, noticing that 72 E X <^ \u{n)\ > we have: 

\Y\ ^ J2 < E + E ^ ^ 1^1 • + - 1^1) ■ fcT2- 

n<N neX n<fX 

Consequently ■ < \X\ + ^^'^^^ and hence a- N < \X\, proving the claim. 



Let H(n) = (n + 2)". 

Let 5 i| be the collection of all tree-creatures t for H such that 

1. dis[t] is a pair {do{t),di{t)) such that (io(0 ^ U 11 H(m) is a finite tree, 

\do{t)\ > 2 and di{t) < root(do(0)> 

2. nor[t] = min{dp°(succd^(4)(?7)) : 77 e split(do(i)) & ig{i]) = k}, 

3. val[t] = {{di{t),i^} : v E max(do(0)}- 

For a well founded quasi tree T and a system (s^ : v E T) oi tree-creatures from 
i-^ ja 5 i| such that the requirement (a) of 1.3.3 is satisfied we let 

E|I](s, ■.vEf) = {sE : di{s) = root(r) & rng(val[s]) C max(T)}. 

It should be clear that X 3 5 i| is a tree-composition on 5 j . Now, the tree- 
creating pair (j ^.5.i| , S jj.s.i ) is strongly finitary, t-omittory and gluing. For the last 
two properties we apply the procedure similar to the one below. 

Note that if i g -K^Xi] and v E do{t) is a splitting point of do{t) then choosing 
rjp E max((io(i)) (for p E succ^j^fj) (z^)) such that p < we may build a tree 
creature s E such that pos(s) — {rjp : p E sucCji^jj) Then we will 

have nor[s] > nor[t]. If additionally v E do{t) is a splitting point such that 
nor[i] = dp"g(j^)(sucC(j„(t)(i^)) then nor[s] = nor[i] (see the definition of i^3.5.i). In 
this case, let us call the respective tree-creature s{t) (here we just fix one such). 

Considering suitable s(i)'s and using 3.5.1.11 (1) one can easily show that the 
creating pair (Kjj.s.]], S^T]) is 2-big. 

Let k„ = 2"+"' - 2, ao = ^, a„+i = ""'^^'"^2^'^^ = - i§rU + ^e are 

going to show that the sequences fc — (fc„ : n < w), a ~ {an : n < uj) witness that 
(it|I], SPT^) is of the NNP-type. 
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First note that a, k are strictly increasing, a C (0, 1) and lim a„ < 



Now 



suppose that t G J( |3.5.i| , fc„ < m^^^, N < uj and g : pos(<) 

l.9Hk 



P{N) is such that 



(Vz^ e pos(t))(a„ 



+1 



< 



N 



Take s(t) (defined above) and look at ft, = g |'pos(s(t)). We may think that actually 
h : sucCdo{.s{t)){'^) — > 'PiN), where v is the unique splitting point of s{t) (note that 



(■9{i^) > ™dn^ — ^")- Applyiiig claim 3.5.1.1 (2) we get 

a^-N <\{n<N : dp2.J{m : n G h{m)}) > dp^ JsucCrf„(,(t))(i/)) - 1}|. 

For each n < N from the set on the right hand side of the inequality above choose 
Sn G 5.1 (s(i)) such that pos(s„) 



{77 e pos(s(t)) : n e h{ri{(.g{v)))}. By the 
definition of dp°, dp°(?x;o) > dp°(wi) — 1 implies that dp°^i(wo) > dp2_|_]^(wi) — 
1, and therefore dp^^({m : n e h{m)}) > dpl^{svLCCdo{s{t)){t^)) ^ 1 implies that 
nor [sn] > nor[s(i)] — 1. Now we may conclude that the set 

{n< N 



there is s £ I]3.5.i(t) such that nor[s] > nor[<] — 1 and 
(iiy e pos(s))(n G .g(j^))}. 



has not less than a„ ■ N elements. 



Finally note that (Ahs.il, Shs il) satisfies the condition ( 



(so it strongly violates the Sacks property) 



3.4.1 



for /(n) — n 
□ 



Conclusion 3.5.2. The forcing notions (ii|Xi|, S ^.5.i| ) for e < 5 are equiv- 
alent. They are proper, preserve the outer measure, preserve non-meager sets, are 
w'^-bounding, but do not have the Sacks property. 

Example 3.5.3. We construct a finitary, 2-big and local tree-creating pair 
, S3 5 J ) which is trivially meagering and of the NNP-type with the sequence 



(4. 

k = 



3.5.3 



n < uj) witnessing it. 



Construction. This is similar to |3.5.l|. We define k 
2n+4 _ 2, fc„ = n, ao = a,^ 



a„(fc; + l) + l 



The family K 



3.5.3 



2' "n+J- fe,*+2 

consists of these t G TCR[H] that 



k and a letting k* ~ 
Let H(n) = 2("+4)'. 



• dis[i] = (77, At), where 77 is such that t G TCR,,[H] and At C H(£g(?7)), 
. val[<] = {(77, 7.) : 7; <] 7/ & £5(7/) = £5(77) + 1 & ,yi£g{rj)) G At}, 
. nor[t]=dp° (At). 

is trivial and s G I]b.5.a!(i) if and only if val[s] C val[t]. 



The operation E3 



.5.3 



Plainly, (^^3.5.37^3.5.3) is a 2-big local and trivially meagering tree-creating 



pa ir. Ch ecking that it is of the NNP-type (with witnesses a and k) is exactly like 
in 3.5. l| (just apply 3.5.1.1 ). 



□ 



Conclusion 3.5.4. Qi"'' ( A'|X|, E|X|) is a proper oj'^-bounding forcing no- 



tion which preserves outer measure but makes the ground model reals meager. 

Example 3.5.5. We define functions H, / and a creating pair (-R ^.s.e] , EjsX^) 
such that 

1. H is finitary, f : uj x uj — > uj is H-fast, 

2. (-^ [3.5.1^ , E I3.5.5 ) is gluing, forgetful, 2-big, has the Halving Property and is of 
the NMP-type, 
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3. the forcing notion I ja.s.sl ) is not trivial. 

Construction. Define inductively H and / such that for all n,k,£ e uj: 

(i) H(0) = 8, H(n) = 2'^h("'+/("'") , 

(ii) f{0,i) = £+l, /(fc+l,^) = 2^«W+i.(/(A,£) + (^HW + 2) 

(compare with p.4.6| ; note that the above conditions uniquely determine H and /). 
By their definition H is finitary and / is H-fast. 
A creature t e CRmo.mJH] belongs to if: 

• dis[i] = (mo,mi,Xt,Ht, {A'^,H^,u^ : k G Xt)), where Xt C [mo,TOi), Ht 
is a nice pre-norm on P{Xt), and for each k G Xt'. 

At C H(A;), Ht is a nice pre-norm on V{At) and G JJ H(i), 

ie[mo.mi)\{k} 

. val[<] = {(it,t;)G n H(i)x n ■ u <\ v k {3k e Xt){u'l v k v{k) e 

i<mo i<mi 

• nor[t] = mm{Ht{Xt),H^{A^) : k G Xt}. 

Suppose that to, . . . ,tn G i ^.s.^ are such 

(to, . . . ,tn) consist of all creatures s G ^3.5.5 



Now we describe the operation SI3.5.5 
lor I <^ n. i^et Z43.5.5 



that mj/p = m 



such that 771% 



rrv^p and for some i < n 



(a) X, C Xt^, (VB C X,){H,{B) < Ht,{B)) and for every k e X^: 

1(3) A^^ C A^^ and (VA C ^^)(i/^*^(A) < i?t';(A)), and 

(7) Ut. C and for every j G (n + 1) \ {i} for some £ G Xt^. we have 

and ^/^(£)g4- 



It should be clear that (i^3.5.5, Sh.s.jl) is a gluing and forgetful creating pair for H. 
It is 2-big as for each t G i' ^.s.s both Ht and Ht (for k G Xt) are nice pre-norms. 
We may use similar arguments as in 3.2.6 to show that (i ^.s.sj , S^XT 
NMP-type. Now define function half : -K3.5.5 — > -K^X^ by 
half(t) — s if and only if 



is of the 



m-^p, X, 



Hs^iHtY- 



r[t] 



Xt, Al 



At for k e Xs and 



r[t] 



for k e Xs 



(see p.4.3| (2)). 

It is not difhcult to check that the function half witnesses that (i^ [3.5.g| , S^sX^) has 
the Halving Property. 

Note that (-K|X|j S ^3.5.5| ) resembles an omittory creating pair. □ 



CHAPTER 4 



Omittory with Halving 



In 2.2.11, 3.1.2 we saw how the Halvmg Property and the bigness apply to 
forcing notions Q*j:{K,'E,). In this chapter we will look at another combination: 
omittory creating pairs with the weak Halving Property. Since an omittory creating 
pair cannot be big, it is natural that we consider in this context the (soo) norm 
condition. The first example of a forcing notion of the type Q*gc(iir, S) for an 
omittory creating pair {K, S) with the weak Halving Property appeared in [ )Sh 207| 
(but in the real application there a different norm condition was used). A direct 



application of a forcing notion of this type was presented in | RoSh 501 1. In the 
last part of this chapter we will develop the example from that paper. Before, in 
the first section, we show that the forcing notions Q*^{K, E) with {K, E) omittory 
tend to add Cohen reals and make ground reals meager. Next we introduce some 
general operations on creating pairs and, in the third section, we explain how the 
weak Halving Property may prevent them from adding dominating reals. 

4.1. What omittory may easily do 

Natural examples of omittory creating pairs with the weak Halving Property 
are meagering and anti-big (see 4.1.2| below) . We will show how these properties 



cause that forcing notions Q*^{K,'S) do some harm to the old reals. Examples 
and applications are presented in the last part of this chapter. 
First note the following easy observation. 

Proposition 4.1.1. If {K,Y,) is an omittory creating pair such that for each 
t E K , u ^ basis(i) 

nor[t] > => |pos(u,i)|>2 
then Ih-Q. (k,^) "there is an unbounded real overV". 

Definition 4.1.2. Let {K, E) be a creating pair. 

1. Wc say that (K,I]) is meagering if for every {to,... ,t„-i) G PFC(if, E), 
t G E(io, ■ • • , tn-i) and {ki : i < n) such that for each i < n: 

nor[ti] > 2 and m^^^ < h < "^up ^^'^ nor[t] > 2 

there is s G E(t) satisfying 

nor[s] > nor[t] — 1 and 

(Vu G basis(to))(3w G pos(M,s))(3fc G [£g{u), £g{v))){v{k) ^ 0) and 
(Vu G basis(io))(Vw G pos(M, s))(Vi < n){v{ki) = 0). 

2. The creating pair [K, E) is called anti-big if there are colourings 

Ct : pos(u,t) — > 3 for t e K 

'LtGbasis(t) 
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such that: if (to,... ,t„_i) E PFC{K,T.), nor[ti] > 1 (for i < n) and 
t € S(to: ■ ■ • J tn-i), nor[<] > 1 then for each u G basis (to) there are fo, wi G 
POs(m, t) and £ < n satisfying 

""0 t"^dn = Ndn' (wo tmj/p) = 0, ct, (vi fwj/p) = 1, and 
(V* en\{i})ict,{vo\m'^^)=CtAvi\ml!^) = 2). 

Theorem 4.1.3. Let [K, E) &e a growing creating pair. 

1. If {K,Ti) is meagering then 

""Q* (KX) n V is meager". 

2. If {K, S) is anti-big then 

""Q* iK,^,} "there is a Cohen real over V". 

Proof. 1) Let p = {wP, tg, t^, . . . ) e Q3*^(i^, S) and for n e w let /(n) = 
P([m^^, TTiup)). The space H /(^) equipped with the product topology (of the 
discrete /(/?,) 's) is a perfect PoHsh space. Thus it is enough to show that 
P ""Q*^(A',s) " /(^) n V is a meager subset of Y\ /(^) "■ 

Note that if ^ £ H /("-) is such that {3°°n e lo){X{ji) ^ 0) then the set 

{y G J]^ fin) : (V°°n G t^)(y(n) or Y(n) ^ X{n))} 

is meager in Y\ f{^)- Let X be a Qg^(i^, i;)-name for an element of Y\ /(^) 
such that 

P I^Q;^(k,s) (Vn G io){X{n) - {fc G m^) : W{k) ^ 0}), 

where is the Q*oQ(if, I])-name for the generic real (see |1.1.13| ). It follows from 
the remarks above that it is enough to show that 
(a) p lhQ.^(K,s) (3°°n G u){X(n) ^ 0) and 

{(3) p lhQ.^(K,s) (Vr G n /(n) n V)(V°°n G c.)(y(n) = or Y{n) ^ X{n)). 

To this end suppose that p < <? = (w«, tg, t?, . . . ) G Qt^{K, S) is such that ig{wi) > 
1 and nor[t^] > m^^ + 2 for z G and let F G Yl /(^)- each n G cc; choose 

fcn G [Wdn' ™up) such that y(n) ^0 fc„ G y(n). Let < no < ni < n2 < . . . < 
uj be such that w'^ G pos(w'',io7 • • • jCq-i) ^^"^ ^ ^(^ni^ ■ • • ^'^^ * ^ 

Note that necessarily m^j'^" > 2 and thus nor[t5J] > 2 for each n > uq. Applying 
4.1.2| (1) we find s, G 5](tf ) such that for each i E uj: 

{*)\ nor[si] > nor[t^] - 1 > m^^, and 

(*)| (VuGpos(«;f,tg,... ,t^^_i))(3z;Gpos(u,s,))(3fcG[^5("),^5(«)))(«(fc) 7^0), 
(*)f (VuGpos(zi;P,t';,... ,i^^_i))(VwGpos(w,s,))(VnG [n„ n,+i))(t;(fc„) = 0). 

Look at r =^ («;'', sq, si, S2, •■■ )■ Clearly r G i$l^(K,Y,) is a condition stronger 
than q. Moreover, by the choice of the s^'s we have 

r I^Q*^(K,E) (Vn > no){W{kn) = 0) 
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and therefore, by the choice of the fc„'s, we get 

HhQ.^(K,s) (Vn>no)(r(n)^0 ^ Y{n)^X{n)). 
Further note that if u G pos(w^, sq) is given by (*)q above for w'' then 

(w,si,S2,...) 1^ [no,ni))(i:(n) ^ 0). 

We finish by density arguments. 

2) Let p = {wP, tP, i?, . . . ) e Ql^{K, S) and let Z be a Qtc^iK, E)-name for a 
subset of uj such that 

P ll~Q;„(K,s) Z ^ {n euj : Ctp{W\mup) < 2}. 

Note that p lh"Z is infinite". Why? Suppose p < q e > 1. 

Let no < ni < w be such that G pos(u'P,tQ, . . . ^ ^(^no' ■ • • i^i-i)- 

Necessarily nor[tf] > 1 for i G [no,rti) and nor[iQ] > 1. So we find I G [no,ni) and 
Wo, til G pos(u'*,to) as in 4.1.2(2). Now look at the condition r = {vQ,t\,t\, . . .) G 
Q*oo(i^, S). It is stronger than q and forces that £ G 2'. 

Now let c be a Q*3^(iir, I])-name for a real in 2^ such that 

P '^Q* (K,T.) " if G and n is the k*"^ member of Z then c(fc) = Cjp (VFtmup) ". 

We claim that p Ih "c is a Cohen real over V" . So suppose that p < q E Q*^{K, E), 
igi'w'^) > 1 and C 2'^ is an open dense set. Let < no < ni < . . . < w be such 
that 

u;'?GposK,tg,... ,Co-i) and e . . . for * G c.. 

Let m = \{n < tiq : Cjp (w'? |"mup) < 2}| and let G 2™ be such that z/(fc) = 
Cjp(w'^ I" jTiup) if fc < m and n < no is the fc'^ member of the set {n < uq : 
Ct^(w'' fniup) < 2}. Choose 77 G 2^*^ such that v <i rj and 

(Vx G 2^)(77 < a; =^ x EU). 

Let j = £3(77) — m. Use 4.1.2| (2) to define inductively u G pos(w'', tg, ■ • ■ , ^-i) such 
that for each i < j, for some ^ G [n^, n^+i) we have 

jp jp 
Ctp(ul'mup) = 77(^) and (Vfc G [ni,ni+i) \ {^})(ctp(wfmup) = 2). 

Look at the condition r = (it, tj, ij+i, . . . ) G ^2*0^(7^, S): it is stronger than q and 
it forces that -q <\ c. We finish by density argument. □ 



4.2. More operations on weak creatures 

Below we define some operations on creatures and tree-creatures which provide 
for (some) systems of weak creatures a new weak creature (of the same type). These 
operations may be used to define sub-composition operations. 

Definition 4.2.1. Suppose < m < w and for i < m we have ti G CR[H] 
such that m^^ < tti^^^ ■ Then we define the sum of the creatures ti as a creature 
t = E''"™(ii : i <m) such that (if well defined then): 

(a) rn^^ = m*°^, m[,p = niup"', 

(b) val[t] is the set of all pairs {hi, /i2) such that: 
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eg{hi) = m\^, lg{h2) = TO*,p, hi <\ h2, 

and (^2 t^^dn' ^2 r^^up) G val[<i] for i < m, 

and /i2 f[^upi ^) is identically zero for i < m — 1, 

(c) nor[t] = min{nor[ii] : i < to}, 

(d) dis[t] = (0)'^(dis[tj] : i < m). 

If for all i < TO — 1 we have mj/p = rrid^^ then we call the sum tight. 

Remark 4.2.2. Note that the sum T,^^^'{ti : i < m) is defined only for these 
sequences {ti : i < m) C CR[H] for which TO^p < rn^^^ and part (b) of the definition 
gives a nonempty value of val[t]. 

Definition 4.2.3. U m < lo, u C m, d e Hix) is a function such that 
dom(d) D (RS^")"" and rng(d) C M^o^ g^j^j f^^. j < ^ creatures £ CR[H] are 
such that toJ^p < to^'+^ then we define the {d,u)-sum t — S^™(ti : i < m) of the 
ti 's by: 

(a) to^„ = TO*°„, TO*p = TOup-\ 

(b) val[i] is the set of pairs (/ii,/i2) such that: 

IgQii) = TO^j^, tg{h2) = TO^ip, < ft.2 and 

(^2 fn^dn' ^^2 Nj,^) G val[tj] for i G u, 

/i2 ['[to^^j, TO^/p) is identically zero for i ^ w and 

^2 t["^upi ™dn ^) is identically zero for i < to — 1. 

(c) nor[t] = d{{nor[ti] : i G u)), 

(d) dis[i] = (l,rf, M)'"(dis[ii] : i < to). 

[Note: the {d, u)-sum is defined only if clause (b) gives a nonempty value for val[i].] 



Definition 4.2.4. 1. For a pre-norm H on u (see ^.4.1 ) let Dh be the 



family of all functions d such that for some finite set Ud C uj, H{ud) > and 
d : M^" : (r, : i G Ud) >-> min{i?(ud), r, : i G Wd}. 

2. We say that a creating pair [K, S) is saturated with respect to a pre-norm 
H on UJ a for each d G Djj and {ti : toq < i < mi) G PFC(i4r, S) such that 
Ud Q ['TiOjTOi) and nor[ii] > for i G u^: 

'^Tudi^i • ^'0 < * < f^'-i) is well defined and belongs to : mg < « < toi), 
and if < G S(i;^"™(ti : too < i < toi)), nor[t] > then for some d* G Dh 
and Si G (for toq < i < toi) we have 

Ud' Q Ud, val[S^'i™^, {si : mo < i < mi)] C val[i], and nor[s,;] > for z G Ud* . 

We say that {K,Y,) is saturated with respect to (nice) pre-norms if for each 
(nice) pre-norm H on to, {K, E) is saturated with respect to H . Similarly 
for other classes of pre-norms. 



Remark 4.2.5. Note that in practical realizations of 4.2.4(2) the additional 
parameter dis may play a crucial role. Looking at a creature t we may immediately 
recognize if it comes from the operation S^"™ and we do not have to worry that the 
last demand gives a contradiction. It may happen that for distinct d's from Djj we 
get (as a result of S^™) creatures with the same values of val, nor, however they 
are distinguished by dis. Moreover, the same effect appears for distinct pre-norms 
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H: we can read from dis the function d and consequently the function H restricted 
to subsets of Ud- In applications we may redefine dis[E^™(ii : i < m)], but we 
should keep this coding property. 



Definition 4.2.6. Let C [J J| H(i) be a weh founded quasi tree and let 
{si, : G T) C TCR[H] be a system of tree creatures such that for each v €T: 
dom(val[si/]) {v} and pos(sy) = succt(i^)- 

1. The tree-sum t — E*''"™(s^ : i> E T) of tree creatures s^, (for e T) is 
defined by: 

(a) va\[t] = {(root(r),7?) : rj G max(r)}, 

nor[i] = inf{nor[s,y] : G T & nor[s^] > 1}, if nor[siy] < 1 for all 

V eT then we let nor[i] = 0, 
(7) dis[t] = (2}-(s^ : e f }. 

2. For a function g e o)*^, the special tree-sum t = I]g''"™(s^ : u E T) of tree 
creatures s^, (for v E T) with respect to g is defined in a similar manner as 
j^tsum ^j-^g conditions {(3), (7) introducing the norm and dis are replaced 

by 

{P)*g nor[t] = max{fc < w : (V?? £ max(T))(l{^ < igirj) : r]\i e f and 

nor[s^f^] > fc}| > g{k))}, 
(7); dis[t]^ {3,g)-{dis[s^]:iyef). 
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Recall that a forcing notion P is almost uj^ -bounding if for every P-namc / for 
an element of to^ and any p G P we have 

(35 e co^){yA e [u^niBq > p){q Ihp "(3-n G A)(/(n) < g(n))"). 

Almost w'^-bounding forcing notions do not add dominating reals (i.e. they force 
that "(Vx e uj'^)i'3y G w'^ n V)(3°°n)(x(n) < y(n))"). If Q is a forcing notion not 
adding dominating reals and 



is almost w*^ -bounding" 



then the composition Q^P docs not add a dominating real (see [3h:i, Ch VI, 3.6]). 
Thus the notion of "being almost tj'^-bounding" is very useful from the point of 
view of iterations: in a countable support iterat ion o f proper forcing notions no 
dominating reals are added at limit stages (see | Sh:f , Ch VI, 3.17]). (Note that 
"not adding dominati ng rea ls" is not preserved by compositions.) 

In the definition [4.3.l| (l) below one can think about the following situation 
(explaining the name "decision function"). Suppose that (A', S) is a creating pair, 
f is a Q*^{K, E)-name for an ordi nal an d p G Qtnn (K, S ) , A^o < are such that p 
approximates f at each n > Nq (see 1.2. 9| , remember ^2.1.4 ). Let us define a function 



z:pos(u;P,tg,...,t^^_i)xPC(X,I])^ |J pos(^P, i^, . . . , d) 



k>No 



such that for every v G pos(w^, ip, . . . , i^^^i) and {t'Q,t[, . . . ) G PC{K, E) satisfying 
(^W'o' ^JVo+l' ■ • • ) ^ (^0' ^iT ■ ■ )■ 
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1. If {v,tQ,t[, . . .) e Q*^{K,J:) then z{v, {t'^,t[, . . .}) is the first (in a fixed or- 
dering of U Y[ H(to)) of the shortest such that t;* Gpos(ti, tQ, 

n<uj m<n 

(for some k < uj) and (w*, iPj, . . . ) decides the value of f (m is just 

suitable: m^'^" = mup"^). 

2. If (w,io,i'i, . . .) ^ Q*^(i^,i;) then we take the first k such that nor [4] < 



m 



and we ask if there is (^q, . . . } G PC(if, E) such that 



dn 

*5^„ - ^^+1 - ...)<(«, io, i'l', ■••) e Q:oo (^, S), and for some t < k 

z{v,{4,t'{,...))epos{v,t'^,... ,t';_,) and (t'^, . . . A-i) - (^o, • ■ ■ X-i)- 
If the answer is "yes" then we choose such a sequence (^q, t'(, . . .) and we let 

(note that this does not depend on the choice of the particular {t'^, i", . . . ); 

see the previous case). If the answer is "no" then z{v, {tQ,t[, . . .)) is the first 

element of pos(u, ip, . . . , i'j.). 
This z is a canonical example of a decision function for p, Nq, [K, E); we will call 
it z{p,Nq,t) (assuming that (K,!]) is understood). 

Definition 4.3.1. Let (K, S) be a creating pair. 

1. Let p e Ql{K, S), Nq G cv. We say that a function 

k>No 

is a decision function for p , Nq, {K,T,) if: 
(*) [4.3.i| for every v G pos(wP, t^,... , and (<o, i'l, . . . ) G PG{K, S) such 

that {t'%g,t'%^_^_i, • . . ) < (^0, t[, . . .), there is A: G w such that: 

z{v,{t'Q,t\,...)) epos{v,t'Q,... ,4„i) 

and if {t%^ , i^^+i , . . . ) < (tj,', t'/, . . . ) G PC(if, S) is such that t'^ ~e 
for all i < fc, then 

z{v,{to,t'l,...)) = z{v,{to,t[,...)). 

2. We say that {K, E) is of the AB-type whenever the following two conditions 
are satisfied: 

(®)ab (*o, • ■ • , tn-i) e PFC(A', Y,), k <n then there is t G i;(to, . . . , t„-i) 
such that 

nor[t] > min{nor[t£] : £ < n} 

and if {w,to, . . . ,t„-i) G FC{K, E), i' G S(t), nor[t'] > 0, then there 
is t" G E(ife) such that nor[t"] > and 

{3u' G pos(w, to,. ■ ■ , tk-i)){iu" G pos(u, t")){3v G pos(w, t')){u" < w); 

(®)kB «/P e Q;(if, E), A^o G UJ, nor[tf] > 2 for z > TVo and 

z:pos(zz;P,tg,...,<^^_JxPC(X,E)^ (J pos(wP, ig, . . . , d) 

is a decision function for p, Nq, {K, E) 
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then there are A^i > A'o and t* G 'S{t^j^^, . . . , such that 

nor[r] > i min{nor[t^J, . . . , nor[t%^_^]} and 

for each v e pos(w^, t^, . . . and t G with nor[<] > there 

is {t'^, t[,...)£ PC(X, S) such that . . . ) < {t'o, A. ■ ■ ■) and 

(a) ift^eS(iP.^+fe,... (*,/c,^<w) 

then nor[t^] > i min{nor[iP,^^^], . . . , nor[t^^^^^J}, and 
(/?) (3u; e vos{v, t)){z(v, {t'^, t[,t'^, ...))<w). 
3. We say that {K, E) is condensed if for every (uj, to, . . . , tn-i) G FC(ii', S) 
with nor[ti] > ior i < n, and t G S(to, • • ■ , tn-i), nor[t] > 0, there exist 
fc < n, a creature s G S(tfc) and w G pos(w, to, • • • , tfc-i) such that 

nor[s] > and (Vu G pos(u, s)){3u* G pos(w, t)){u < u*). 

Remark 4.3.2. Note that the condition (®)ab ^^sy to satisfy: e.g. if {K, S) 
is omittory and has the property that for every t G K: 

if mo < m^j-i < m*,p < mi then S](t f [mo, mi)) = {s [mo, mi) : s G S(t)} 

then it satisfies this requirement (the (®)ab ^'^^ (^O: ■ ■ • , ^n-i), A; < n is witnessed 
by tk ^ [m*^'n,mnp') ). 

Theorem 4.3.3. Suppose that {K, E) is a finitary, growing and condensed cre- 
ating pair of the AB-type. Then the forcing notion Q*^(K,T}) is almost iJ^ - 
hounding. 

Proof. Let us start with the following claim which will be used later too. 



Claim 4.3.3.1. Let {K, S) be as in the assumptions of l.3.c. Suppose that r is 
a 'Q*^{K, Ti)-name for a function in uj^ , q G 'Q*^{K, T.) and n G to. Then there 
are a condition p — {w^, t^, t^, . . .) G Q*^{K, S) and a strictly increasing function 
g G lJ^ such that q <^°° p and for every £ G lu 
(ffl|) for each v G pos{wP , t^, . . . , t^_^, . . . , J and t G I](t^^^) with nor[t] > 

there is w G pos('!;,t) such that the condition (w, t^^^^_]^, t^_|_£^2; • • ■ ) de- 
cides the value of T{g(£)) and the decision is smaller than g{i + 1). 

Proof of the claim: We define inductively conditions pe G Qtoo i^i ^) and the values 
g{e) foriGu such that g(0) = 0, q = po <T Pi <l+i ■ ■ ■ <l^, Pn+i <';^i+i ■ ■ ■ 
and pe+i, g{£), g{£ + 1) have the prope rty sta ted in (ffl^). It should be clear that 
then the limit condition p — limpf (see 1.2.13 (3)) is as required in the claim. 

Suppose we have defined pi,g{£). Using 2.1.3 and 2.1.4 we find a condition 
P*e G Q*soo{K,^) such that 

Pi Pi, '^°'"[*fc* ] > 2 • m*fc* + 2 for aU /c > n + I' and 

p| approximates f{g{£)) at each for fc > ti + ^. 
Let — z{jp*g^,n + £,T{g{£))) be the canonical decision function as defined before 
4.3. 1| (remember the choice of ) . Thus 

Zi : pos{w^,tl^ , . . . , J X PC(A-, S) ^ U pos(u;«, tgV . . , C_i) 

m>n-\-i 

is a decision function such that 



74 4. OMITTORY WITH HALVING 

then zg{w, (tg, t'l, ■ • • )) G \)Os{w, t'^, t'l, . . . , (for some m G u) 

is such that the condition {zf{w, {t'Q,t[, . . .)), t^/, i^f+i' • ■ ■ ) gives 

t' _ t^'L 

a value to T{g{£)), where M is such that Wup ^ = ruup ^ ■ 

Now apply (®)\b to n + ^ and Z£ to find N > n + i and <* e S(t^!|_£, . • . , t^v-i) 
such that 

nor[t*] > i min{nor[t^'^^], . . . , nor[t^_ J} > m^i^J'^' + 1 

and for each v G pos{w'^ , t^" , . . . ,t^'^^_^) and t G S(i*) with nor[t] > there is 
w G pos(w,t) for which (w, , t^^^, ■ ■ ■ ) decides T{g{tj). For this note that if 
(tg, t'l, ... ) G VG{K, E) is given by (®)Xb ^O'' -^^j ^' then, as for some ki < £i < uj 

4-P'e 4-PI 



i'i 6 ^{in+t+ki-> ■ ■ ■ ' ^n+f+^i)' 3,nd 



nor[t^] > i min{nor[tP^^^_^j^J, . . . , nor[t^!^^_^^J} > m^^, 

Pe iPe 



the condition (u, t^,, t'^, . . . ) G Q*^(if, E) is stronger than (w, t„+^_,_i, . . . ). 
Thus our requirements on Zk apply. Finally we define 

„* _ (^.,q fPe fP'e f* fPe fPe \ „ j 

5(£+l) = l+5(^)+ 

+ max{z <c^ : Gpos(zz;«, ig^* , . . . ^*))(("' 4 > • ■ • ) 1^ ^(ffl^)) = 

Clearly they are as required. This finishes the inductive construction and the proof 
of the claim. 

Now we are going to show that Q*g^(i4r, S) is almost w'^-bounding. For this 
suppose that r is a name for a strictly increasing function in and q G '^*^{K, E). 
Applying claim 4.3.3.1 to r, q and n = we get a condition p > q and an increasing 
function g G lu^ as there (so they satisfy (ffl^) for £ G w). Note that, as f is (forced 
to be) increasing, for every £ G w we have 

if w G pos(?i'P, tQ, . . . , t^_^) and t G E(t^) is such that nor[t] > 
then (if, t^_(_i, t^^2i ■ ■ • ) l^"'^(^) < 9{^+ 1)", for some w G pos(w,t). 
We will be done when we show the following claim. 

Claim 4.3.3.2. For each A G [lu]^ there is p' > p such that 

P' ^^Q'.^iK.s) i^^k G A){T{k) < g{k + 1)). 

Proof of the claim: Let A G [ijj]^ ■ Choose = ng < ni < . . . < w and creatures 
ti G E(tP ., . . . , and fcj G A such that 

1. ni < ki < rii+i, nor[ii] > min{nor[ij^,] : rii <k < ni+i}, 

2. if w G pos(wP,i{;, . . . ,t^_i), t' G E(tj), nor[t'] > then there is t" G E(i^^) 
such that nor[t"] > and 

{3u' G pos(«;,tP^,... ,tl^_^)){\iu" G pos(u',i"))(3w G pos(u), t'))(w" < w) 

(possible by (®)iB)- Now let p' = (w^, tg, ti, . . . ). Plainly, p' G Q*oo(^, S), p < p' . 
We want to show that 

p' I^Qi„(K,E) (3°°fc e A)(f(fc) < 5(fc + 1)). 
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So assume not. Thus we find a condition p+ > p' and fc* £ w such that 
I^q;^(x,s) (Vfc e A){k* <k ^ T{k) > g{k + 1)). 

Let i £ uj he such that w^^ G pos(?«^, io, ^i, • • ■ ,ti~i)- As we may pass to an 
extension of p"*" we may assume tliat k* < ki and lg{w^^) > 1. Let j > i be such 
that tg G . . . jtj^i). Since (i^, S) is condensed we find £ £ s e 

and V G pos(u'^ ,ti, . . . , such that 

nor[s] > and (Vu G pos(D, s))(3u* G pos(w''''^ , tg < m*). 

Now look at our choice of tf. since v G pos(wP, ig, . . . ,ifij_i) and s G S(i^), 

nor[s] > 0, therefore we find t" G 5](t^J and u' G pos('y,t5^^, . . . such that 
nor[i"] > and 

(Vu" G pos(M',t"))(3w+ G pos(^;,s))(u" < u+). 

But now look at the choice of p: since u' G pos(w^,ig, . . . t" G and 

nor[i"] > 0, we find w G pos(M',t") such that the condition (w, t^^_|_2, . . . ) 

forces that T{kt) < g{kg + 1). But now, going back, we know that there is u+ G 
pos(f , s) such that w < m+. Further we find u* G pos(w^^ , ig ) such that u+ < it*. 
So look at the condition {u* , ,...). It is stronger than p"*" and it forces that 
f (fcf) < g{ki + 1), contradicting the choice of p'^ and k* < ki < ki. This finishes 
the proof of the claim and the theorem. □ 

Lemma 4.3.4. Suppose that (K, S) is a strongly finitary and omittory creating 
pair with the weak Halving Property which is saturated with respect to nice pre- 



norms with values in uj (see (.2.4(2)). Further suppose that for each t €z K 

(«)i) (Vs G S(i))(val[s] C val[t]) and 

(18)2) if mo < m^jj < toJjp < mi, s G i;(half(i)) 
then s f [mg, mi) G S(half f [mg, mi))). 
Assume that p G Ql{K, S), Nq G lu, nor[if ] > 2 for i > Nq, to > 1 a^ii 

z : pos(z«P, tg, . . . , X PC{K, S) — > U pos(«;f , tg, . . . , ti_,) 

n>N 

is a decision function for p, Nq, {K, E). 

Then there are a nice pre-norm H : [tu]^^ — > lu (so {K,T,) is saturated with 



respect to H) and d G Dh (see \i.2.4 ) such that ua = [A'^o, A^i), H{[Nq,Ni)) > to 
and 

if t G I](E^^™(half(t^J,... ,half(4^_J)), V G vos{wP,tP,... ,t%^^_,), and 
nor[t] > 

then there is (tg, t'-^, . . .) G PC{K, S) such that for each i Cz lo, for some k < i < uj 
e S(^Wo+fc' ■ • ■ ' ^ noi"[i^] > i min{nor[t^^^^J, . . . , nor[tP^^^J} 

anc? (3w G pos(D, t)){z{v, (ig, i'l, . . . )) < w). 
Proof. This is essentially |Sh 207| , 2.14]. 



First note that if iQ < . . . < ik, j < jo < ■ . . < ji < uj, {iq, • . • , «fe} C {jg, . . . , j^} 
(and fc < £ < w), w G pos(u;P, tg, . . . , J and Sj„ G (for n < ^) then 

{w,v) G val[E™-(s.„ r [TOi,TO:-),s,,, . . . , J] 
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implies 



Why? Suppose that {w,v) G val[S™™(sio f [m Wup ), ,.. . ,SiJ]. If jo = io 

s ■ s- 

this immediately implies (w,wtmup ) G val[sjo ['Tidn, )]. Otherwise necessar- 

s 

ily jo < io and w ["[w^^jj, mup ) is constantly zero. Now, w £ pos(u;^,iQ, . . . ,t^-i), 
so using the assumptions that {K,l^) is omittory and (Oi) we get {wjVlniup) G 

val[sjQ f ["^dn'"^"!?)]- Proceeding in this fashion further we get the desired con- 
clusion. 

Note that above we use "val[E™™(. . . )]" and not "pos(w, . . ))" as we do 

not claim that ..) isin K. 

Let us define the function H : [uj]^^ — » w by: 
H{u) > 0: always, 

H(u) > 1: if |u\ A'ol > 1, u\No = {io, ■ ■ • , ifc-i} (the increasing enumeration), 
and 

if Si € S(half(iP )), nor[si] > (for ^ < fc) and w € pos(wP,tg, . . . 

then there exists (ip, t[, . . .) £ PC{K, S) such that for each i G ui, for some 

k <e <uj 

t^ e ^it%o+k' ■■■ ' ^No+i) ^ no'^I**] ^ ^ min{nor[t^^_^^], . . . , nor[tP,^_^J} 
and for some w 

Gval[S]™-(son"il?,"iS),si,--- & (if,, i'^, i^,, ...))< u;, 

_ff (w) > n + 1: if for every u' <Z u either H{u') > n or H{u\u') > n (for n > 0). 

Note that this defines correctly a nice pre-norm on [tj]'^'^; for monotonicity use 
the remark we started with. Thus {K, S) is saturated with respect to H. 

Now it is enough to find Ni > No such that H{[No,Ni)) > m and then 
take d G Dh with Ud = [NotNi). Why? Suppose that we have such an A^i 
(and t he res pective d) and let t G i;(i;^™ (half(t^J, . . . , half (i^^_;^))), n.ov[t\ > 
0. By [1.2.4 (2) (the second demand) we have that there are d* G Dh and Si G 
E(half(t^)) (for i G [iVo, A^i)) such that Ud* C Ud and nor[si] > for i G Ud*, and 
val[I]^'i™_^^ {s, : No <i < Ni)] C val[t]. But now look at the definition of H (and 
remember the definitions of T,™"^, S™™ ; note H{ud' ) > 0). 

As H is monotonic, it is enough to find a set u G [a; \ No]^^ with H{u) > m. 
We will do this by induction on m for all p, No, z. 

Case 1 : m = 1 

For t G E(half (i^^_(_-)) with nor[i] > 0, z G w fix s(t) G S(t^„+J such that 
nor[s(t)] > -nor[i] and (Vw G basis(i))(pos(?i', s(t)) C pos(w, t)) 

(possible by F2!7| (2)(b-)). We may additionally require that if t t' then s(t) = 
s{t'). Let 

X {{t'„t[, . . .) G PC(A',S) : (V* G com e E(half (i»^„+,)) & nor[i^] > 0)}. 

As (if, S) is strongly finitary each S](half (t^^_(_-)) is finite (up to '^s~equivalence, 
but we may consider representatives only) and thus the space X equipped with the 
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product topology (of discrete E(half(t^^_|_j))'s) is compact. 

For w € pos(w?',tg, . . . and {t'Q,t[,...) G X let M{w, {t'o,t[, . . .)) be the 

unique M < ui such that 

z{w, {s{t'o), s{t[), ...)) e pos(?i7, s{t'o), ... , 

Note that the function M : pos{wP,tQ, . . . ,t^^_-^^) x X — > uj is continuous. Why? 
Look at the definition of decision functions: if (tg , t'{,. . .) G X is such that t" -^e t'^ 
for all i < M{w, (tp, 4, . . . )) then 

z{w,{s{Q,s{t[),...))=z{w,{s{Q,s{t'l),...)). 

Hence, by compactness of X, the function M is bounded. Let > 1 be such that 
rng(M) C N[ and let A^i = A^o+^^ • We want to show H{[No, iVi)) > 1. So suppose 
that se e S(half(f^^_^^)), nor[s£] > (for £ < iV{) and v € pos(w;P,ig, . . . 
Look at (sq, . . ■ , Sjv(-i, half(t^J, half(t^^_j^^), . . . ) E X, and let 

s = {s{so), s{sNi-i), .s(half(t5;,J), s(lialf (t^^+J), . . . ) G PC(i^, S). 

By the choice of N[ we know that for some k < N[: 

z{v, s) e pos(w, s(so), . . . , s{sk)) C pos(w, So, • • • , Sfc) 

(by the choice of s(i)'s). Take w* G pos(w, sq,... ,SAr^_i) such that z{v,s) < w*. 
Applying {®\) we get (u, w*) G val[S™™(so, . . . , Sjv(-i)]- To finish this case note 
that nor[s{se)] > inor[t^^_^J for i < N[ and nor[s(half(i^))] > |nor[t^] for 
fc > A^i. 

Case 2: m' = m-\-l>2 

Now suppose that we always can find a finite subset of ui of the pre norm H at 
least TO. Thus we find an increasing sequence TVq = £o < < • • • < such that 
H{[£i, ii+i)) > m for each i. Consider the space of all increasing functions ip G 
such that ip\Nf) is the identity and (Vi G uj){iP{Nq + i) G [f.i,£i+i)) - it is a compact 
space. For each -0 from the space we may consider a condition 

(iijP fP fP f fTO*'° TO*'^'"°'l fP ^ frr/''-''*-'''''' ^*^("o + l)^ n 

(and call it p,^,) and the respective pre-norm H,^ defined like H but for p,^,, TVo, z 
(note that p < G (^^(iir, S), so z may be interpreted as a decision function for 

Claim 4.3.4.1. For each finite set u C w; 

H^{u) < H{{i){k) : fc G u}). 

Proof of the claim: Suppose H^{u) > 1. We may assume that u C uj \ Nq. Let 
Sfc G i;(half(t^(^p), nor[sfe] > for fc G u and v G pos(wP, iJJ, . . . By the 

assumption (®2) we know that 

4 =' ■'^k f e S(half(f;(,) f [m2,m$))) = S(half(f^'^)). 

So, as H^{u) > 1, we find {f'a,t[,...) E PC{K, S) such that 
L t'i G T.{t^ , . . . , tnt) (for some Nq < h < rii < u), 

2. nor[t'i\ > \ min{nor[i^f ], . . . , nor[t^t]}, and 

3. for some w 

(t;,w;)Gval[S--(4:fcG«)n^S,™u?'''"')] & ^(^;, (t^,, 4, •••))< 
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{sk ■■ k e u) f [m^° , rriup" 



But then also {v,w) G val[l] 

min{nor[i^^], . . . , nor[tnt]} > min{nor[t^ 

and t', e 



)J. As 



]} 



'^i>{n O' we may conclude that 1 < H{{tp{k) : k G u]). 



Next we easily proceed by induction, finishing the proof of the claim. 

By the induction hypothesis for each suitable function ?/' we find N.^ > A'o such 
that H^{[Nq^N^)) > m. By the compactness of the space of all these functions 
we find one n such that H,p{[Nq, iVo + n)) > m (for each Look at the interval 
[A'oj^n) ~ we claim that its //-norm is greater or equal than m + 1. Why? By 
the choice of liS we have that H{[No, £„)) > m. Suppose that u C [NQ,£n)- If 
u n [iki(-k+i) 7^ for each k < n then we may take a function from o ur space 
such that ip[[No, Nq + n)] C u. But H^{[No, No + n)) > m and by |4.3.4.1 

m < H{{i:{k) ■.No<k<NQ + n})< H{u). 

If u n \lkj-k+i) = for some k < n then necessarily 

m < H{[£k,ek+i)) < H{[No,en)\u). 

This finishes the induction and the proof of the lemma. □ 

Theorem 4.3.5. Assume that (K, S) is a strongly finitary and omittory creat- 
ing pair with the weak Halving Property. Further suppose that (K, E) is saturated 
with respect to nice pre~norms with values in to and for each t G K : 
(«)i) (Vs G S(i))(val[s] C val[t]), 

(02) if mo < m*[j^ < mjjp < mi, s G i;(half(i)) 
then s f [mo, toi) G I](half f [mp, mi))), 

(03) E(t f [mo, mi)) ^{sf [mo, mi) : s G E(t)}. 

Then the creating pair (K, E) is of the AS -type. Consequently if (K, S) is addi- 
tionally condensed then the forcing notion Q*g^(A', E) is almost lu^ -bounding. 



Proof. By 4.3.2, 4.3.4 and 4.3.3 



□ 



Remark 4.3.6. The assumptions of 4.3.5 may look very complicated, but in 
the real examples they are relatively easy to check and appear naturally. Sometimes 
it is easy to check directly that a creating pair is of the AB-type, but then it may 
happen that it is not condensed (this happens e.g. for (j ^.4.5| , E ]2.4.5| ); see f.4.1 ). To 
get that Q*^{K, E) is almost w'^-bounding we do not have to require that {K, E) 
is condensed, but then we should strengthen the demands of [4.3.l| (2) a little bit. 

Definition 4.3.7. We say that a creating pair {K, E) is of the AB^ -type if it 
satisfies the demand (®)ab of 4.3.1 and the following strengthening of (®)\b: 
(®+)\b »/p e Q*^(if, E), No G iu, and 

z:posiwP,tl...,t%^_,)xFC{K,^)^ [j pos(^«P, i^, . . . , d) 

k>No 

is a decision function for p,No, (i^, E) then there are A^i > iVo and t* G 
S(i^„, ... ,i^,_i) such that 



nor[t*] > - min{nor[iP/J, . . . , nor[tP^^_J} 
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and for each v £ pos{wP, t^, . . . , t%^_i,t*) such that 

'p) 



(3fce[m^;,m^;))(i;(fc)/0) 



there is {t'o,t[, ...) e PC,oo(if, S) such that t^„+i, . . . ) < {t'o, t[, . . .) 
and z{v\m'j^^,{t'f),t[,t'2,...)) < u. 

Theorem 4.3.8. Suppose that (K, S) is a finitary and omittory creating pair 
of the AB"*" -type such that for each t <E K 

(ffio) if nor[t] > 1 and u e basis(t) then |pos(u,t)| > 2 and 

(©3) E(t [TOo,"ii)) = {s [too,"?,i) : s G 
T/ien f/ie forcing notion Q^^{K,Yi) is almost lo^ -bounding. 



Proof. It is fuUy parallel to 4.3.3 . First one proves that 

Claim 4.3.8.1. IffisaQ*^{K,T.)-nameforanelementofuj'^,qeQ*^{K,T,) 
and n ^ LD, then there are a condition p G Q*qq(A', S) and an increasing g G lo^ 
such that q <^i°° p and for every i Cz lo 

(ffl|) ifw G pos(w^',io, ■ • • ■ ■ • :in+e) swc/i that wHm^^^mup^") ^ 

then the condition (w, tji^_|_^_)_]^, t^_|_f^2' • • ■ ) decides the value of T{g(£)) and 
the decision is smaller than g{i + 1). 



Proof of the claim: Repeat the proof of 4.3.3.1 



Next, assuming that r is a name for a strictly increasing function in uj^ , n ~ 0, 
andq_Q_Q*^{K , E), we take the condition p >q q and the function g G given 
by 1.3.8.1 . They have the property that for each ^ G a; 

if G pos(w^, t^,... , t^) is such that (3fc G [m^^, mup)){v{k) ^ 0) 
then {v,tP^„tP+2, ■ . .) < gd + 1)". 

To show that for every yl G [lu]^ there is p' > p such that 

P' I^Qj^(K,s) (3°°fc e A){f{k) < g{k + 1)) 



we slightly modify the proof of 4.3.3.2 . So suppose A G [lo]^ . Choose = no < ^1 < 
. . . < oj and ki £ A such that n,; < ki < n^+i and let t^ — t'j^_ f ['^dn ' "^dii^^ )■ Look 
at the condition p' = [w^ , t^ ,t\ ,...). Assume that p+ > p', k* G w, £g{wP ) > 1 
and fci > k*, where i is such that w^^ G pos(u;P,fQ , . . . ,t^_^). Take j > i such 

that tg G , . . . Choose u G pos(u'P^,tQ ) such that v{£) ^ for some 

jP+ jp+ fp' 
G [m^^ ,mup ) (exists by (®o))- Let i* G [i, j) be such that i G [m^^,mup)- By 

(p' jp' / 

smoothness we know that v\m^p G pos{v\m^^ 7^i*)> ^^^d therefore, by (©3) and the 
choice of if. we get 

V \m^^'' G pos(w^, ip, • ■ • , ^fc,. ) and m^^' <£< m^p ■ 

Hence (v|"TOup* i ifc„+ii ifc„+2i ■ ■ • ) T{ki*) < gih* + 1), so we are done. □ 



Let us finish this section by proving a parallel of 1.3.5 for the tree-like forcing 
notions. 
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Theorem 4.3.9. Suppose that [J H(i) is countable and {K, S) is a t-omittory 

tree creating pair for H. Then the forcing notion Q^J°°{K, E) is almost lo^ -bounding. 

Proof. Let p e Ql''"'{K,Y.) and let / be a Qfi"<=(iv:, i;)-name for a function 
in . For simplicity we may assume that for every t G we have |pos(i)| — lj 
or at least that above each v G we find may an infinite front of (compare 

ra(2)). 

Like in 2.3.6(2) we may construct a condition q G Qq'^''{K,Y?) stronger than p 
and fronts Fn of T'^ such that for all n G w: 

1. Fn ~ {v^ : s G Lo^ ^} (just a fixed enumeration), and for each s G uj^^^^: 

2. if m G then v"" <1 

3. {z^* ^'"^ : m G Ci.)} is a front of T"^' ' and nor[t^s] > n + 1, 

4. the condition gt" 1 decides the value of + 1 + ^ ■s(^))- 

For m G w let ^(to) be 

l + max{^<cj: (3sGtj^'^+l)( ^ s(fc) < 4m & ql'^^' Ih " /(m) = ^ ")}. 

fe<fg(s) 

Let A G M^. For s G tJ^^ choose m(s) G v4 such that ig{s) + ^ s(fc) < m{s) 

k<eg(s) 

and let c(s) = s'~'(m(s)). Note that Ih /(m(s)) < g{m{s)). Now build 

inductively a condition p' G Qq'''''(X, S) such that q <q p' , Fq C and for each 
n G w: 

if s G + 1 , G F2„ n TP' then 
t^l G : (3,7 G F2„+i)(:.^ < P < v)) , pos{tC) C pos(t«,<,,) and 
nor[t^l] > 2n+ 1 

(possible as (i^, S) is t-omittory and by the third requirement on F^s). We claim 
that 

P' l^Qr°(if,s) G A){f{m) < .g(m)). 

To see this suppose that p" > p', N e uj. Choose s G uP'^ ^ ^ such that G 
i^2Arndcl(rp"). Then necessarily pos(t^l ) ndcl(TP") 7^ so we may choose 77 G T^" 
such that some initial segment of 77 is in pos(i^a) C pos(t'^(3)) (see the construction 
of p'). But now we conclude 

b")'"' I^Q-o(^^s) /("i(s)) < g{m{s)) 
what finishes the proof as iV < m(s) G ^. □ 

4.4. Examples 

Let us start with noting that the Blass-Shelah forcing notion Qg^^ (^^.4 A 



is a good application of the notions introduced in this section. 

Proposition 4.4.1. The creating pair [K ^^ , ^ ^2X5] ) (^see t/ie end 0/ f/ie con- 
struction for ^.4.i ) is meagering, of the A'B'^ -type and satisfies the demands {(Bo), 



(©3) of U-3-^ - Consequently, the forcing notion Qscx;(^|2.4 ^E.4.5|) 
(a) makes ground model reals meager, 
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adds an unbounded real, 
(7) is almost lo^ -bounding, 
(S) does not add Cohen reals. 



Proof. To show that {K 
PFC(ii^ 



'dn 



-2.4.5 



< m: 



2.4.1 



up 



2.4. 

(for I < n] 



2 ^2. 4. 5] ) is meagering assume that {to, . . . , t„_i) £ 
. . , t„_i) and {ki : i < n) are such that nor[ii] > 
and nor[t] > 2. Fix m e H(i). By the 



definition of ilK 4 d (see clause (7) there) we know that 2 < nor[t] < dpJ(A^) 



Moreover, by the definition of ' 
{ki : i < n} (by clause (a) of 2l 

for all a S A^). Consequently, if A* 
dpi(^^) > dp^A^) - 1 and dp^(Ap 
s G 4 j(i) which is as required in [4.1.2| (1). 

It snould be clear that (-^[2.4. 4 ^E.4.e|) satisfies the conditions (®o)j (©3) of 

4.3.^ (actually, (03) is satisfied it interpreted "modulo ~iF7l"j but this makes no 
problem s). The pro of that { KVy 4 j, IX, 4 j) is of the AB'''-type follows exactly the 



I we know that no element of A^^ is included in 
member a O [mH,mliJ € U {0} 

^ {a e Al^ : a n {hi : i < n} = 0}, then 
> nor[t] — 1. This determines a condition 



lines of [|BsSh 242| , 2.6] (see [|BaJug3| 77.4.20] too ) and is left to the reader. 

Conse quent ly, the assertion (a) f ollows from 4.1.3| (1), clause {(3 ) is a conse- 
quence of [4.I.II and (7) follows from 4.3.8 . To show (S) one uses 2.2.6 , or see 

Note, that if W is interpreted as a name for an infinite subset of uj, then 



) {yx g[uj]^ nY){\wnx\<Lj or |Ty\x|<w). 

Thus forcing with Qtooi^liA 4 d) makes ground model reals null too. 



□ 



Now we will present an application of forcing notions determined by omittory 
creating pairs with the weak Halving Properties to questions coming from localizing 
subsets of 07. These problems were studied in |RoSh 501] and our example is 



built in a manner similar to that of the forcing notion constructed in ]FloSh 501 
2.4]. Moreover, all these examples are relatives of the forcing notion presented in 
|Sh 207 ]. The creating pair constructed there can be build like (Al^ 4 4, 4 Jj for 



ip = l. 

Example 4.4.2. Let e uj^ be a non-decreasing function, -0(0) > 0. We 
construct a creating pair {R^ ^/^ S ^^ ) which: 



(a) is strongly finitary, forgetful and omittory, 
(/3) has the weak Halving Property, 

(7) is saturated with respect to nice pre- norms with values in lu, 

(S) is condensed and satisfies the demands ((8)1), (<S>2) and (©3) of 4.3.5 

[thus, by [4.3.4 {Ktn, ^tll) is of the AB-type], 
(e) is anti-big and meagering. 

Construction. Let H(m) = 2 for m G a;. First we describe which creatures 



t G CR[H] are taken to be in -Rj^TJ. So, t = (nor[f], val[i], dis[ 
• dis[i] - {T[t],L[t],R[t],D[t],NOR[t],m'^^,mU, where. 



1^ 



4.4.2 



if: 



)eKp_ 

letting T = T[t], 



L = L[t], R = R[t], D = D[t] and NOR = NOR[t]: 

(a) T is a finite tree, D C {z^ g T : succT(i^) 7^ 0} and 

(i) (Vz^ G r\D)(succT(j^) = or \succt = ipiL{iy))), 
(u) if G T\D and rj G succT(i^) then either 77 G D or succt(?7) 
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(b) L,R:T — > [fT^dn^ "^up) ^uch that for each v <eT 

(i) L{v) < R{v), 

(ii) if 77 G succt(j^) then Liv) < Livj) < R{iri) < R{v), 

(iii) if succt(j^) — then L{u) = R{v), 

(iv) if 770, 771 G succt(j^), 770 7^ m then 

[L(r,o),i?(?7o)]n[L(7n),i?(r7i)] =0, 

(c) NOR is a function on D such that for each i' € D, NOR(z^) is a nice 
pre-norm on succt('^) with values in uj, 

• if ^ £> and {3v G succT(()))(succT(i^) = 0), or £> = then nor[t] 0, 
otherwise nor[t] = min{NOR(!/)(succT('^)) : £ D}, 

• val[t] {{u,v) G 2™dn X 2'"up : u <1 w & {i G [m*,j^,mf,p) : = 1} C 
{L{i^) -.v eT k succt(i') = 0}}. 

For t G K^TJ we define 

min{NOR[t](:^)(succT[t](i^)) : e i^M} if ^ 0, 
otherwise. 



nor°[t] = 



Note that nor[t] < nor°[t] and in most cases they agree. One could use nor''[t] as 
the norm of t and get the same forcing notion. We take nor[i] for technical reasons 
only. Now we are going to describe a composition operation El!j; 4 ^ on iilf 4 A by 
giving basic operations which may be applied to creatures fron 
(1) For a creature t G K ^a.^ let half(t) G K^a^ be such that 
• if nor[t] < 2 then half (i) = t, 



4.4.2 




K 


4.4.2 



if nor[t] > 2 then val[half(i)] = val[t], r[half(t)] = T[t], L[half(t)] = L[t], 
i?[half(t)] = R[t], D[half(t)] = D[t] and 

if G £'[half(t)], A C succr[haif (t)] (i^) then 

NOR[half(i)](i/)(A) = max{0,NORMM(A) - L^'^^^J}- 

[Thus TnJ^j^'*'*-' = "^dn' "^up^^*'' = ''TT'up and nor[half(t)] = nor[i] — [ "°^^*^ J when 
nor[i] > 2.] 

(2) For t G K4 4 2; '^0 < "^dn' "^1 — ™up let s — Smo,mi (t) G K^A^ ^c a creature 



such that dis[sJ^(T[t],L[t],i?[i],D[i],NOR[t],TOo,mi), nor[s] = nor[i] and 

val[s] = {{u,v) G 2"^o X 2"^i : u <1 v k w t[mo, m*i„) = & i;r[TOj,p,TOi) = & 

k {v\m^^^,v\mlp) G val[i]}. 

Thus, essentially, Smo,mi(t) = t f [toq, mi), the small difference in the definition of 
dis is immaterial. 

(3) For t G K ^J^ let consist of all s G K ^J^ such that 

(i) - m*,„, m^p = mj^p, r[s] C r[i], D[.s] = nT[s], 

(ii) (Vi^ G T[s]){succT[s]{'y) = ^ succT[t](t^) = 0) (thus if G r[s] \ D[s] 
then succt[s](i') = succT[t](j^)), 

(iii) L[s] = L[t] \T[s] and R[s] = tT[s], 

(iv) ifiy e D[s], AC succt[s](j^) then N0R[s](z^)(v4) = N0R[<](j^)(y4). 

(4) Suppose that tg, . . . , t^-i G ii^^ are such that k — ^{L[to]{{))), m**p < rn^^^ 
(for i < k — 1) and 

(Vi < A:)(() G or succT[t.] (()) = 0). 
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Let S = S*{to, 



(i) 



to 



4.4.: 



be a creature such that 



m: 



up 



and T[s] is a tree such that |succt[s] (()) 



and for every v G succt^j^j (()) there is a unique i — < k such that 
{77 e T[s] : < r?} = {,.-rj* : 77* G T[t,]} & L[s](z.) = & = 

(ii) L>[s] = {ly-Tj* : v e succt[s](()) & ??* G 

(lit) = iN((», = and for all v e succtw(()) 

(iv) if G succT[g](()), 77* G and A C succT[t.(,)] (?7*) then 

^0^\s\{v-rr){{v-Ti : 77' G A}) - NOR[i,(,)](77*)(v4). 



(5) Suppose that H : Vim) 

are such that m^^p < m*^^^ for i < m — 1. Let s = Sf^{to 
creature such that 



cij is a nice pre-norm and to, . . . , G 2 



)eK\ 



be a 



(i) TTijjj = "^dn' "^up = "^up ^ and T[s] is a tree such that |succt[s](())| — ^ 
and for every v G succj^j^j (()) there is a unique j = j(i^) < tti such that 

{r; G T[s] : J. < r,} - : ,7* G r[i,]} & LW(z.) = & - 

(ii) = {()} U {u-f^* : V G succth(()) ^ ^ 

(iii) L[s]{{)) L[to]{{)), R[s]{{)) = R[t^-i]{{)) and for every G succth(()) 
(Vry* e T[t,(,)])(L[s](z.--,r) = i[i,(,)](rr) & i?W(i/--,7*) = R[t^^,^]{rj*)), 

(iv) if ^ C succtw(()) then NOR[s](())(^) = H{{j{i^) : G A}), 

(v) if G succt[s](()), ?/* G -DitjXi')] and A C succT[t^(„)] (?7*) then 

NOR[s](j."77*)({i'^^' : V' e ^}) = NOR[t,(,)](r;*)(A). 
Note that, under the respective assumptions, the procedures described in (l)-(5) 



above determine creatures in Ku^ J, though (in cases (4) and (5)) not uniquely: 



there is some freedom in defining succt^JsJ (()). However, this freedom becomes 
irrelevant when we identify creatures that look the same. The last operation (E^^J 
below) is a way to describe which creatures are identified. 

such that 



(6) For t G K 



let El 



consist of all creatures s G -K 



"up 



and there is an (order) isomorphism tt : 'i'[s 



which preserves L, R, D and NOR. 



Finally, if ioi 



m — 1 



G n 



are such that 



ti+i 



"up 



(for i < m — 1) 



then 4 .^ (^0, . . . ,t„j_i) consists of all creatures s d K 



4.4.5 



such that 



'dn 



'dn' 



"up 



— 'Tiup ^ and s may be obtained from tQ, . . . by use of the operations 



half, Smo,mi, S*, S'ff, S[J 4^ and S^^^ (with suitable parameters) 

SI 



Let us check that (K 

4^ sr 



clear that {KL 4 21, 
relation 



4.4. 



4.4.2 



4^^ ) has the required properties. It should be 
is a finitary, forgetful and omittory creating pair. The 
(3)) is an equivalence relation on Kf ^ ^ and S 4 4^^ depends 
equivalence classes only (remember the definition of EK"4 J; note that 
■j4 4 ^ (tj ) implies that ioj^i are the same up to the isomorphism of 
the trees T[toJ, T^l^i])- Thus the value of 5x 4 ^(io, ■ • ■ ,im-i) does not depend 



on the particular representation of the trees J^rJ (for i < m). Hence, if t G 



1(^0, 



''m— 1 



) then we may think that T[t] is a tree built of T[io]: ■ ■ ■ ^ 



m— 1 1 



84 



4. OMITTORY WITH HALVING 



in the following sense. There are Si e Lij 4 ^{ti) (for i < m), a front F of T[t] and 
a one-to-one mapping ip : F — > m such thai for v E F 

{77 e r[t] : < 77} = {^.--ry' : r,' G r[s^(,)]} 

and the L[t],R[t],D[t] above v in r[t], v £ F, look like i[si^(,y)], i?[Sy(^)], D[s^(i,)] 
(but the norms given by NOR may be substantially different, still their values 



may be only smaller). Now it should be clear that (AI4 4 ^|4.4.2|) strongly 



finitary. The pair (^4 4 2? 4.2| ) weak Halving Property as witnessed 

by the function half dehned m (1) above. [Why? Note that if e Ef' 



4.4.2J 



nor[fo] > 2, t G 2 ^ 4 ^ (half (^p)), nor[t] > (so nor[t] > 1) then t is obtained 



from to by alternate applications of half and shrinking (i.e. 2J| 4 j). Look at the 



tree T[t\ with Z3[i]: necessarily the last three objects are the restrictions 

of L[to\, R[tQ\, D[to\ to T[t\. Let s € Y^^lito) be such that T[s] = T[t] (it should be 
clear clear that there is one; actually me s is uniquely determined by the tree T[s]). 
Since in the process of building t the norms were decreased only, and we started with 
half(to), we may conclude that nor[s] > nor[i] -I- [inor[io]J > |nor[to]- Clearly 
val[s] = val[t].] 

Suppose that Hq : V{lo) — > cj is a nice pre-norm, d G F>Ha (see 4.2.4 ). Note 
that ■■ < i < ni) (for {U : no < i < ni) G PFC(i<Q^S|g), 

Ud Q [no,ni)) corresponds to a creature t obtained from i„g,... by suit- 

able applications of S'mo.mi and (the last for the pre-norm H = Ho\V{ud), 
the first is to omit creatures ti for i G [no,ni) \ Ud)- The difference is in dis, but 
this causes no real problem as we may read Ho\V{ud) from the resulting creature 
(and it is essentially the NOR[f](())). We could have changed the definition of 
i^'^iA 2I1 ^4.4.d) to make this correspondence more literal, but that would result in 



unnecessary complications in the definition. Now note that 

if t G ^^{^dTA^o, ■■■ , im-i)), nor[t] > and d* G Dh„ is such 



that Ud' ~ succ2^[t](()) and Si G S j^. 4,^ (^0 for i < m are such that 

z.GsucCT[t](()) ^ {iz-^r;' : 77' G r[sj(,)]} = {77 e T[t] : < 77}, 

then val[t] = val[S^™^^ (sq, . . . , Sm-i)]. Moreover, if nor[t,] > 
for i < m then nor[si] > for i G Ud'- 

This shows that (A p^4 ^ , 4 ^ ) is saturated with respect to nice pre-norms with 
values in u). 

Suppose that t G 4^(to, ■ • ■ ,in-i), nor[t] > 0, nor[ti] > (for i < n). Then 
for some i <n and u G 'J'[t] we find s G ^4.4 -jiti) such that 



{ri G T[t] ■.u<'q} = {v'~^rl : 7/ G T{s\} 

and L[i],i?[t] and Z3[i] above v are like L[s], i?[s], Z3[s], but remember that NOR[i] 
may have nothing in common with NOR[s]: the operation half may be involved. 
However, by the definition of nor[t], we know that if 77' G F)\s\ then 

NOR[t](i^'-'77')(succT[t](j^'^r;')) > 0, 

and this is enough to conclude that NOR[s](77')(succt[s] (^7')) > 0- Moreover D\s\ ^ 
as nor[ti] > 0. Consequently nor[s] > 0. Since 

v\\m!-l^,ml^) = & (7;,u) G val[s] ^ (3u*)((7;, Ti*) G val[i] & u < m*) 



we conclude that (ALj 4 x Sg ^ j) is condensed 
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of 4.3.5 are satisfied 



One easily checks that the demands ((82) and (C 

(remember that t f [mo, mi) is, basically, Sm„.miit))- 

Finally, let us check that {Rt[4 A, ^^Tl) meagering and anti-big. For the first 



note that if t e A|^4 A, nor[t] > 2 and ly G T[t] is a maximal node of T[t] then 
there is s G Er71(rr^ich that ly ^ T[s] and nor[s] > nor[i] - 1. [Why? Take the 
shortest rj <\ v such that rj D[t\ - there must be one as nor[t] > - and choose 
s e 2^2.4.2! so that T[s] = {p & T[t] : 77 < p =^ -^(y* < p)}, where v* € succT[t](?7) 



is suck that v* < ty. Since N0R[t](r7) is a nice pre-norm we have 

NOR[t](7?)(succTH(77)) > NOR[t](77)(succT[*](r7)) - 1 
and hence s is as required.] Now suppose that {to, . . . , G PFC(i^^^, 

nor[ii] > 2, ki e [^dn'^^up) and t e ^ ^.4.^ (^0, • ■ ■ ,tn-i), nor[t] > 2. Then there 
is a front F of T[t] such that for every v ^ F, for a unique i = < n and some 

{7/ e r[i] : 1/ < 77} = {ly-j^* : 1]* G T[s,]} 

and D[t\,L[t],R[t] above look hke D[s,], L[si], R[si\ (but NOR[t] might be different 
than that of s^: the values may be smaller). Now apply the previous remark to 
choose s* e Sp 4 j(si) such that nor[s*] > nor[si] - 1 and ki ^ {L[s*](77) : 77 e 
T[s*] & succt[^*7(7/) = 0}. Finally let s e Er^(t) be such that F C T[s] and for 
each 1/ G F 

{?] e r[s] : 7/ < 77} = {i/'^?7* : ?f £ T[s*(^)]}. 



It is easy to check that this determines a creature s as required in 4.1.2 (1) for 
{ki,U ■■ i <n), t. 

To verify that (-K4 4 2, S j^'4^^ ) is anti-big define colourings 

[J pos(u, t) — > 3 



Ct 



for t e K 



4.4.2 



by: 



ctiv) 



if |{fc e ['Tijjjjm^p) : i;(fc) = 1}| is even > 0, 
if |{fc e [m*,„,mj,p) : 'y(fc) = 1}| is odd , 



't — 

4.4.; 




4.4. 2]]' t £ L 


¥ 

4.4.2 



{to, . . . ,t„-i), nor[ti\ > 1 



Suppose (to, • • • ,tn-i) e PFC{K 
and nor[<] > 1. Clearly for some t < 

\{L[tM : LMO) < miv) < RMi)) and succT[t] (77) = 0}| > 2. 

Let u G basis(io) = 11 2. Take vo, wi S 11 2 such that for ^ = 0, 1 



U < V, 



\{ke 



ii):vAk)^l}\^£+l, 



and 



{A; G ['TT'dn' "^up) • ^^^(fc) = 1} is contained in 

{L[t]ir,) : miO) < miv) < RMQ) & V e T[i] & succj.[,](r;) = 0}. 



Now check that the vo,vi are as required in 4.1.2 (2) for {ti : i < n) , t 



□ 



Corollary 4.4.3. 



(ii|4'4 2I, 4 d) is a proper almost uj -bounding forcing 



notion which makes ground reals nieager and adds a Cohen real 



Proof. By 4.4.2, 4.3.5 and 4.1.3 



□ 
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Definition 4.4.4. 1. For an infinite set X e [u]^ let ■ w — > X be the 

increasing enumeration of X. 
2. Let ip Glj^ he non-decreasing. We define relations S^^^, S^^ C [uj]^ x [lo]^ 

by 

{X, Y) G S^^ if and only if 

{3°^n e cj)(Vi < ^p{nY{n))){\W{n + i), HY{n + i + Ij) n X\ > 2), 
{X, Y) e if and only if 

(3°°n e uj){yi < ^JJ{flYin + l)))i\[^iY{n + i),^iY{n + i + l))nX\ > 2). 
If i/j is a constant function, say tp = k, then S"^ may be called Sk- 

Remark 4.4.5. We will consider the notions of S^^~ and S'^p-localizations as 



given by 0.2.2| for these relations as well as the corresponding dominating numbers 
<}{S^J and d{S^p). Note that for a non-decreasing tp £ w^, S'^p-localization implies 
S'^„-localization (and < ^{S^p)). If {V^n e uj){tP{n) < ^{n}) then Sf- 

localization implies S'if -localization and for eventually constant tp, S'^p-localization 
is the same as S'^j^-localization. 

Proposition 4.4.6. Suppose ip,tp G lo^ art non- decreasing functions such that 



(V°°7i S < i^in) < ip{n)). Then the forcing notion Q*^{K 

not have the S^^-localization property. 



) does 



Proof. This is parallel to [[RoSh 50l| , 2.4.3]. The main step is done by the 
following claim, which is essentially a repetition of RoSh 501, 2.4.2]. 



Claim 4.4.6.1. Suppose thatt e K 



such that -aov^lt] > 11. LetY £ [tuf 



(t) such that nor" [s] > nor'^[t] — 10 and for every n E uj 



Then there is s E 3^.4.2 
there is i < tp{pLY{n + 1 j) such that 

{L{s){v) : V e T[s] & succtwM = 0} n [hy {n + i) , fiY (n + i + 1)) = 0. 

Proof of the claim: The proof is by induction on the height of the tree T[t]. 
One could try just to apply the inductive hypothesis to creatures determined by 
{ry G T[t] : I' < r]} for each i' g succ^ft] (())■ However, this would not be enough. 
What we need to do is to shrink t to separate the sets 

{L[tM ■.iy<v^ve T[t] & succT[t](?7) = 0} 
for distinct ly G succj^jfj (()) by intervals [/iy (m), /iy (to+ 1)). This will prevent "bad 
events" occurring above distinct v e succy [(](()) from accumulating. The shrinking 
procedure depends on the character of () in T[t], so the arguments brake into two 



Case 1: {) e D[t]. 
Let 

Ao = {iyE succT[t](()) : (3m e cj)(^y(2m) < L[t]{i') < R[t]{iy) < /iy (2m -f 1))}, 

Ai = {j/ G succT[t](()) : (3m, e cj)(/iy (2m - 1) < L[t]{iy) < R[t]{iy) < Aiy(2m))}, 

A2 = {z/GsuccT[i](()) : {L[t]{iy),R[t]{i,)]nY ^9}. 

Note that Aq U Ai U A2 = succT[t](()) and NOR[t](())(succT[t] (())) > nor°[t]. As 
NOR[i](()) is a nice pre-norm, at least one of the following holds: 
(0) NOR[t](())(^o)>norO[i]-2, 
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(1) NOR[t](())(Ai)>norO[i]-2, 

(2) NOR[t](())(^2)>norO[i]-2. 

Suppose that (0) holds. Let s G 2 ^ 4 ^ {t) be a creature such that 

T[s] = {rie T[t] : {3v e Ao){tj ^ ly or < rj)}. 

[It should be clear that this uniquely defines the creature s and nor° [s] > nor" [t] — 
2.] Note that by the definition of the set Aq, if 1^1,1^2 S ^0 Siie distinct and 
< L[^]{'^2) then there are toi < m2 < such that 

/Ltr(2mi) < i[s](j/i) < R[s]{iyi) < ^y(2mi + 1) < Aiy(2m2) < 

i[s](^2) < ^W(J^2) < My(2m2 + 1). 
Hence we may conclude that for every n e a; there is i < 2 such that 

{L[s]ir]) : Tj e T[s] & succT[s](?y) = 0} n [MY(n + i), ^y(n + i + 1)) = 0, 
and thus s is as required in the assertion of the claim. 

If (1) holds then we may proceed in the same manner (considering the set Ai). 
So suppose that (2) holds true. Divide the set A2 into three sets A2tA\,A\ such 
that for each i < 3 and 1^1,^2 G A2 with < L[t]{i'2), there is m G a; such 

that 

R[t]{iyi) < f^Yim) < ^y(m + 1) < L[t](z^2) 

[e.g. each A2 contains every third element of yl2 counting according to the values 
of L[t](z^)]. For some i < 3 we have 

NOR[t](())(^^) > N0R[<](())(A2) - 2 > nor°[<] - 4. 

Fix ly e Ai, for a moment and let ^ {ri e T[t] : < or 7/ < i/}. If r^ni:i[<] = {()} 
then necessarily T^, does not contain sequences of length > 2 (remember clause 
(a) (ii) of the definition of KU^^ 4) and 

[{77 e n : succT[t](7?) = 0}| e {l,ib{L[t]iiy))}. 

Let n* G Lu he maximal such that ^y(n*) < L[i](i^) (if there is no such n* the we 
let n* = -1). Then, for every n > n* , ■0(Mr(n + 1)) > il^invin* + 1)) > ■il:{L[t]{v)) 
(as ip is non-decreasing). Hence, letting T* = we have that for each n E oj there 
is i < 'il'{^Yi''^ + 1)) such that 

{L[t](?7) : 77 G r; & sucCT[t](?7) = 0} n [^iy (71 + i), ^^(n + z + 1)) = 0. 



If n i:i[t] 7^ {()} then we may look at a creature t* G K^Jl such that T[t*] = 
{77' : ly-^j]' G r[i]} and L[t*], R[t*], D[t*],NOR[t*] are copieffm a suitable manner 
from t (so they are restrictions of the corresponding objects to T^,) and m*^^ = m*^^, 
toJjp = wjjp. Clearly nor°[i*] > nor°[i] and the height of T[t*] is smaller than that 
of T[t\. Thus we may apply the inductive hypothesis and we find s* G Zlj 4 ^(t*) 
such that nor°[s*] > nor°[i*] - 10 > nor°[i] - 10 and for all ?i G w tEere is 
* < i^{lJ-Y{n + 1)) such that 

{L[s*](77) : 77 G T[s*] k succt[s*] (??) = 0} n [^lY {n + i) , ^J.Y {n + i + 1)) = 0. 

Let T; = {v-j]' : 77' G T[s*]}. 

Look at the tree T* — IJ T*. It determines a creature s G 4 2| (^) (i-c. s is such 

that T[s\ = T\ D[s\ = D[i] nT* etc). Clearly nov^[s\ > nor°[t] - 10 and it is easy 
to check that s is as required (remember the choice of the A| and the T*'s). 
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Case 2: {) i D[t]. 

Since T[t\ ^ {()} (as nor°[i] > 0) we have |succT[t](())| = ^p{L[t\{{))). Moreover, 
for each v e succj-ft] (()) 

either v ^ D[t\ or s,ViCCT[t\{v) — 
(remember the demand (a)(ii) of the definition of Mu^^ J)- Note that necessarily 



D[t] n succT[t](()) ^ (as nor°[t] > 0). Fix v e D[t] n succT[t] (())■ 
Choose a set C svLCC'T[t\{v) such that NOR[<](t^)(A^) > nor°[t] — 5 and one of 
the following holds: 

• (3m e uj){yr] e A^)(Aiy(m) < L[t]{ij) < R[t]{7]) < fiyim + 1)), 

• there are toq < i^i < "^2 < "^3 < ^ such that 

(V77 e A,)(/zr(mi) < L[t]{r]) < R[tM < fiyM) and 
(377 e succr[t] {f)){L[t]iv) < ^J■Yi'mo)) and 
(3?/ e succT[t](i'))(i?M(??) > Aiy(m3)). 

Why is the choice of possible? For m G a; let 

S^," = {77 G succT[t](j^) : My(m) < L[t](ry) < i?[i](7/) < ^y(m+ 1)}. 

If there is m such that NOR[<](())(_B™) > nor°[<] — 5 then we may take the respec- 
tive -B™ as A^. So suppose that 

(Vm e w)(NOR[<](())(BJ,") < nor"[t] - 5). 

Let So = U SJ" and suppose that NOR[t](t/)(Bo) > nor"[i] - 1. Let fco, fci be the 

two smallest elements of {m : 7^ 0} and let k2,k3 be the two largest elements 
of this set (note that \{m : 7^ 0}| > 6; remember that NOR[i](j/) is a nice 
pre-norm). We let 

A^ = {rie succT[t](j^) : + 1) < HAiv) < RiAiv) < ^^(^2)}, 

and Too = ko + 1, toi — ki + 1, TO2 = k2, m^, — k^. Easily NOR[i](i/)(yl^) > 
NOR[i](i/)(Bo) - 4 > nor°[i] - 5 and since S^" 7^ 0, 5^'=^ ^ we see that A^ is as 
required. So we are left with the possibility that NOR[i](i/)(i3o) < nor''[<] — 1. In 
this case we have 

NORM (z.) ({7? e succT[t](i') : (L[t](r;), i?[i](7/)] n F ^ 0}) > nor^M - 1. 

Let 770 , 771 , ?72 , ?73 g succT[t](j^) be such that L[t\{riQ) < L[t\{rii) are the first two 
members of {L[t]{7ii) : rj G succT[t](i^) \ Bq} and L[t]{r]2) < L[t]{r)3) are the last two 
members of this set. Let rrii be such that /iy(77ii) e (L[t]{r]i), R[t]{rii)] (for 7 < 4) 
and let 

A^^ {tj e succT[t](j^) \Bo : /iy(TOi) < L[t]{r]) < i?[t](7;) < Aiy(TO2)}. 

Since 

NOR[t](;/)(succT[t](i^) \ Bo \ {vo,m,V2,m}) > norO[i] - 5, 

one easily checks that A^, is as required. 

Let T" = {t]* : v^^r]* e T[t] k (37/ e Ay){r] <\ v^-q* or v-'^-q* < 7?)}. We would 
like to apply the inductive hypothesis to the creature determined by T'^ (with 
L,R,D and NOR copied in a suitable way from t). However, this creature may 
have too small norm: it may happen that NOR[t](t^)(Aj,) < 11. But we may repeat 
the procedure of Case 1, noticing that the inductive hypothesis was applied there 
above some elements of succ(()). Here, this corresponds to applying the inductive 
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hypothesis to creatures determined by {rj* : rj'^ri* e T[t\} for some rj e A^, and 
these creatures have norms not smaller than nor*'[t]. Consequently we will get a 
tree 

corresponding to a creature Si, with nor''[si/] > nor°[i] — 10 and such that for each 
n Cz uj, for some i < tp(fiY{n + 1)) we have 

{L[t]{r]') : T]' e T"^ & succT[t](?/) = 0} n K(n + i), ^y(n + i + 1)) = 0. 

[Note that the procedure of Case 1 may involve further shrinking of A^, and drop- 
ping the norm by 4. Still, 5 + 4 < 10 so the norm of is above nor°[f] — 10.] Next 
let 

T* = \J{t: : e succTit]i{)) nD[t]}U succT[t](()) U {()}, 



and let s be the restriction of the creature t to T*. Check that s G Sc 4 2|(0 ^ 
required. This finishes the proof of the claim. 

Now we may prove the proposition. We are going to show that, in the model 
the set {to e uj : W{m) = 1} witnesses that the S'^p-localization 



(kW 

D 1.4. 



fails. So suppose that p — (w, to,ti,t2 ■ ■ ■) S 
Since ( 



4) is omittory we may assume that tp{k) < ^{k) for k > £g{w) 



4.4.3' • 



4.4.2 



and Y £ [uf 



and for eacn i GoJ 
(a) nor[t,] > 11 



J,, G D[t,] and 



|(i?M(()),L[i,+i](()))ny| >2, \{£g{w),L[to])nY\>2. 

to get Si £ 4 Mti) such that nor°[si] > nor'^[ti] — 10 and for every 



4.4.6.1 



Apply 

n £ LO there is j < ^p^fiYin+l)) such that 

{L[s,]iiy) : £ T[si] & succt[s.](j^) = 0}n [Aiy(n + j),/iy(n + j + 1)) 
Note that by (a) and the definition of E g 4 ^ and nor" we have 
nor°[t.j] = nor[ii], nor°[si] = nor[s^]. 



) we will have p < q £ Q*aa {K 



and 



Hence, letting q — (w, so,si,S2, 
for every n > £g{w) 

glh (3j < ip{fiY{n+l))){[fiY{n + j),fiY{n + j + l))n{m£uj:W{m) = 1} = 0); 
remember that q forces that {m £ lu : W{m) = 1} is a subset of 

{to < TO^»j : w{m) = 1} U {L[si]{i^) : i < uu k v £ r[s.,] & succt[s.] (i') = 0}- 
This finishes the proof. □ 

Proposition 4.4.7. Let ip,ip £ be non- decreasing, ip{0),-tjj{0) > and 
lim (p{n) < lim 'ijj{n). Suppose that N ^ {Ti.{x), £, <t) is countable, p £ N H 

Q|^(A]tl^, Y^J^, ip,ij £ N andV £ [ui]^ is such that 

{yX £ [u]'^ nN){3°^n £ uj)i\/i < ipipY{n)))i\[tiY{n + i),tiYin + i + l))nX\ > 2). 

Then there is an {N,Q*^{Kf^,Yi^^^))-generic condition q stronger than p and 
such that 



q Ih "for every X £ [uj]^ n N[T^, 



(3°°7i £ uj)(yi < ip{fiYin))){\[fiY(rn-iy7jfY{n + i + i))nx\> 2)". 
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Consequently, if il^ is unbounded then the forcing notion i^hA ^'.4 d) 
the S'^^^-localization property for every non- decreasing if. If ip is bounded, say 
lim ij^in) ~ k, then Q^looi^^^i 



has the Sk -localization property. 



Proof. This is like |RoSh 501, 2.4.5]. Wc will deal with the case lim = 

00 (if ip is bounded then the arguments are similar). 

Suppose that tf,Tp,N,p,Y are as in the assumptions. Let ((t„ : n < uj) enu- 



merate all Qt^{K 



)-names from N for ordinals and let (X„ : n < lo) list 



"■4.4.2' ^iA.2l 

all names for infinite subsets of uj. Further, for n £ u, let f„ G be a name for a 
function in uj'^ such that 



3 4.4.2 



^ 4.4.2 



■j (Vm e w)(Vi < n){\[m,Tn{m)) O 



XA>2) 



We inductively construct sequences {pmPl 
such that for each n € oj: 



: n < to), {gn : n < uj) and {in : n < uj) 



(a) Pn,Pn G Q*oo(-K]^, S ]^ ) n A^, 5„ e tj'^ n iV is strictly increasing, i„ e w, 

(b) p <g°° p„ 



— n — ^ 



— 7> ^soo ^* ■ ^ ■ 

+ 1 Pn+1 2^n+l 



(c) p„ approximates at each t^^^ for few. 



(d) for each £ cu and v G pos(?i;'', 



nor[t] > then there is w G pos(u, t) such that 



v"'' '-n+^+l' ''n+£+2 

(e) ^(5„W) < V'(i[C;£](())) for every £ e 



(f) G for aU mGoj, 

(g) is such that (Vi < (^(/iy (i„)))(| [^y (i„ («„ + i + 1)) nrng(5„)| > 2), 

(h) = tP;^^ for m <n, 

(i) fori < ip{fiY{in)) let = min{j £ w : g„(j) G [^y(i„ + i), /iY(i„ + « + l))} 
and for z G (*n)), V'(i[C+,"(o)](0))) let = rMfiyiin)) -!)+«; 



then t„ = S„ 



^4(^*(C 



n+j"(i) 



: z < i^(L[t^;^.„(o^](())))) (see clauses (2), 



(4) of the definition of (-KC^ 2 



in 4.4.S , remember (f) above), where 
mo = TOup ", mi = mup , k = ^^ + j"(V'(-^[C+j"(o)K())) - 1). 
0) C+i+m = *fc+i+m fo"^ every m e uj (where k is as in (i) above). 
The construction is quite straightforward and essentially described by the require- 
ments (a)-(j) above. Having defined p* we first choose a condition p'„+ -f G N 



such that it approximates &n+i at each m > n + 1 and p* <^j+i p'n+i (by |2.1.4[ ). 
Then we use 4.3.3.1 inside N to find a condition Pn+i ^n+i p'n+ii Pn+i G N and 
a function gn+i G N such that the demands (a) , (d)-( f) are satisfied. Note here, 
that the creatures t^ constructed in the proof of [4.3.3.1 came from the application 
of ®AB '^1^ 4.3.1. This condition, in turn, is exemplified in our case by the use of 
the operation S"^ (see item (5) of the definition of {Rlj^A i ^^a^i ^ee 4.3.4, 4.3.9). 



IS 



Consequently we may ensure that (f ) holds. As far as (e) is concerned, note that 
in the inductive construction of the condition p in 4.3.3.1, when choosing we 

may require additionally that ifi{g{£)) < ilj{L[tl' ]{{))) (remember (iiLj 4 2], 
omittory, tp is unbounded). Thus we have defined Pn+i,gn+i satisiymg (a)-(f). 
By the assumptions on Y we know 

{3°°m G uj)(yi < ip{pY{m))){\[fiY{m + i), ^iY{m + i + 1)) r\Tiig{g„+i)\ > 2) 
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(remember rng((7„+i) G [w]^ n A^). Hence we may choose in+i > in as required in 
(g). Clauses (h)-(j), (b) fully describe the condition 

„* _ („.,P fP^ + l fPn.+ l X+1 + 1 \ > , „ , ^ 

Pn+1 — ^ ''0 J "-n+l i ''n+2 J ■ ■ ■ ^ r^n+l Pn+1- 

Note here that 

viM^n+i)) < ^(.gn+i(r+'(0))) < ^(l[<;Y+,'-ho)](())) 

(by (e) ; remember (p is non-decreasing) , so there are no problems with the definition 
of t^'^^i in clause (i) . Moreover, S ^.4.2|(^n+Y i ■ ■ ■ i ) ; where A; = n + 1 + 



j"+i(^(L[C;+V,,.+i(o)]((») - 1. and nor[C+Y] > ■ Clearly p^+i e iV. 

Now let q — limpn = limp* G Qsoo(-^tZ2' ^ [4.4.^ ) (see 1.2.13| ). We claim that 
q is as required in the assertion of the proposition. Clearly it is stronger than p (by 
(b)) and is (iV, Q*^(ii#^, i;f7^))-generic (by (c) and |l.2.10| ). The proof will be 
finished if we show that for each k G uj 

q Ih (3°°m G Lu){yi < ip{pY{Tn))){\[nY{m + i), ^lY{m + i + 1)) n Xk\ > 2). 

To this end suppose that k,£ E uj, q' Qtooi^t^A S j'4 j), g < 5'. Passing to an ex- 
tension of q' we may assume that for some n > k we have w'^ G pos(w', ip, . . . , 
and £ < in (remember (b)). Let m > n be such that G S^^(t^, . . . , i^). Since 
nor[iQ ] > m^°j > we find no G [n,m\ and s G 4 j(tPjj) such that nor[s] > 



and 

{L[sM:tj G T[s] & succTw(^) = 0} C {i[i^'](7?) : G T[tg'] & succ^j^,,^ (,?) - 0} 



(compare the proof that (KU,^ 4, d) i'' condensed) . Look at the creature t^^ : it 
is trio"- So look at the clause (i): the creature was obtained from i„g+jiio(i) 
(for i < V'(-^[i^o+j..o(o)] (()))) by applying the operation S* and S„i„^„i^. Since 
s G S^(i«J we have 



isucc^[,](())i = ^(i[CVo(o)](())) = i^imm 

and for each G succj-[s] (()) for unique i — i{i>) < 4'iL[t^^°^j„g^Q^]{{))), the tree 
T[s] above 1/ and L[s],i?[s] and D[s] look exactly like T[si], I/[si], i?[si] and D[si] 
for some Si G S|^(t^'^'^^.„„^,.^) with nor[si] > 0. Now, applying successively clause 

(d) to each t^^°^j„o^iy Si (for i < ip{L[s]{{)))) we find w G pos(iy' , ) such that 
for every 1/ G succ7-[s](()) 



"^1 In 



where j is such that m^^^ — niup . By the definition of the name Tng and the fact 
that k < n < no we get that for each 1/ G succj-fs] (()) 

(i«,i^-,i^-,...)iK " \[gno{r'i^{^))),gno{r"i^H) + l)nXk\>2r 

By the choice of ina, j"°{i) we know that 

I^Y (»„o + < 5no («)) < 5no O'"" (*) + 1) < /^Y (*no + « + 1) 
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for each i < < (^(g„o (0))) < Therefore 

(w, tp> , t^;« , . . . ) 1^ "(V^ < ./.(A^y (i„o)))(| K (i«o + i), Mh^o +^ + l))r^Xk\> 2)" . 



We finish noticing that [w, i^"" , t 



■ ) < (^«, ^1 J ^2 ' ■ ■ ■ ) £ < in < ir, 



□ 



Corollary 4.4.8. T/ie following is consistent with ZFC: 
t) = cov(A^) = non(A^) = H2 + 

/or every non- decreasing unbounded xj; G w^, t'(>S'^p) = H2 + 
for every non- decreasing ip £ lo^ , t'(S'^jj) = Hi. 

Proof. Start with a model for CH and build a countable support iteration 
a, Qq : a < UJ2) and a sequence (i/jq, : a < W2) such that 

(a) tl^a is a Pet-name for a non-decreasing unbounded function in uj^ , 

(b) ihp„ "Qa = Q:oo(^,5ti^ 



(c) for each P^j^-name \p tor a non-decreasing unbounded function in w'^, for 
ijj2 many a < CJ2, l^Po " ^ — "■ 



By 4.4.3 we have 

Ihp^ " cov(7U) = non(X) 



Hi 



and by 4.4.6 we get 

'"P^a " 5 = H2 + for each non-decreasing unbounded ^ G w*^, t'(S'^p) = H2 
To show that 



d{S^^) — Hi for every non-decreasing if E uj' 



we use 4.4.7 and [Sh:i, Ch XVIII, 3.6] and we show that the property described in 
4.4.7| is preserved in countable support iterations. 

So sup pose that ip S lu'^ is non-decreasing and define a context (i?"^, S"^, g''') 
(see ]Sh4 Ch XVIII, 3.1]) as follows. First, for 77 e w'^ let e [co]^ be such that 
/^Xr,("-) — {v{i) + !)■ Next we let (in the ground model V): 

• S"^ is the collection of all A^n7i(Hi) for N a countable elementary submodel 
of (7^(x),G,<*), 

• for each a E S"^, d[a] ~ c[a] ^ uj = d'[a] ~ c'[a], 

• a* = 1, 

• R'^ = Rq is the relation determined by the S'^jj-localization: 

rj R"^ g if and only if {rj, g S and) 

(3-n e c^)(V7 < ^(mx, (n)))(|[Mx, {n + ^), + ^ + 1)) n X„\ > 2) 

(remember that a* = 1 so we have Rq only), 

• g'^ = (ga : a G '5"'') C uj'^ is such that for every a e S"^, for each 77 e a fl 
we have r/ i?"^ ga (exists as each a is countable, e.g. one may take as ga any 
real dominating a). 

By the choice of (i?"^, S"^, g"^) we know that it covers in V (see |Sh:4 Ch XVIII. 
3.2]). 



Claim 4.4.8.1. Let 



be a proper forcing notion such that 
Ihp "(i?'^,S"^,g'^) covers". 



Then: 



4.4. EXAMPLES 



93 



1. Ihp" {Rf,Sf,g'P) strongly covers by Possibility B" (see ^h-.j , Ch XVIII, 
3.3];, 

2. for every ¥-name ^ for a non- decreasing unbounded function in uj^ , 
Ihp " the forcing notion Q*^ {K ^^J^ , ^^ ^1^ ) {R'^ , S'^ , g^) -preserving" . 

Proof of the claim: 1) As a* = 1 it is enough to show that the second player 
has an absolute (for extensions by proper forcing notions) winning strategy in the 
following game Ga (for each a G S"^). 
The play lasts uj moves. 

Player I, in his n^^ move chooses functions /o , . • . , fn G such 
that 

f6„_i = f^-^ f6„_i for ^ < n and f^ R'^ ga for each £ < n. 

Player II answers choosing a finite set &„ C uj, C 6„. 

At the end the second player wins if and only if for each £ E uj 

\Jf^\bn R"" ga. 
n>l 

But it should be clear that Player II has a (nice) winning strategy in this game. In 
his n*'' move he chooses as 6„ a sufficiently long initial segment of lu to provide new 
"witnesses" for the quantifier (3°°ri e w) in the definition of R'^ (for all /q*, . . . , /"). 
2) Since a* = 1 what we have to prove is exactly the statement of 4.4.7 (see [Sh:f , 
Ch XVIII, 3.4A]), so we are done with the claim. 



Now we may use fSh^, Ch XVIII, 3.5, 3.6] (and [4.4.8. 1| ) to conclude that Ihp 
"(i?*^, S"^, g''') covers" and hence immediately 



As every function from cj^ n V''''^2 appears in lo^ 
the proof. 



n V'^" for some a < ^2 we finish 

□ 



CHAPTER 5 



Around not adding Cohen reals 



The starting point for this chapter was the foUowing request of Bartoszyhski 
(sec [Ba94, Problem 4]): construct a proper forcing notion F such that: 



IS w'^-bounding, 
P preserves non-meager sets, 
P makes ground reals to have measure zero, 
P has the Laver property, 

countable support iterations of P with Laver forcing, random real forcing 
and Miller's rational perfect set forcing do not add Cohen reals. 

A forcing notion with these properties would correspond to the invariant non(A/') 
(the minimal size of a non-null set; see |BaJu94 7.3C]). For cing notions with prop- 
erties (l)-(4) were known. The fourth property is a kind of technical assumption 
and might be replaced by 

4~. P is (/, 5)-bounding for some /, 5 £ (with g{n) ^ f{n), of course). 

At least we believe that that was the intension (see an example presented in 



BaJu95, 7.3C], see 5.4.3 here too). However it was not clear how one should 



take care of the last required property. The problem comes from the fact that we 
do not have any good (meaning: iterable and sufficiently weak) condition for "not 
adding Cohen reals" . The difficulty starts already at the level of compositions of 
forcing notions: adding first a dominating real and then "infinitely often equal real 
below it" one produces a Cohen real. Various iterable properties implying "no Co- 
hen reals" are in use, but the point is to find one capturing as many of them as 
possible. The first section deals with (/, (7)-bounding property. We generalize this 
property in t he followi ng section (a special case of the methods developed there is 
presented in [ BaJu95 , 7.2E], however not fully). The "(i, .^)~bounding" property 
seems to be still not weak enough to capture the measure algebra. So we weaken 
this further and we present a good candidate for a property "responsible" for not 
adding Cohen reals in the third part of this chapter (see 5.4.2 too). The tools 
developed in this section are very general and will be used later too. 



5.I. (/, 5)-bounding 

Let us recall that a proper forcing notion P is (/, (7)-bounding (for some in- 
creasing /, 5 e uj^ ) if 

\^r{yxeY[f{t)){3S eVnl[[u:]<'^){'iieuj){\S{t)\<g{i) k x(z) G 5(z)). 



It is almost obvious that (/, (7)~bounding forcing notions add neither Cohen reals 
nor random reals (see e.g. [BaJu95, 7.2.15]). For the treatment of this property in 
countable support iterations see jSh 326| , A2.5] or ||Sh:f , Ch VI, 2.11A-C]. 
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Definition 5.1.1. Let / e w*^. We say that a weak creating pair {K,T,) for 
H is essentially f -big if 

for every weak creature t G K and u e basis(i) such that < ig{u) and 
nor[i] > /(O) and each function h : pos{u,t) — > f{£g{u)) there is s G T,{t) 
such that u G basis(s), ft,fpos(it, s) is constant and nor[s] > nor[t] — j^^- 

Rem ar k 5.1. 2. Definition |5.1.l| may be thought of as a kind of strengthening 



of 2.2.1 and 2.3.2 



Lemma 5.1.3. Let f G lo^ be increasing. Suppose that (if, S) is a finitary 
essentially f-big tree-creating pair, p G Qf'^'^{K,T,) and f is a Qf°'^{K,T,)-name 
such that 

p ll~Qtroo(^ "f G uj^ is such that (Vrt G uj){f{n) < f{n))". 

Then there is a condition q G Q*i^'^'^{K, E) stronger than p and such that for every 
p £ T'' the condition gl'^l forces a value to T\{£g{p) + 1). 

Proof. First note that the essential /-bigness of {K, E) imphes that if t G if, 
nor[t] > /(O) and £g{ioot{t)) > /(O) + 1 th en the tree c reatur e t is 2-big. This is 
more than enough to carry out the proofs of 2.3.6| (2) and 2.3.7 (2) and thus we find 



a condition qa > p, £g{TOot{qo)) > /(O) + 1, and fronts Fo, Fi, F2, ... of T'" such 
that 

(Vn G t^)(V77 G Fn){£g{ri) > n and ^o'' decides 7-(n)) 

and (V?7 G r*)(nor[i*] > 2 • /(O) + 1). For each n G a; we have a function 
hn ■ Fn — > /("■) such that 

{Vri G Fn){qo^ ll-Qt«=<=(K,E) T{n) = hnii])). 

Suppose that p G T'^° is such that positfp) C F„ and fgiiy) > n (note that there are 
v G T''" such that pos(t^") C F„ as F„ is finite). Then we may apply (^ ^.i.j ) and 
we find s G ^{tl°) such that /i„|~pos(s) is constant and nor[s] > nor[i*] — j^^- 
Repeating this process downward and for all n G a; we find a quasi tree T* C T?" 
and G T.itf) for ly e T* such that 

(a) root(r*) = root(9o), 

(/?) nor[s,] > nor[e] - (M^) + 1) • > nor[i?«] - (/(O) + 1), 

(7) pOs(s,.) = SUCCT*(l^), 

(6) if z/, 770,771 eT*,n < £g{v), v <ir]o,v <\ 771, 770,771 G Fn then/i„(77o) = hn{r]i). 

This defines a condition q* G Qf'^'^{K, E). Clearly it is stronger than go and, by (S) 
above, it has the required property. □ 



Remark 5.1.4. If (K, E) is a local tree-creating pair (see |1.4.3| ), p G Q^'^'iK, E) 
then 

(iv G dcl(rP))(root(p) ^ TP). 

Conclusion 5.1.5. Suppose that / G uj^ is increasing, (iiT, E) is essentially 
/-big finitary and local tree creating pair. Then the condition q G Qi™''(if, S) 



provided by the assertion of 5.1.3, gives at most \T'' D Y[ H(7ri)| possible values 

m<n 
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to T\{n + 1) (for each n). Hence, if = Jl |H(m)| then Qf'='=(X,I]) is 
bounding. 

Definition 5.1.6. A weak creating pair is reducible if for each t £ K with 
nor[i] > 3 there is s g such that < nor[s] < nor[f] — 1. 

Definition 5.1.7. Let h : u x uj — > uj. We say that a weak creating pair 
{K, E) is h-limited whenever 

a t E K, u E basis(t), £g{u) < mo and nor[i] < mi then |pos(u,t)| < h{mo,mi). 

If the function h does not depend on the first coordinate (i.e. h{mQ, mi) — ho(mi)) 
then we say that {K, E) is h-norm-limited. We may say then that (K, S) is Hq- 
norm-hniited or just /iQ-hmited. 

Theorem 5.1.8. Suppose that f,g E to^ are increasing, h : u x u — > uj and 
(V°°n E uj){ Jl /i(m,m) < g{n) < f{n)). 

'm<n 

Assume that {K, E) is a reducible finitary tree creating pair which is h-limited and 
essentially f-big. Then the forcing notion Q*^'^°{K,'S) is {f , g)-bounding. 

Proof. Let N be such that (Vn > N){ J] h{m,m) < g{n) < f{n)). Suppose 

m<n 



that p ll~Qtrt!f(K,E) G ri /(^)- By 5.1.3 we find q > p such that for every 77 G T"^ 



the condition q!''! decides rli^gir]) + 1). As {K, E) is reducible we may assume that 
(Vry E T«)(nor[t9] < £5(7?)) and £5(root(g)) > A^. For n e w let 

F* =^ {riET" : £g{r]) > n and (Vz/ E T'i){v < 77 ^ lg{v) < n)}. 

Clearly each F* is a front of and if 77 e _F* then gl''! decides the value of 'r(n). 
Now note that |i^*| = 1 for n < £g{ioot{q)) and \F*\ < H h{m, m) < g{n) for all 

m<n 

other n. This allows us to finish the proof. □ 

Theorem 5.1.9. Assume that (AT, E) is a finitary and reducible creating pair 
which is h-limited for some function h. Further suppose that {K, E) is either grow- 
ing and big or omittory and omittory-big. Then the forcing notion Q*j^(Ar, E) is 
{f T g) -bounding for any strictly increasing functions f,g E lu^ . 

Proof. Suppose that f is a Q*oQ(Ar, E)-namc for a function in Yl /(") ^-i^d 



P £ Qsoo(-^7^)- Applying repeatedly ^.2.3| (or 2.2.6 in the second case) we may 



construct inductively an increasing sequence uq < ni < ... < oj and a condition 
q = iw'^,tl, tl,...)E Qt^{K, E) such that p <l°° q (so «;« = w'P) and for aU k E uj: 

(®o) gink) > n Hni'l^ 2 • ml + 1), 

i<k 

(©1) nor[i|] < 2 • mf^ + 1, and 

(©2) if w G pos(w'^, tg, . . . ,tfc_i) then the condition (w, i^, f^^-^, . . . ) decides the 
value of T\{nk + 1). 
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This is straightforward; to get (©i) we use the assumption that {K, S) is reducible. 
Now we note that for each k: 

IposK, ig, . . . , i^l < n /^("^dl 2 ■ + 1) 

i<k 

and so the condition q allows less than g(nk) candidates for values of f on the 
interval (rife, Tife+i]. □ 

Theorem 5.1.10. Let (K,Yi) be a reducible and finitary creating pair. Suppose 
that increasing functions f,gE uJ^ and a function h : to x to — > lu are such that 

1. (KyY,) is h-limited, 

2. [K, S) is essentially f~big, 

3. (V-n)( n h{m,m)<g{n)<fin)). 

Lastly assume that [K, E) captures singletons. Then the forcing notion (^^^^(ii', S) 
is {f , g) -bounding. 

Proof. Take iV e a; such that H h{m, m) < g{n) < f{n) for all n > N. 

Let f be a Q'^^{K, E)-name for a function in Yl /("-)> ^^^d l^t p e Ql,^{K, E). 

First note that, as {K, S) captures singletons, for each t ^ K we may find s G E(t) 
such that for some u G basis(s) (equivalently: for each u, remember (A', E) is 
forgetful) we have |pos(u, s)\ = 1. Using this remark and p. 1.12 we find a condition 
{ujP, So, Si, S2, . . . ) G Q'^^{K, E) and a sequence < £q < £i < £2 < ■ ■ ■ < such 
that: 

(a) nor[se,] > 2 • /(O) + 2, nor[sf,^J > 2 • /(O) • |posK, so, ■ • ■ , SfJ| + 2(i + 1), 
if n G w \ {.^0, ^1, ^2, • ■ • } then for some u G basis(s„) we have |pos('u, s„)| = 
1, 

(7) 7V + 4<m^;°, p< K,so,Si,S2,...), 

(5) for each j G w, w G pos(iyP, So, . . . , s^ J the condition (it, s^.+i, S£;+2, • ■ • ) 
decides t|"(toup + 1)- 
Next we slightly correct creatures Sf. to ensure that the value of T\{m'^^^i + 1) is 
decided by any u G pos(w^, so, . . . , s^._i). For this we use the procedure similar to 



that in the proof of 5.1.1 (and based on the assumption that {K, E) is essentially 
/-big). Thus we get creatures tg. G E(sj». ) such that (for i G w): 

(Vu G pos(w'',so, . . . ,S£^_i))((M,t£,,S£,+i,S£,+2, . . . ) decides rK^dn+l)) ^^"^ 
nor[ifJ > nor[s^J - (m^'^^* + 1) • • |pos(wP,so, . . . , S£,_i)|. 

Note that |pos(?i'P, so, . . . ,Sio_i)| = 1 and hence nor[tig] > 1. Moreover, for 
each i G oj, |pos(w^, so, . . . , s^JI — |pos(w^, sq, . . . , s^^, . . . , Si.^-^_^i)\ and therefore 
nor[if._i_j] > 2(i + 1). Finally, as (AT, E) is reducible, we may choose t}. G E(i£j 

(for i G w) such that ^±2 < nor[f|.] < m^^. Now we let 

s„j if TO G \ . . . }, 

if TO = ^i, i G cj. 

This defines a condition q G ^^^^(X, E) stronger than p and such that for each 
i G w: 
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(a) {W£pos{w'^,tl,... ,tl_^)){{u,tj^,tl^^,...) decides T\im^^+1)), 



(b) \posiw'',tl... ,tl^^_,)\ < n MWn:<^) <5«^ + 1), 

j<.i 

(c) \pos{w'i,tl... ,tl_,)\ = l. 



Now we easily finish. □ 
Definition 5.1.11. Let H be Unitary, F g uj^ be incr easing. A function 



f : Lu X Lu — > uj is called (H, F)-fast if it is H-fast (see 1.1.12 ) and additionally 



(Vn, £ e uj){f{n + !,£)> f{n, £) + F{£) ■ (^h(^) • £)■ 

Theorem 5.1.12. Suppose that (i^T, S) is a finitary local and 2~big creating 
pair for H which has the (weak) Halving Property. Let F G uj^ be increasing and 
f : LU X UJ — > (jj be {ll,F)-fast. Then the forcing notion Q*j:{K,T,) is {F,ipii)- 
bounding. 

Proof. Suppose that f is a Q*JK, E)-name for an element of Yl F{m) and 



rn<uj 



p e Q*j:{K,T,). By [2.2.11 we find a condition q > p which essentially decides all 



the values T{m) (for m G uj). We may assume that (Vi G uj){nor [t'j] > f{2,m^^)). 
Applying, in a standard by now way, the bigness (hke in |2.2.3| or 5.1.1) we build a 



condition r >a q such that G S(if ), nor[i[] > nor[if] - F{rn^^) ■ ^pn{rn^^) ■ rn^^ 
and for each i G w and u G pos(wP, tg, . . . ,t\_i) the condition (m, . . . ) 

decides the value of T\{£g{u) + 1). Now we easily finish (remembering that {K, S) 
is local). □ 

5.2. (i, .F) bounding 

Here we introduce and deal with a property which, in our context, is a natural 
generalization of the notion of (/, g)-bounding forcing notions. This is a first step 
toward handling "not adding Cohen reals" and, in some sense, it will be developed 
in the next parts of this chapter. After we formulate and prove some basic results 
we show how one may treat this property in countable support iterations. 



A particular case of this machinery was presented in [BaJu95, 7.2E]. 

Definition 5.2.1. Let {K, E) be a creating pair, t — {tn : n e uj) e PC(if, E) 

1. For a function h G uj^ we define Uh{t) as the set 

{s = (s„: n G uj) ePC{K,T.) : t <sk (VnGw)(nor[s„] < /i(m^;))}. 
For n G and h G uj^ we let 

K^(i) = {s G E(t„) : nor[s] < /i(m^J}. 

2. Let /ii, /i2 G uj^ . We say that a forcing notion P is {t, hi, /i2)-bounding if 

Ihp (Vs G Uh,it)){3s* G Uh,ii) n v)(r < s). 



Remark 5.2.2. 1. We will be interested in the notions introduced in ^.2.1 



only for t G PCoo(-R', S) (i.e. lim nor[t„] = oo) and (V°°n)(/ii(n) < h2{n)), 

n — >oo 

lim hi{n) = lim /^2(^^) = oo. 
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2. Note that if {K, E) is nice and simple (see 2.1.7) then 

Definition 5.2.3. For a creating pair {K, S) on H we say that: 

1. {K, S) is monotonic if for each t G K, s T,{t) we have val[s] C val[i]. 

2. (K, S) is strictly monotonic if it is monotonic and for all n G w, ioi • • ■ i G 
K and s G S(ioj ■ • • ,tn) such that nor[s] < max{nor[t£] — 1 : < n} we 
have: 

(Vu e basis(io))(pos(u, s) $: pos(M,to, ■ • ■ ,tn))- 

3. (i^, S) is spread if for each t G K, u G basis(i) and v G pos(u,t) there is 
s G S(f) such that 

nor[s] < -nor[i] and v G pos(u, s). 

Proposition 5.2.4. Let {K,T,) G be a strictly monotonic and spread 

creating pair for H. Suppose that i = (i„ : n G w) G PCoo(^, S) and /ii, /12 G 
are such that 

(V7i)(0 < /ii(m*,;) < /i2(m*i;) < nor[t„]) and (V°°n)(/i2(m*,;) < nor[i„] - 1). 
Then every (t^ hi, h2) -bounding forcing notion does not add Cohen reals. 
Proof. Let w G basis(to) be such that 

(Vn G w)(pos(w,to, • • ■ ,tn-i) C basis(i„)). 

Look at the space 

X = {x e Y[ H(m) : (Vn G uj){x\ml"p G pos(w,to, . . . ,t„))} 

equipped with the natural (product) topology. It is a perfect Polish space (note that 
as {K, S) is strictly monotonic and spread, by lim nor[t„] — 00, for sufficiently 

n — >oo 

large n, for each u G basis(i„) we find two distinct vq,vi G pos(M,t„)). Thus, if 
a forcing notion P adds a Cohen real then it adds a Cohen real c G A". In V[c], 
choose (e.g. inductively) a sequence s — (s„ : n G cj) G Uhi{t) such that 

(Vn G t^)(s,i G S(i„) & cfm^:; G pos(w, Sq, . . . , s„_i) C basis(s„)) 

(possible by ^.2.3| (3), remember that {K,Y,) is nice). We claim that there is no 
s* G Uh^ (t) n V with s* < s. Why? Suppose that s* G Uh^ (t) n V. Working in V, 
consider the set 

O =^ {x G A" : (3n G w)(a;[-m^; ^ pos(w,s*, . . . ,4_i))}. 

This set is open dense in X (for the density use strict monotonicity of (K,Ti); 

remember that for sufficiently large n G ui, nor[s*] < h2{Tn^ < nor[tm] — 1, 

where m is such that m*J^ = m^^'^). Consequently, in V[c], c G O and s* ^ s. □ 

Definition 5.2.5. Let {K, E) be a weak creating pair. 

1. We say that a weak creature t G is (n, m) -additive if for all tg, . . . , tn-i G 
E(i) such that nor[ti] < m (for i < n) there is s G E(i) such that 

to, ■ • ■ , tn-i G E(s) and nor[s] < max{nor[t£] : £ < n} + 1. 
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2. m-additivity of a weak creature t K is defined as 

add,„(t) = sup{fc < uj : t is (k, m)-additive}. 

[Note that each t is at least (1, m)-additive.] 

3. We say that {K,T,) is (g, /i)-additive (for g,h £ u^) if add;i(„^^(t)) (t) > 
girridnit)) for al\t€K. 

Similarly, if {K, S) is a creating pair and t £ PC{K, S) then we say that t 
is {g,h) -additive if (Vn e cj)(add^^^t„^(f„) > g{m^^^)). 

4. If the function g is constant, say g = n, then instead of "(5, /i)-additive" we 
may say "(n, /i)-additive" etc. 

[Note that for creatures we have mdn(t) = "^dn-l 

Remark 5.2.6. The notion of additivity of a weak creature is very close to that 
of bigness: in most applications they coincide. One can easily formulate conditions 
under which (fc, m)-additivity is equivalent to /c-bigness. 

Let us recall that a forcing notion P has the Laver property if it is {f,g*)- 
bounding for every increasing function / e w^, where g*{n) = 2" {g* may be 
replaced by any other fixed increasing function in u^). 



Propo sition 5.2.7. Assume that {K,'S) is a strongly finitary (see 8.3.4 ) o.'^d 
simple (see 2.1.1) creating pair, t ~ (tn : n < uj) £ PC{K,'S) and /ii,/i2 G cire 



such that 

(in e u;){h,imll) < h^im'^D) and {y^n){h,{m'^-^) + 1 < h^im'^-J). 

1. /// e bJ^ is such that (Vn G uj){\Vf^^{t)\ < /(m^n)), g £ oj^ is strictly 
increasing andt is {g, hi) -additive then every [f , g) -hounding forcing notion 
is {J, hi, h2) -bounding. 

2. If t is {g* , hi) -additive (where g*{n) — 2"J then every forcing notion with 
Laver property is (t, hi, h2)-hounding. 

Proof. 1) Suppose that (s„ : n G a;) is a P-name for an element of Uh^{t), 
p € P. Since {K, S) is simple we know that p Ih s„ G S(t„). Consequently, we may 
apply the assumption that P is (/, (7)-bounding (remember the property of /) and 
we get a condition po > p and a sequence (s^^ : £ < .9^(™dn), n < ui) such that 

(Vn < c.)(V^ < <?(m^;))(s+, G V^^ {t)) and 
Pa Ihp (Vn G t^)(s„ G {s+j. : £ < ff+(m^;)}), 

where g~^ G uj'^ is such that for each n G uj: 

n+(fr,*- ) ^ / f (™d;) if '^iC"^;) + 1 < 'i2(m*i"J, 
^ ^ diW I I otherwise. 

Since t is {g, /ii)-additive we find (s* : n E lu) £ Uh2 (t) such that for each n G w 

(V£ < 5+(™:i"J)(<, G 

Clearly, po Ih (s* : n < oj) < (s„ : n < w). 

2) Similarly □ 
Definition 5.2.8. Let (-ft', S) be a creating pair and t = {tn : n e uj) e 

PCoo(if,S). 
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1. We say that a partial ordering T — [T , <*jr) on C ij^ is i-good if: 

(a) ^ is a dense partial order with no maximal and minimal elements, 

(b) for each h € T 



lim [nor[i„] — h{r 



(Vti G < hC^dn) — nor[t„]) and 

(c) if /ii, /i2 G J^, hi <*jr /i2 then 
(Vn e w)(/ii(m*,"„) < /i2(m*i"„)) and lim [//-2(m*,"„) - /ii(m*i"„)] = oo. 

2. Let be a f-good partial order (on C w'^). We say that a forcing notion 
P is (i, jr)-bounding if P is {i, hi, /i2)-bounding for all hi,h2 G T such that 

hi <*jr h2. 

It should be clear that if is f-good, t £ PCoo(-ft^, S) then the composition of 
(t, ^)-bounding forcing notions is (i, ^)-bounding. To deal with the limit stages 
(in countable support iterations) we have to apply the technique of |Sh:f, Ch VI, 
§1]. Theorem H^tj below fulfills the promise of |BaJu95| , 7.2.29]. 

Theorem 5.2.9. Let {K,Yi) G 7Y(Ki) be a simple and reducible creating pair 
and let t = {tn : n < uj) e PCoo(i^, S), nor[t„] > 2. Suppose that f = [T,<*jr) 
is a t-good partial order such that t is (2, h)-additive for all h G J-. Assume that 
(Pq,, Qa '■ a < (3) is a countable support iteration of proper forcing notions such that 
for each a < 13: 



lb 

Then P^ is (t , T) -bounding. 



}a 'is {t, J-') -bounding". 



Proof. We are going to use [ 5h:l , Ch VI , 1.13A] and therefore we will closely 
follow the notation and terminology of |Sh:f, Ch VI, §1], checking all necessary 
assumptions. First we define a fine covering model (I?-^'*, i?-^'*, <-^'*) (see [Sh:f, 
Ch VI, 1.2]). 

For h E T and n G wc fix a mapping -0^ : u V^{t). Next, for ft, G 
and rj G we let ip'^irj) ^ {^!^{r]{n)) : n < uj) . Note that, as {K^T.) is nice, 
tp'^i'il) G Uh{t) (for all rj G ut^). Further, for ft, G JF and for s — (s„ : n < oj) > t we 
let 

T,j, = {z/ G uj<^ : (Vn < £g{j,)){tp'^{j,{n)) G S(s„))}. 

Clearly each Ts^h is a subtree of and any node in Tgji has a proper extension 
in Tg^h (remember that {K,!!) is reducible). We define: 

• D^'^ is 7i(Ki) — 7i(Ki)^ (we want to underline here that - in the iteration 
- Z)-^'* is fixed and consists of elements of the ground universe), 

• for x, T G Z?'^'* we say that x i?-^'* T if and only if 

X = {h*,h) and T = Ts^h- for some h*,heT,h* <J. ft, s G Uhit)nD^^\ 

• for (h*,h),(h**,h') G dom(i?^'*) we say that (ft*, ft) <-^'* (ft**, ft') if and 
only if ft* = ft* 



<*jr ft <*jr ft'. 



Claim 5.2.9.1. (L*-^^*, i?-^-*) is a weak covering model in V (see [Sh:i, Ch VI, 



1.1];. 



Proof of the claim: The demand (a) of the definition [Sh:i, Ch VI, 1.1] of weak 
covering models holds by the way we defined i?-^'*. The clause (b) there is satisfied 
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as for each G uJ^ and x — {h*,h) such that h*,h e T, h* <^ h, we have 
iP'^'iv) e Uh'it) C Uh{t), X i?-^'*r^.. and 77 G hm(T^,.-(„)^;,0- 

Claim 5.2.9.2. A forcing notion P is (i^ T) -hounding if and only if 
it is (D-^'*, i?-^'*) -preserving (see pni , Ch VI, 1.5] j. 

Proof of the claim: Suppose P is (i, .F)-bounding. Let 77 be a P-name for an 
element of and x = {h*,h) G dom(i?-^'*) (so h*,h & T and h* <*jr h). Then 
Ihp ij}^' (77) G (f) and, as by |^(2) P is (t, /i*, /i)-bounding, 

ih, (3sG ;7,,(i)nv)(s< v''*(77)) 

and hence 

Ihp (3T G D^-^){x R^'* T & 7) G lim(r)) 

(so (D^^*, i?^'*) covers in V""). 

On the other hand suppose that P is iD^'\ i?^'*) -preserving. Take h* ,h £ T 
such that h* <*jr h and let s be a P-name for an element of Uh'{t). Let 77 be a 
P-name for an element of w'^ such that Ihp i''^' {1)) — s. As, in V"", (D-^^*, i?-^'*) 
still covers (and x — {h*, h) G dom(i?-^^*)) we have 

Ihp (3s G D^^^){-s G Unit) kr,e lim{Ts,h'))- 

Hence we may conclude that P is (t, h*, /i)-bounding. 

Claim 5.2.9.3. (Z?"^'*, i?'^'*, <'^'*) is a fine covering model (see ph^ , Ch VI, 

1.2];. 



Proof of the claim: We have to check the requirements of | Sh:f , Ch VI, 1.2(1)]. 
We will comment on each of them, referring to the enumeration there. 

(a) (Z)-^'*, i?-^'*) is a weak covering model (by 5.2.9.1). 

(/3) <-^'* is a partial order on dom(i?-^'*) = {{h* , h) E T x T : h* <*jr h} such 
that: 

(i) there is no minimal element in <'^'*, 

(ii) <-^^* is dense as <5r is such, 

(iii) if xi <^-^ X2 (so xi = {h*,hi), X2 = {h*,h2) and h* <*jr hi <*jr 
h2) and xi i?-^'* T then there is T* G L*^'* such that T C T* and 
X2 R^'^ T - namely T itself may serve as T*, 

(iv) iixi,X2 G dom(i?-^^*), xi <^'* X2 and xi i?^^* Ti, xi i?-^-* Ta 
then there is T G Z?'^'* such that 

X2 i?-^'* T, Ti C T, and {3n G w)(Vi^ G T2)(t/['7i G Ti ^ v eT). 

For (/3)(iv) we use the assumption that t is (2, /i)-additive for h E J-. Let xi = 
{h*,hi), X2 = {h*,h2) (so /i* <5r ft-i <5r h 2) and let S£ = (s£,m : to < t^;) G C/hi(t) 
be such that Te = T^.m. (for £=1,2). By |5.2.8K lc) we find n < lu such that 

(V771 > n){hi{m^Xn) + 1 < ^2("ldn))- 

For each m > n we choose s,„ G S(tm) such that 

si,m, S2,m G S(sm) and nor[s„] < max{nor[si,„], nor[s2,m]} + 1 < /l2("^dn) 

(remember that tm is (2, /ii(TO^™))-additive). For 7n < 7^ we let Sm = si,m G 
147(t) C 14™(f). Finally let s = (s™ : to < w). As (ZsT, S) is nice, and by the 
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choice of the Sm's we have s S Uh2{t)- Look at T = Tg^h' G -D'^'*. By definitions, 
X2 i?"^'* T, Ti C T (remember that E(si,,„) C S(s,„) for aU m E uj) and if e T2, 
J^frt S Ti then u eT (as S(s2,m) C S(sm) for m > n and Sm = si,m for m < n). 



Now comes the main part: conditions (7) and (S) of | Sh:f , Ch VI, 1.2(1)]. As 
the second one is stronger, we wiU verify it only. Let us state what we have to 
show. 

{6) If V* is a generic extension of V and, in V* , (I?-^'', i?-^'*) is a weak covering 
model (i.e. it still covers) then the following two requirements are satisfied 
(in V*). 

(a) If X, x^ ,Xn G doni(i?-^'*) and r„ G Z?-^^* are such that for each n G w: 

Xn <'^'* Xn+1 <^'^ X^ <-^'* X and Xn R^'* Tn 

then there are T* G D^'* and W G [w]^ such that x i?-^-* T* and 
{yyGw'^: (ViGiy)(77rmin(VK\(i+l)) G |J T,- U Tq)} C lim(T*). 

jew 

(b) If 77, 77„ G u)^ are such that 77|"7^ = r]n\n for every n G w and x G 
dom(i?-^'*) then 

{3T G i:»-^'*)(3°°n)(x i?-^'* T & 77,, G lim(r)). 

So suppose that V C V* is a generic extension and V* ^"(I)-^'*, i?-^'*) covers". 
We work in V* . 

(5) (a) Let h* ,hn,h^ ,h G T be such that Xn = {h*,hn), x — {h*,h), x+ = 
{h*,h'^) and h* <5r <5r /in+i <5r /i+ <3r /i. Choose inductively an increasing 
sequence < ng < ni < . . . < u such that 

(Vm > no){ho{m\l) + 1 < /7,i(m*,"^) < h+{mll)) and 
(Vi G w)(Vm > ni+i)(/i„^(m*,™) + i + 2 < /i„^+i(?Ti*,'^) < h+iml^)) 



(possible by 5.2.8 (lc)). Let s„ = (s„.m : m < oj) G Uh„{t) fl D-^'* be such that 
T„ = Ts^,h* ■ (Note: each s„, /i„ is in V but the sequences (s„ : n < oj), {hn : n < u) 
do not have to be there.) Using (2, /i"'")-additivity of t we choose G T,{tm) such 
that for all 771 G we have nor[s+] < ^^("^^n ) ^'^^ 
if 777, < 771 then s+ = sq,™ (so sq,™ G S(s+)), 
if 7ii+i < 777 < 77j+2, » < ^ then so,„, s„o,„, . . . , s„,,„ G S(s+ ) 
(remember the choice of the 77i's). As (if, S) is nice we have s'^ — (s+ : 777 < a;) G 
Uh+{t). Since h+ <>■ /i and V* \^'%D^^\ R^'^) covers" we find s G Uh{t) n 
such that s < s+ (compare the proof of |3.2.9.2| ). Look at T* =' Ts^h* G f-^'*. By 

the definitions, x i?-^'* T*. Let W =^ {77^ : i G Ci^}. Suppose that 77 G lu^ is such 
that 

(ViGcj) (77^77,+! G \Jt„^UTo). 

j<i 

This means that for each m E uj: 
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if m < ni then 77 [(m + 1) G Tq = ^go,/i* and so 

i^'^iriim)) G S(so,m) C I](,s+) C 

if ni+i < TO < ni+2, i G w then ?7f(TO + 1) G Tq U Tn^ U 
and so 



^'Livim)) G S(so,™)US(s, 



U 



Hence (Vm G ('7(w)) G S(sm)) what implies that 77 G lini(T5^ 



lim(T*), 



finishing the proof of {5) (a) . 

((5)(b) This is somewhat similar to ((5) (a). Let h* ,h ^ T he such that a; = {h*, h) 
(so ft.* <5r h). As is a dense partial order we may take ^ J- such that 
h* <*jr <*jr h. Choose < uq < rii < . . . < uj such that 

(Vi G uj){ym > n,){h*{ml^) +i + 2< h+{ml^)). 

Now take s+ G S(im) such that for to G w we have nor[s^] < h^{m''^^'^) and 

if TO < no then s+ = (?7«o (so -iAm ('?no("^)) € S(s+)), and 



if < TO < Hi+i, i < UJ then V'm (77„o (to)), . . . ,1/'™ iVui+A'^)) ^ 
S(s+) 

(possible as t is (2, /i"'')~additive; remember the choice of the n^'s). Note that, since 
r]\n = rjn \n for all n G uj, we have that 

(V7 G c.)(Vto G c.)(C(^«.(m)) G S(s+)). 

Let s+ = (s+ : m < bj). Thus s+ G Uh+{t) and, as {D^'^,R^'*) covers in V* and 
/i+ <5r /i, we find s — (s„i : to < G C/h(f) n D-^'* such that s < s+. Now we have 

(Vi G c^)(Vto G c^)(V'^;C(?7«.("^)) e S(s„)), 

and therefore (V« G w)(?7ni G lim(Ts_?i.)). As a; i?-^'* ?g,/t*, we finish the proof of 
the claim. 

Now, to finish the proof of the theorem we put together 5.2.9.2, 5.2.9.3| and 
|Sh^ , Ch VI, 1.13 A]. □ 

5.3. Quasi-generic F and preserving them 



Here we will develop the technique announced in |Sh:f[ Ch XVIII, 3.14, 3.15], 
putting it in a slightly more general setting, more suitable for our context. We will 
get a reasonably weak, but still easily iterable, condition for not adding Cohen reals 
- this will be used in 5.4.3, 5.4.4. But the general schema presented here will be 
applied in the next chapter too (to preserve some ultrafilters on u). 

Definition 5.3.1. Suppose that {K, E) is a creating pair, t — {tk : k < uj) e 
PC(i4:,E). 

1. A function W : lj x uj x — > T-'iK) is called a i-system for {K, E) if: 

{&) li k < I < UJ and a : [m*-^^, m\^^) — > w then W(m^^^,m\^^,a) C 

E(tfc, ... , if ), in all other instances W{mQ, mi, a) is empty, 
(b) if s G E(ifc, . . . Tt(), k < £ < Lu then there is n = ny^ls) G [k,£] such 



that for each ctq, ci : [Wdn' "^up) 



■ UJ 



if 



c^o limine mil) = CTi l[m^l, toJ," ) 



then s G M^(TO^„,TO^p,f7o) ^ s G T/F(to^„, w^p, cri). 
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(c) if fco < /ci < . . . < h, Sj E T,{tkj,... for j < i, s e 
I](so: ■ ■ • , and jo < i is such that nw{s) G [fcj„, fcjo+i) (see (b) 
above) and a : [m^^, nT-up) — ^ ^ then 

e 1^ (to^;° , mu^° , a \ [to^;" , mu]? ) ) ^ s e (m^„ , m;',p , ct) , 

(d) for some unbounded non-decreasing function G : (l,oo) — > K-'^ 
(called sometimes the weight of W), for every s G S(tA;, . . . ,ti), k < 
£ < uj, nor[s] > 1, and each cr : ["^dn'"^dn) — * ^ there is i S 
W'(to^''„, m*/p, cr) such that 

t e S(s) and nor[<] > G(nor[s]). 

If the function G might be G{x) = x — I then we call the i-system W 
regular. 

2. For a norm condition C(nor) we let 

Pc(nor)(i" (K, S)) {5 e PCc(nor)(if, S) : t < s}. 

It is equipped with the partial order < inherited from PCc(nor)(^j S)- We 
introduce another relation r:c(nor) on IPc(nor)(^' (-^"^^ ^)) lotting 
So ^c(nor) Si if and only if 

there is S2 € ]Pc(nor)(^' (-^' ^)) ^^^^^^ ^^^^^ < S2 and the 
sequence S2 is eventually equal to si. 
If the norm condition C(nor) is clear we may omit the index to 

3. For a f-system W (for {K, E)) and F C Pc(„or)(^' (■^' ^)) ^^y that F is 
quasi-W -generic in PJ(nor)(^' ^)) 

(a) (F,^) is directed (i.e. (Vso,si G F)(3s e F)(so ^ s & si ^ s)) and 
countably closed (i.e. if (s„ : n < w) C F is ^-increasing then there 
is s G F such that (Vn G w)(s„ ^ s)), 

(b) for every function 77 G there is s = {sm : m < a;) G F such that 

(V-m)(s„, G Wim^^-,m^-,7j\[ml-,m:-))). 



Remark 5.3.2. The demand 5.3.1(ld) is to ensure the existence of quasi-M^- 
generic sets F (see 5.3.4(2) below). Conditions 5.3.1(lb) and 5.3.1(lc) are to pre- 



conditions [ 

serve quasi- M^-genericity in countable support iterations. As formulated, they will 
be crucial in the proof of 5.3.12.2(2). 

Natural applications of the notions introduced in 5.3.1 will be when (X, S) is 
simple or "simple plus at most omitting" . In both cases it will be easy to check 
demands 5.3.1(lb,c). In the first case they are trivial, see 5.3.3 below. 



Proposition 5.3.3. Suppose that (i^, S) is a creating pair and t G PC(-K', S). 
1. If{K,Ti) is simple then the condition 5.3.1(lb) is empty (so may be omitted) 

UJ and s G S(t) 

{st,m ■■ m < uj) e 



and the condition ^.3.1 (Ic) is equivalent to 
(c)- ift G W{mll,m*^i,,a), a : [m*,';^, mj,'j,) 



then s G W{r 



'dn' "'-up 



If W is a t-system for {K,Yi), r/ G uj^ and si 
P^t, {K, S)) (for e <2) are such that 

So ^ si and (V°°m)(so,m G PF(m^'J;'",TO'*° 



"up 



))) 
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then 



Proposition 5.3.4. Suppose that {K,T,) is a creating pair, C(nor) is one of 
the norm conditions introduced in 1.1. 1(\ (i.e. it is one of (soo), (oo), (woo) or (/) 
for some fast function f ) and t g ^Gc(nor){K, E). 

1. (IP'c(nor) (^'^))' ^C(nor)) is tt countttbly closcd partial ordering. 

2. Assume CH. Further suppose that if C (nor) S {(scxd), (woo)} then (i^T, E) 

is growing. Let W : lu x lu x uJ^ > ViK) he a t-system which is regular 

if C (nor) — (/) (for some fast function f). Then there exists a quasi-W- 
generic T in Pc(„or)(^' (-^' ^))- 

Proof. We will show this for C(nor) — (oo). In other instances the proof is 
similar and requires very small changes only. 

1) It should be clear that is a partial order on Pi^(i, {K, E)). To show that it is 
countably closed suppose that s„ = (sn.m ■ m < lu) & ^loi'^: ^)) such that 
Sn ^ Sn+1 for all n G w. Choose an increasing sequence mo < mi < . . . < lu such 
that (Vi € Lu){3m G Lu){mi ~ "^dn"") ^^'^ each n < i < lu: 

if m < uj , mi < rn'^^"' then nor[s„,„i] > i and 

if m < uj, mi < m^^;" then (3m' < m" < cj)(sj_,„ e E(s„^m', . . . ,Sn,m"-i))- 
Now choose s — {sm : m < uj) E PC{K, E) such that 
if m e LU, m^";™ < nil then s^ = so,m, 

if m e w, rn"/^^'™' € [mk+i,mk+2) then Sk+i,m. = 3m* for some m* € uj. 
Clearly the choice is possible (and uniquely determined) and, by the niceness, we 
are sure that s S PC(iir, E). Moreover, by the choice of m^'s, we have that s € 
FGoo{K, E) and so s e ¥*^{t, (K, E)). Plainly, s„ ^ s for all nGuj. 

2) First note that if s e P^(t, (if, E)), 77 e lu'^ then there is s* = {s*^: m < lu) e 
P^([ , {K, E)) such that s<s* and (V°°m)(s;, S W(TO^^,m:p,77r[m^^,m:^))) (by 
5.3.l| (ld), remember that the weight of W is unbounded and non-decreasing). 

Using this remark, (1) above, and the assumption of CH we may build a ^- 
increasing sequence (sq : a < wi) C P^(i, {K, E)) such that 

(Vry e Lu^){3a < c.i)(V°°n)(s„,„ e W^(m^-" , m^-" , r?r[m^;- , m^-"))). 

This sequence gives a quasi- W^-generic P = {sa ■ ce < lui}. 

Note that proving (2) for C(nor) G {(soo), (woo)} we have to assume something 
about the creating pair (if, E). The assumption that it is growing is the most 
natural one (in our context). It allows us to obtain the respective version of the 
first sentence of the proof of (2) for (00). Similarly, if C(nor) is (/) then we need 
too assume something about the weight of the system W. The assumption that W 
is regular is much more than really needed. □ 



Remark 5.3.5. If Wi are t~systems (for i € uji) then we may construct in a 
similar way (under CH) P which is quasi- VFi-generic for all i < cui. 

Definition 5.3.6. Let (if, E) be a creating pair, t G PCc(nor) (^, 5]) (where 
C(nor) is a norm condition). Suppose that W : lu xoj x — > is a t-system 

for (if, E), and P C Pc(„or)(f, (if, E)) is quasi- M^-generic. We say that a proper 
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forcing notion P is (F, W)-genericity preserving (or T-genericity preserving if W is 
clear) if I hp " F is quasi- W^-generic" . 

Remark 5.3.7. 1. Note that if P is a proper forcing notion and F C 
'^c(nor)(*' ^)) quasi- W^-generic then 

l^p "(r, d:) is directed and countably closed". 



W hich m ay fail after the forcing is condition 5.3.1 (3b), so the real meaning 
of 5.3.(]| is that this condition is preserved. 
2. The composition of F-genericity preserving forcing notions is clearly F- 
genericity preserving. To handle the limit stages in countable support iter- 
ations we use the main result of ^h-.j Ch XVIII, §3], see ^.3.121 below. 

Definition 5.3.8. Let {K,T,) be a creating pair, t e PG{K,T.). We say that 
a t-system W : lo x lo x lo^ — > 'P{K) is 

1. Cohen-sensitive if for all sufficiently large m' < m" < lu 

(Vs e S(i,„',... ,t^")){3<T : [m^„,m^p) — > uj){s i W^(m^„, m^p, cr)), 

2. directed if for every m' < m" < ui, (Tq, . . . , am ■ [n\in ' '^up" ) — ^ ^ (™ ^ ^) 
there is a : [rn^^ , Wup" ) — > uj such that 

Proposition 5.3.9. Suppose that (K, E) is a creating pair, i e PCc(nor)(^, S), 
W : to X LO X uJi — > P{K) is a t-system and F C Pc(„or)(^' i^i^)) quasi-W- 
generic. Let P 6e a proper forcing notion. 

1. If W is Cohen- sensitive and P is T-genericity preserving then P does not 
add Cohen reals. 

2. // W is directed, (_fC, E) is simple and P is lo^ -bounding then P is F- 
genericity preserving. 

Proof. 1) Note that if ry € w'^ is a Cohen real over V, W is Cohen-sensitive 
and s = {sm ■■ m < Lo) e PC{K, E) n V then 

(3~m)(s„ ^ PF(m^'„",mJ™,7;r[m^!;^,m^'p"))). 

2) Suppose that 77 is a P-name for a real in lu'^ , p G P. As P is tj'^-bounding we 
find a function rj £ lo^ and a condition q > p such that g Ihp (Vn < Lj){'q{n) < r]{n)). 
Since is directed we can find 77* G w'^ such that for each m < lu 

Next, as T is quasi-PF-generic, we find s — {s^ : m < cj) G F such that 

We finish noting that (Vm < a;)(sm G E(tm)), as {K, E) is simple. □ 

Definition 5.3.10. Suppose that (iff, E^ ) are simple creating pairs and ti = 
{te,,n : m < uj) e PC{Ki, E^) (for ( < 2) are such that (Vm < w)(to^°j^'" = w^n")- 



108 



5. AROUND NOT ADDING COHEN REALS 



1. Let ho, hi e uj^. We say that ii-systems Wq, Wi : lj x uj x uj^ — > T-'iKi) 
(for {Ki,T,i)) are {to, hg, hi) -coherent if there are functions po,pi (called 
(to, ho, hi) -coherence witnesses) such that 

(a) po, pi : — > U{^o(io,m) : to < w}, 

(b) if a : [to^j'j;'" , TOup" ) — > uj, m < uj then pi{a) G Eo(to,m) and 
nor[pi{a)] < /i^(TO^«;™) (for £ = 0, 1), 

(c) for sufficiently large m <uj, for every (Tq ^ ['^dii'" ' "^"p"* ) — ^ there 
is ctq : [to^'i^'" , TOup" ) — > a; such that 

Wi {rn^^"- , TOfjip- ,ai)<ZWo {m^^"- , m[lf^ , ctq ) 

whenever cti : [to^j^™ , TOup'" ) — > uj is such that /3o(o'o) G So(pi(o'i)); 
the sequence erg, as well as poijJo), will be called a po -cover for ao, 

(d) for each s G 'So{to,m), to < cj, if nor[s] < /ii(TO^°j"') then there is 
a : [to^'j;™ , TOup" ) — > u! such that pi{<7) — s. 



2. Suppose that !F = {J^,<*jr) is a io~good partial order (see |5.2.8D . We say 
that a family {Wj^ : h £ T,k E uj) oi fi-systems for {Ki,l^i) is {tQ,T)- 
coherent if for every fc G w and ho £ T there is hi £ J- such that ho <*jr hi 
and the systems W^^,W^'^^ are {to, ho, /ii) -coherent. 

Theorem 5.3.11. Let {Ko,'i^o)T{Ki,'S,i) he simple creating pairs and let 

to e PCoo(i^O,So), h G PCc(„or)(ifl,Sl) 

be such that (Vm < w)(m^°j^™ = ^'^dii™)- Assume that T — {T,<*jr) is a to-good 
partial order and {Wj^ : h £ T ,k £ uo) is a {to, ^) -coherent family of ti-systems for 
(ifijEi). Further suppose that T C P'^^^^^^{ti, {Ki,T,i)) is quasi-W^- generic for 

all h E T, k E CO. Then every {to , T) -bounding proper forcing notion is (F, VF^)- 
genericity preserving for all h E k E lu. 

Proof. Let P be a proper (to, -^)-bounding forcing notion. We have to show 
that for all h E T, k E LU 

Ihp 'T is quasi- -generic" . 

For this suppose that t) is a P-name for a real in oj^ , p E F, k E oj and ho E T . 
Take hi E T such that ho <*jr hi and the systems VF)^^, W^^'^ are {to, ho, hi)- 
coherent and let functions po,Pi '■ ^ — > U{^o(^o,m) '■ m E uj} witness this fact. 
Let s — (s„i : m < a;} be a P~name for an element of Uho{io) such that for some 
N Eui 



p Ihp " (Vto > N){sm is a po~cover for ?7 1 [to^jj^"* , TO^p" ) ) " (see 5.3.1C(lc)) 

(remember clause ^.S.lOK lb)). Now, as P is (fo, -^)-bounding and ho <5r hi, we 
find a condition q > p and s* = (s^ : to < w) G Uhi{to) such that q Ihp s* < I. 
Since {Ko,T,o) is simple this means that q Ihp (Vto G ij){sm G T,o{s^)). Let 
rj E iJ^ be such that for each to G w we have P\{r\\\ml^\ TOup")) = (remember 



nor[sJjj] < hi{m^); see clause 5.3.10 ^1d)). We know that F is quasi-VF^^ -generic 



so there is s = (s„i ; to < cj) G F such that 

(V-m)(s™ G <+Hm^-,TO^'p",77rK;^,TO^^))). 
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But {Ki,I]i) is simple too, so m'^^'^ — m^!^, m^™ — rriup- Thus we may apply 
5.3.1C| (lc) and conclude that for sufficiently large 



so we are done. □ 

Theorem 5.3.12. Suppose that {K, E) 6 7i(Ni) is a creating pair and C(nor) 
is a norm condition. Assume that 

t= {tk : fc <c^) ePCc(„or)(^,S), 

W : LU X uj X uj^ — > 'PiK) is a t-system and 

r C P^^nQ^-jl^, {K, S)) is a quasi-W -generic for [K, S). 

Let (Pq,Qq : a < /3) be a countable support iteration of proper forcing notions such 
that for each a < (3: 

Ihp^ " Qq is T~genericity preserving ". 
Then ¥p is T-genericity preserving. 



Proof. We will use the preservation theorem [ Sh:l , Ch XVIII, 3.6] and there- 
fore we will follow the notation and terminology of [ Sh:^ Ch XVIII, §3], checking 
all ne cessary details. First we have to define our context (R^'^ , S^'^ ,g^'^) (see 
Isini , Ch XVIII, 3.1]). 



For each m G {"^jn : A; G cjj} we fix a mapping 

'ilj"':uj°-^{seK:{3k<e<uj){seT,{tk,...,ti) & m*,''^ = m)}. 

Next, for rj e ui^ we let ip{r]) = (?7(0)), i/'"' ('7(1)); • ■ • where = mo < 
TOi < TO2 < . . . < LU are chosen in such a way that mtp ''^^^'^'^^ = ruk+i. Note that 
i^iv) e ^it, {K, S)), though it does not have to be in Pc(„or)(*~ ^)) ^o not 
control the norms). 

Now we choose (R^-^ , S^^^.g^^^) such that: 

• 5''"'^ is, in the ground model V, the collection of all intersections 7Vn7i(Ki), 
where iV is a countable elementary submodel of (H(x), G, <*); so S^'^ C 
([7i(Ki)^]— ^o)V jg stationary (we could replace S^'^ by any stationary 
subset), 

• for each a G S^'^ we let d[a] — c[a] = lo (so d'[a\ — c'[a\ — cj), 

• a* = UJ, 

• for n < a* and 77, g G we let 

T] Rn g if and only if 

if ip{g) = (sj'^j : m < uj) and m G w is such that Wup > n then 

sfn e I^ ("if;- , mu'p , ?7 1 ["^dn ' "lu? ) ) , 

• is a three place relation such that (77,71,(7) G R^'^ if and only if 
rj,g £ iJ^ , n € UJ and 77 i?„ 17 

(note: this is a definition of a relation, not a fixed object from V), 
(a) V^(ga) = (gtm : TO < t^) e r, 

(/?) (V77 G anu;'^)(V-7n)(g;f,„ G T^(mf ",m^",r7rKr ,m5;-))), 
(7) if a' G a n S^^^, s G a n r then V^ga') r< V^ga) and s r< V'(ga). 



110 



5. AROUND NOT ADDING COHEN REALS 



Note that we may choose ga by g-induction for a G S^'"^ considering ah a' £ 
a n S^'^ , s G a n r and 77 G a n lo^ . So, before we choose ga, we first take 
s?7 = {sr,.m '■ m < uj) ^ T for ?7 e a n uj^ such that 

(/?*) (V°°m)(s^,™ e W^K:r,m:^p",77r[m^-'",m:'r))) 
(possible by 5.3.lK 3b)). Next, as (r, ^) is directed and countably closed (by 
p.3.1| (3a)) we may find sq G T such that 

(Vry ear\uj^)(ya' £ a n S^''^){\/s G a n r)(V'(ga') ^ sq k s ^ sq k Sr, ^ sq). 

Let go G be such that V'(g a) = sq- It is easy to check that ga is as required (in 
(a)-(7) above; for (/3) we use 5.3. 3K 2)). 



Claim 5.3.12.1. 1. {R^'^,S^''^, g^'^) covers m V (see (Shj|, Ch XVIII, 
3.2];, i.e.: 

if X (z~V then there is a countable elementary submodel N of 
(H(x),e,<*) such thata"":^' NDHi^i)^ eS^'"^, (i?^-^-, 5^,^^ gL.vV)^ 
X e N and (V?7 G Nnu;^){3n < Lj){r] i?„ ga). 
2. Let P be a proper forcing notion. Then the following conditions are equiva- 
lent: 

(©)i lhp"(-R^''^,5r,w^gr,W) covers", 
(0)2 IP *s T-genericity preserving, 

(0)3 if p G P and N is a countable elementary submodel of {Ti.{x), G, <p 



SMc/i </iai p, P, S^^^, g^'^ eN,a=^Nn H{^i) G S^'^ then t/iere i 



ts 



an (N,F) -generic condition g G P stronger than p and such that 

q Ihp "(Vry G L^'^ n N[Tp]){3n < u){r, i?„ ga) ". 

Proof of the claim: 1) By the choice of {R}-'^ , S^'^jg^'^) (see condition (/3) of 
the choice of g'"'^). 

2) Assume (©)i. Let 77 be a P-name for a real in lo^ , p G P. By the assumption 
we find q > p, a G S^'^ and a P-name N for an elementary submodel such that 

g Ihp "7VnH(Hi)^ = a k ^GN k {\/r] e lu^ n N){3n < uj){f] Rn ga)" ■ 
But, as ip{ga) G r, this is enough to conclude (0)2 (see the definitions of i?„, 

Now, suppose that (0)2 holds true. Let N,p be as in the assumptions of (0)3 (so 
a'^= N n 7i(Hi) G S^'^). Let g G P be any (A^, P)-generic condition stronger than 
p. Then, by (0)2, the condition q forces in P that 

(Vr,Gw'^nA^[rp])(3(s„: m<c^}GrniV)(V°°m)(s™ G l¥(m^!;^, m^^, 7?^^-, m^!^))) 

(note that rng(g'"''^) G is a cofinal subset of F). But now, using 5.3.3 (2) and 
clause (7) of the choice of g'"''^, we conclude 

q Ihp (V?7 G c^'^ n A^[rp])(3n < Lo){7j i?„ ga). 

The implication (0)3 (0)1 is straightforward. 

Claim 5.3.12.2. Suppose that ¥ is a proper forcing notion such that 

Ihp %R^''^,S''''^,g^^'^) covers". 

Then: 
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1. If Q is a ¥-name for a proper T-genericity preserving forcing notion then 
Ihp "Q is {R^^^,S^''^,g^''^) -preserving (for Possibility A*)" 



(see |Sh:j, Ch XVIII, 3.4];. 
2. hp "{R ^ , S^'^ , g^'^) strongly covers in the sense of Possibility A*" (see 



| Sh:4 Ch XVIII, 3.3]/ 

Proof of the claim: 1) We have to show that the following condition holds true 
in V^: 

(*) Assume 

(i) xi is large enough, x > 2^1 , 

(ii) iV is a countable elementary submodel of (7i(x),e,<p, a N H 
n^ir G S^'"^, and Q, ^r,v^, ^r^w^ Xi,---eN, 

(iii) (V?? ecv'^n N){3n < w){rj i?„ g,), 

(iv) ?7o G is a Q-name for a real in u;^ , 

(v) e Lu^, 

(vi) p,pn QCi N are such that p <q p„ <q Pn+i for all n G lo, 

(vii) (Pn : " < G iV, 

(viii) (Vx e a;)(V°°n)(p„ Ih^ ?7o(a;) = Vo{x)), 
(ix) rip < is such that tjq i?„„ g^, 

(xi) there is a countable elementary submodel A^i of ('H(xi), G, <JJ such 
that Q, S''"''^, g'"''^ ^ Ni ^ N, and for every open dense subset T of 
Q, X G A^i for some n G a; we have pn ^ I H Ni (i.e. (p„ : n £ w) is a 
generic sequence over A^i). 

Then there is an (iV, Q)-generic condition q G Q stronger than p and such 

that 

(a) q lhQ"?7o i?„o ga" and 

(b) q lhQ"(V?7 G nN[T^]){3n < w)(r/ i?„ g,,)". 

So suppose that xi, Xi ^ij o-i ?7o: '^OiP and p„ (for n G lu) are as in the assump- 
tions of (*). Passing to a subsequence (in N) we may assume that p„ \h^"TjQ\n = 
77o F'T-"- Remember that we work in V'''. 

So, as {R^'"^, S^'^,g^^^) covers and N ^ (7^(x), G, <J), we find a countable 
elementary submodel A^2 of {H{xi), G, <* J such that 

Q,5i^^^,gi^''^,77o,%*,(p„ :n<co),7Vi,...G7V2 GiV, 02 ^2 n ^(Ki)^ G 5^^^ 

and (V77 G cj'^ n iV2)(3n < uj){7j i?„ g^J. 

By the choice of g^'^ we know that ^'(§02) ^ V'(ga) (as 02 G a) and hence we find 
TO* G [no,w) such that 

if TO < w, TOup" > TO,* then for some m' < to" < a; we have 

Now, working in N, we inductively choose sequences {ni : £ < lo), (ke : £ < lu), 
{mi : I < oj), (qe : £ < u) and {a^ : £ < uj), all from N. 
Step £ = 0. 

The no is given already. Let toq be the first such that to* < rn^'^^''"" and let 
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Step £+1. 

Suppose we have defined ni,ki,mi,qi,ae. We let n^+i — rriup'' and we choose 
an (Af2, Q)-generic condition q^+i > Pm+i, integers /c^+i € [ne+i,^) and m^+i G 

(rn^jw), and a finite function fj^+i : [n^+i,mup^ *^^) — > uj such that: 
(a) lhQ"(V77ec^'^n7V2[rQ])(3n<c^)(77i?„g,J", 

(/3) lhA"?7o i?fe,+i gas", 



(7) nig^i is the first such that fc^+i < Jn^l^' 

((5) g^+i ll-Q"7?o|'K+i,mup" = CTf+i" 

(possible as, in V', Q is a proper F-genericity preserving forcing notion, remember 
^.3.12.1 (2)). Note that all parameters needed for the construction are in N. After 
it we have 

'^O = fco < "^dn"' "" < "lup^ ''"° = f^l < fcl < "^di? "' < "^up'' = '^2 < ^2 < • ■ ■ 

and (To : [0,ni) — > w, fj^+i : [n^+i,n£+2) — > w. Let cro""cri'~"o'2'^- • • G A^flo;'^. 



By (iii), we find £ > such that 77 i?„j ga- We claim that II-q"?7o Rno ga"- If 
not, then we find a condition q > qe and m < ui such that mup "* > uq and 

91^0 "ga,m i ^^("Idil'^^n^up'", r["ld;''",TOup '"))". 



Let rt = nwistm) (see 5.3.1 (lb)) and let m' < ui he such that m.dn^ — "^dn < 

g / 

"^up l£ "lup^ . Consider the following three possibilities. 
s I 

Case 1: m , ^' > ke. 

an — 

g'^ Sa 

By the choice of toq and m* (remember £ > 0, so mup™ > m^l^^''" > fci > m*) we 
know that for some m" < m'" < uj 

and by the choice of we know that 



By 5.3.1(lc) we conclude that 

; g''' g* g''' 

% I^Q "ga,m G W^("^dn'","^up"'%f['^dn'","^up"))" 

(remember the choice of to', note m" < m' < to'"), a contradiction, 
g / 

Case 2: ^dn^' < 

Then, by the choice of (remember i > 0), we have TOup^''" < ni (and m' < to^). 
As qi ll-Q"r)otfif = tlQlni^ and ryp ga we immediately get a contradiction 

(remember 5.3.1 (lb) and the choice of m'). So we are left with the following 
possibility. 
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Case 3: rii < TO^n^ " < (^^ < "^^)- 

Now the choice of 77, and clause {5) of the choice of work: we know that 

9f II"q " JyotKi^f+i) = ryfKi'T-f+i) " and rj R^, ga. 
Consequently we get a contradiction like in the previous cases. 
Now, choosing an {N, Q)-generic condition q > qe such that 



(possible by 5.3.12.1(2)) we finish. 

2) Work in V'. We know that (i?^'^, 5^'^, g^^-^) covers. Clearly each i?„ (for 
n < uj) is (a definition of) a closed relation on uj^ . So what is left are the following 
two requirements: 

(g) if fli, 02 e S^'^ , fli G 02 then for every rj G w'^ we have 

(3?! < uj){r] Rn gaj ^ (3?! < tj)(77 i?„ gaj; 

®i if Q, 7)0, -^1, Gi, no are such that (in V'): 

(a) Q is a proper forcing notion, 

(b) N -< (nix), e, <* ) is countable, a = Nn H(Hi)^ e S^^^, 

(Vrj e u;"^ n N){3n < iu){7j i?„ g,), 

Q,5^'^,g^'^,xi,...eiV,peQniV, 

(c) ?7o G A'^ is a Q-name for a function in uj^ , 

(d) Xi <X ixi large enough), TVi G N,Ni -< {H{xi), e, ) is countable, 
Q,p,S'^''^,g^'^,77o, . . . e iVi, and d G TV is a Q-generic filter over 
Ni, p G Gi, 

(e) ?7o[Gi] Rno ga, 

then for every y E N D Ti-ixi) there are N2,G2 satisfying the parallel of 
clause (d) and such that y & N2 and 7)0 [G2] Rno ga- 
Now, concerning ®, look at our choice of ga's: by (7) we know that 

ai G a2 ^ V'(gai) ^ V'(ga2)- 

Thus we may use |5.3.3] (2) and the definition of R^'^ to get 0. 
To show ©1 we proceed similarly as in the proof of (1) above. So suppose that Q, 
770, p, N, Ni, Gi, no are as in the assumptions of ©1 and y E N Ci H{xi)- We work 
in the universe V'^. Choose a <Q-increasing sequence (p„ : n E uj) E N, Q-generic 
over A^i, such that {pn : n E uj} E Gi and p„ decides the value of 7)0 \n. Let N2 E N 
be a countable elementary submodel of {H{xi), G, <xi) Ni,y,. . . E N2 

and then choose a countable ^ (H(xi),G,<*J such that iV2 G N2 E N, 

a2 =^ N+ n W(Hi) G ^'^'^ and 

(Vr; G 7V+ nc^^)(3n G c^)(77 i?„ g,J 

(remember that {R^'^ , S^'^ covers in V''). Let m* > no be such that 

iymEu;){mi->m* ^ (3m' < m" < ^)(gt„ £ S(gtw, • ■ • , gt,™-)))- 

Next, working in TV, construct inductively sequences {ng : £ < lo), {ae : £ < uj), 
{G^ :£< uj) (all from N) such that 
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(a) is Q-generic over iVa, G £ N+ (so i)o[Gi] e N+), 

770 [C^] gaa, "£+1 > ui + m* and n^+i = mj"^'*" for some k e uj, 

(7) o-f = ^)o[G^]^[»^i!,f^^+l)• 
Finally let 1] — 770 [Gi] \no^ao^ai^a2 ... £ w'^ n A'' and let ^ > be such that 
V Rne ga- As in (1), One shows now that 77o[G^] R 

no Sa ■ 

Claim 5.3.12.3. The forcing notion Pp is {R^ , , ) -preserving and 
hence 



covers 



Proof of the claim: Due to |5.3.12.2| , we may apply jShift Ch XVIII, 3.6(1)] to get 
the conclusion. 



Putting together 5.3.12.3 and 5.3.12.1(2) we finish the proof of the theorem. □ 



5.4. Examples 



Example 5.4.1. Let F G lo'^ be strictly increasing. 
There are increasing functions f^ = f,g^ = 9 ^ i a-nd ( 



t. t n 



■"5.4 



1) 



ti 



(ifl],sri]), (^,s|t]) - (ifi7i,sri]), P 

[Ti, <^) (for £ < cjjand {Wfj^ : h e JTTk, f^^) such that for every i < 



1. (J ^.4.]| ; ^5.4.i| ), ( 4 i|, 1^ 4 4|) are simple, strongly finitary and forgetful cre- 



ating pairs for 




H5.4 



ePCoo(j^,S^) 



respectively; 

ePCoo(i|I],s|I3); 

J-'e is a countable i^-good partial order; 
ii is (2^, /i)-additive for each h E Tg; 

(W^i^ : h £ Ti, fc e cj) is a (t^, jr^)-coherent sequence of regular i~systems; 

6. each W^f^ (for h G J^i, k & uj) is Cohen sensitive; 

7. (Vh e .^;)(v-m)(|yr(*^)l < /M); 

8. (Vm e cj)(5(m + 1) = F(/(m))). 

Moreover, the sequence {W^f^ : h £ Tg, k,£ < uj) has the following property: 

5.4.1 if r C P^(j'C ^X^ , S ^.4.i| ) is quasi- W^'^^-generic for every k,£ < uj, h £ 

and B is a measure algebra (i.e. adding a number of random reals) then B 
is (r, W£'^^)-genericity preserving for all k,£ < oj, h £ Tg. 

Construction. Let F £ be a strictly increasing function. We inductively 



(®) 



define f,g £ cu' 



(/3) £* is such that n* < £* and 

{£* ■ n:r' ■ 

(7) fc* =<(£*)< -f< + l, 

(<5o) ^(z,0) = 2sW('+i) •«)'=*, 

((5i) i>{i,£+l) = [2M^)(^+^)+i'M 

(e) /(z) = 2'^(^^*),g(z + l) = F(/(z)), 



i < uj) £ UJ and a function : u x u 

"o)"° 



such that: 



(a) 5(0) = F(l), 7i5 > 229(0) satisfies 2^9(o)+i ^ KTi 



7*V 



< 2, 
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(C) n*^i is such that 225(*+i) • k* < n*^^ and 



22g(i+l){i+lY + l ^ 



«+l)^ 



K+i)! ■ 

Why is the choice possible? For clauses (a), {(,) remember that lim 

n — *oo 

clause {(3) note that 

. {N^n*)\_ N< 



oo. For 



m 



Now, we define H 



5.4.1 



I -"5.4.1 



N -{N -!)■ ... 
. For i G a; we let 



(N - [n* - 1)) 



1. 



{eC7'([(n*,fc*)]<) :Ue = «,fc*) & (VM,ii'ee)(w/w' ^ ur\u'^%)}, 
|tli|(*) = {0» : < i'ihf) & 2; : «,/c*) — > <}. 



A creature t G CR[H|X^] is in K ^Z\ if for some meuj, B C Vi[{n*^, fc;;)]"™): 
• val[t] = {{u, w)E U H|I](i) X n H|^(^) : m < «; & B C u)(m)}, 

'i<m 'i<m 

-l-Bl) _ log2(l + (0" 



• nor[t] = — 

• dis[i] = B. 



The composition operation 4 j on j^ js 4 j is given by 

{s G K fn\ ■■ TOdn = »7idn & dis[t] C dis[s]} for t G 

Now we define (All. 4 i|, St 4 jl) for £ < w. The family 4 4 consists of all creatures 
t G CR[Hf77i such that tor some m G w and a nonenipty set C C 4 i\{m) such 
that {y{j!7ri.rn e C){j = / ^ / = n we have: 

• val[i] = G n x 11 H|XI|(«) : « < & wim) G C}, 

z<m ' ' i<'m ' ' 

• dis[i] = C. 

The composition operation 4 ]| on ii| 4 j is such that for t G A || 4 j| : 

dn = ™d„ & dis[s] dis[t]}, 



(t) ^{seK 



5.4.1 



where dis[s] ^ dis[t] means that there is an embedding 

i:{j< ij{m,£) : {3x){{j,x) G dis[s])} ^ {j < ^PirnJ) : {3x){{j,x) G dis[i])} 

such that (Vj G dom(i))(Va;)((j, x) G dis[s] ^ {i{j),x) G dis[t]). Later we 
may identify elements so,si G 5^^7^(i) such that dis[so] ^ dis[si] and dis[si] ^ 
dis[so]. Therefore we may think that we have the following inequality: 

It should be clear that (-K |5.4.i| , £ [5.4.1 ) , (-K ^'.4.]| , ^ 5.4.1 ) are strongly finitary, simple 
and forgetful creating pairs. Now we have to define t, tg. The first is the minimal 
member of PC(i^g, IQ): 

t = (t„i : m < uj) is such that (Vm G w)(mj'^ = m <k dis[tm] = 0). 
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Next, for each m G w (and ^ G uj), we choose ti^m G {Kf^, S ^Xif ) ^^^h 



that 



ni^^" — m and 



Then we let ti = {ti^m : m < uj). Note that 

1 fog2 (1 + (C)"") , 1 fog2(VXm,^)) 
norM^ ]^^) nor[i,,„,] = ^^-^ . oo 

(when m goes to oo, € is fixed). Moreover, if n is such that 

2g(m)(„+i) ^ ^(^'^) (^here m, ^ < c^) 

then the creature t£_m is (2^(™\ n)-additive. Why? Note that if nor[si] < n, Si & 
l|Xl(tf ™) then J2 |dis[si]| < 2^'(™)("+i) and it is smaller than 

which is the number of repetitions of each function from (fim)^"^"" ^"^^ i^i dis[i£^m]- 
For each ^ G w we choose a countable i^-good partial order f^i = {Ti, <^) such 
that for every h E J-f. 

(i) g{m){h{m) + 1) < log^ (^-^j^i^I-^) for ah meuj, 

(ii) there is h* G such that 

h <£ /i* and (Vm G (jj){h*{m) < h{m) + m), 

(iii) there is a function hf G J'e+i such that 

hf{m) > g{m){m + 1) + ilj{m,l) + log2(V'(™, ^)!) (for all m G w). 

There should be no problems in carrying the construction of the J-^. Note that we 
may do this inductively, building a linear order (and so it will be isomorphic to 
rationals). The clause (iii) is not an obstacle (in the presence of (i)) as ip{m,-) is 
increasing fast enough: 

« + 1) log2«) + g{m){g{m){m + 1) + ^j{m, 1) + log^{^{m, 1)1) + 2) < 
« + 1) fog2«) + {9{m) + l){2g{m){m + 1) + V(m, £) + \og^{i:{m, £)l)) = 

Note that the clause (i) and the previous remark imply that ii is (2^, /i)-additive 
for each h G Ti. Moreover, by the choice of the function / we have that for every 
£ < m < Lu and h ^ J^g 

\V^iti)\ < \^{tL,n)\ < 2l'*'"[**.'"ll = 2'^("'^) < 2'^(™'™) = f{m). 

Finally, we are going to define i-systems W^f^ for k,£ ^ u) and h ^ Ti. First, for 
each G cj, /i G we fix a function : uj^ — > IJ V^"(<£) such that for m E uj: 

pj^ iJrn, m+1) . Jm, m + 1) si^to 

Next, for m E uj and a : [m, m + 1) — > uj (and £,k E uj, h E J-i) we let: 
if TO < fc then W^f^{m, m + l,a) = ^^A^{tm), 
if TO > fc then 

Wi f^{m., 171 + 1, a) — {s E S ^.4.]| (tm) : for some u E dis[s] we have 

\{{j,x) G dis[pl(a)] : x[u] = <}| < ^J^^^l^^} 
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(in all other instances we let W^i^{m' , to", a) =0). 

Claim 5.4.1.1. For each k,£ £ ui and h G Ti, the function W^y^ is a Cohen- 
sensitive regular i-system. 

Proof of the claim: First we have to check that Wgi^ is a i-system. Immediately 
by its definition wc have that 5.3.1 (la-c) are satisfied (reme mber (j ^.4.i| , Z! |5.4.i|) is 
simple; see 5.3.3 (1)). What might be problematic is 5.3.1 (ld). So suppose that 
k,£,m G Lo, m > k (otherwise trivial), h G J-'e, cr : [m, m + 1) — > uj, s E S|X^(im), 
nor[s] > 1. The last means that 

^""5~^ -|disMI>C-l- 



LetiV = C-<- 



Choose a set X C {n*^, k^^) such that |X| = iV and XnlJ dis[s] 



3. Note that for each (j, x) e dis[/9)j(cr)] we have 

|{,ie [X]<n :xM =<}| _ |x-i[{0}]nx|....-|x-i[K„-i}]nx| 



N • 



< 



k i<n* 



nz 



«J!-(jV~0! 
iV! 



(iV-<J! (n;,)! 



Now look at clause {(3) of the choice of t*^. It implies that iV" ■■ - — ^ 
hence 



< 2 and 



|{«e[x]' 



1 



< 



< 



1 



22£/(m)m2 — 29("i)(ni+l)(fe+l) 



(the second inequality follows from clause (C) of the choice oin'^, remember m > k). 
Consequently, applying the Fubini theorem, we find uq £ [XY^m such that 



\{{j,x) e dis[pi{a)] : xjup] ^ <}| 
|disK(a)]| 



< 



1 



2s(m)(m+l)(fc+l) ■ 



3.4.1 



{tn 



Thus, choosing s* G ^5.4.i|(s) such that dis[s*] = dis[s] U {uq} we will have 
nor[s*] > nor[s] — 1 and s* e W^i^{m,m + This shows that each W^/^ 

is a regular t-system. 

Finally we show that W^/^ is Cohen-sensitive. Suppose that s G EE 
m > k. Choose a function x* : {n'^,k'^) — > such that (Vm G dis[s])(a 
7i*„). Next take a : [m,m + 1) — > oj such that dis[p^((T)] = {{jo, f*)} for some 
jo < 4>{Tn, £). It should be clear that s ^ W^i^{m, m + I, a). 

Claim 5.4.1.2. For each £ £ ui, the sequence {W^f^ : h G J-i, k E uj) is {ii^Tg)- 
coherent. 

Proof of the claim: Let ho £ J'l, k E lo. By the demand (ii) of the choice of J-i we 
find hi G such that 

ho <£ hi and (Vm G uj){hi{m) < ho{m) + to). 

We want to show that the systems W^f^^ and W^^^ are (<^, /iq, ^i)-coherent and 
that this is witnessed by the functions , . Clearly these functions satisfy the 
demands (la), (lb) and (Id) of 5.3.10, so what we have to check is 5.3.10(lc) only. 
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Suppose that m > k+1, ctq : [to, to+1) — > w. Look at the creature s = pf^g{(^o)- 
We know that nor[s] < /io(m) and hence |dis[s]| < 2s('") Since 29(™)'*'>('") < 
— (remember clause (i) of the choice of J-i) we find a creature s* £ 



^Jl{te,m) such that dis[s] ^ dis[s*], nor[s*] = ho{m) (i.e. |dis[s*]| = 29('")'^"(™)) 
ind tO] 



and tor each function x* : (n^, fcj^) — > we have 



{(j,x) e dis[s] : a; = x*}\ ^ ^\{{j,x) e dis[s*] : x = x*}\ 



|dis[s]| - |dis[s*]| 

How? We just "repeat" each {j,x) from dis[s] successively, till we get the required 
size. We have enough space for this as the number of the required repetitions for 
each function from {n*^, k*^) to n*^ is less than 2s('")''o('"). 

Take CTq ■ [jti, + 1) — > ^ such that /c^g(o'o) = s* . We want to show that this 
(Tq is a -cover for ctq. So suppose that cti : [m, m + 1) — > uj is such that 
Pha^^o) ^ ^.4.i|(P/ii ('''i))- Let t e W^'^^{m,m + l,ai). This means that we can 
find M e dis[ij such that 

, |dis[p^^ {ai)]\ 2f(")''i(™) 

|(?, x) G disfou, (cti)! : a;[ul = n* || < ^ , — , „, < ^ , — , „. . 

Hence, remembering that dis[s*] ^ dis[p^^ (cri)] and the choice of hi, we get 

|{(j,a;) edis[s*] : x[u] = n*^}\ < 

2g(m)ho(m) 2™ff('™) 1 |dis[s*l| 

< 



2g(m)(m+l)(fe+l) 29(™)(™+l) 25'-™-' 2ff(™)(™+-'-)('^+^) 

But we are interested in s. By the choice of s* we have 
\{{j,x) e dis[s] : x[u]=n;j\ ^ J{U,x) € dis[s*] : ^ 1 



|dis[s]| - |dis[s*]| 29('^)('"+i)(fe+i) 

and therefore i G ^iho ("^' ^" '''o)- Thus we have proved 

W^+^im, TO+1, ai) C W^\„(to, m + 1, ao) 
whenever ^^^(o'o) ^ ^5 4 i ('''i))- This finishes the claim. 



Claim 5.4.1.3. Suppose that T C P^(_K3 4 j, Z5.4.1) is quasi-W^ ^-generic for 



all k,£ (z (jj, h dz J-g. Let M be a measure algebra. Then 

ha "T is quasi-W^ generic for all k,£ ^ u, h ^ Tg" . 

Proof of the claim: Let /i be a cr-additive measure on the complete Boolean algebra 
B. Let k,£ u!, h ^ Ti. Suppose that t) is a B-name for a real in uJ^ , b G B+ 
(i.e. /i(6) > 0). To simplify notation let us define, for m G w, 

K,n^\Vr{te)\, Af™ = 29('")('"+i) ■ if™, iV„ = V(m,^)! 

and let hf G J^e+i be the function given by the clause (iii) of the choice of ^i+i- 
Fix TO G w for a moment. 

For s G V™{tg) choose a creature t{s) G I]^^(t^+i^m) such that 

• |dis[t(s)]| ^Nrn, 

• for each x* : {n*^,k*^) — > n*^ 

\{{j,x) G dis[s] : a; ^ x*}\ _ \{{j,x) G dis[t(s)] : x ^ x*}\ 



|dis[s]| |dis[t(s)]| 
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(possible be the choice of Nm and the fact that each x* is repeated more than Nm 
times in dis[tf+i^m]). Further, we choose integers g{m,s) < Mm for s G V^iti) 
such that 

y g{m,s)^Mm and , MlpK^tlm, m + 1)) = .J, ■ b) _ gjrn^ ^ J_ 

(where |-]b stands for the Boolean value). Take a creature t*j S ^5.4^i|(ij?+i,m) such 
that for some sequence {As : s G ^/T'C^^)) of disjoint subsets of ip{rr^i + 1) we have 

• \As\= g{m, s) ■ Nrn, 

• [j{As : s e y^TC*"^)} = {j < : (3a;)((.7, x) G dis[t;,])}, 

• for some bijection tt^ : g{m, s) x dis[t(s)] — > Ag we have 

(Vfc < g{m,s)){y{j,x) e dis[t(s)])((^,(fc,(j, £ dis[CJ). 

Why is the choice of the possible? Note that our requirements imply that 

|dis[CJ| = Mm ■ Nm = 2«W(™+i) . \Vtm ■ < .t^";>^-t-^-i 

and the last number says how often each function is repeated in dis[ij»-)_i ,„]. More- 
over 

nor\t* 1 = g("')(™+i)+i°g2(l^r(t^)l)+i°g2(^('"/)') ^ 

g(m)(m+l)+»/.(m/)+log2(V.(m/)!) ^ /tf /j® 
Thus t*meV^{k+l). 

Let 77 G be such that pl%^{r]\[m,m + 1)) = t*j. Since T is quasi-W''+"^ g,- 
generic, we find s = {sm : to < G F such that for some m* > fc + 4 
(Vm > m*){sm e W'^*^^"^^^ (m, to + 1, 77f[TO, to + 1)). 

Fix TO > TO* for a moment. We know that for some u G dis[sm] we have 

|dis[t;j| 

2g(m)(m+l)(fe+2) ' 

For s G Vf;^{U) let 

dct |{(j» e dis[s] ■.x[u]^n*m}\ _ \{{i,x) G dis[t(s)] : x[u] ^ n*m}\ 



\{{j,x) G dis[C] : x[u] = <„}| < 

-{U) 1 
j„t III 



|dis[s]| |dis[t(s)]| 
and note that Yl,^rn{.s) ■ g{m,s) ■ = |{(j, a;) G dis[t;^] : x[u] ^ n*^}\. Let 

Xm = e : Ym{s) > ^^^m)iX)ik+l) ^ 

(so p^(cr) ^ A'm implies s™ G W^i^{m,m + l,cr)). Note that 

g{m, s) ■ Nm ^ ^ . . , N ,r / ^™ ■ ^™ 



E 9o(r»)(L+l)(fc+l) ^ E >'™(S)-3K5)-7V™< 



2g(m)(m+l)(fe+l) — "niV"; 'JV'-i-^l "'"i — 2g(m)(m+l)(fc+2) 

and therefore ^ — 2g('"K'"+i) ' Hence 

A'(Ipl('7t["^,TO + 1)) = s]b • fe) ^ f 9{m,s) , 1 1 
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Let bm — J2sex Ipl(')t['7i, + 1)) = s]b ■ b. By the above estimations we have 
fJ-{bm) < 2^+4 (remember m > m* > k + 4 > 4). Look at the condition b* = 



b - (E™>™. b^)- Clearly > and 



b* Ihe (Vm > m*)(pl(77r[m,m + 1) ^ A',„)) 



and therefore 



6* ll-B (Vm > m*)(s„ e Wai{m,m + l,r]\[m,m + 1))). 

This finishes the proof of the claim and thus checking that the construction is as 
required. □ 

Conclusion 5.4.2. Let F e uj'^ he strictly increasing and /, g, {K ^a.iI S ^.4.i| ), 
(i^|I],SQ, t, = {Ti, <\) (for i < and (W,';^ : h e Ti,k,£ < Sfbe 

given by 5.4.1 (for F). Suppose that F C P^(-R]5.4. i|, ^. 4.i|) is quasi- W^/^j-generic 



for every k,£ < iv, h £ Te (exists e.g. under CH, see 5.3.4| (2), [S.3.5 ) 



1. Countable support iterations of proper forcing notions which are (F, W^f^)- 
genericity preserving for all k,£ G u;, h G is (F, W/^)-genericity preserv- 
ing (for k,i € uj, h G !F) and hence does not add Cohen reals. 

2. Every (/, g)-bounding proper forcing notion (this includes proper forcing 
notions with the Laver property) and random real forcing are {r,W^f^)- 
genericity preserving (for k, i G to, h G Te), 

3. Assume CH. Then any countable support iteration of proper forcing notions 
of one of the following types: 

(/, g)- bounding, Laver property, random forcing 
does not add Cohen reals. 



Proof. By ^.4.l| , |5X9| (1), |5.3.1l| , |5.2.7| and |5.3.12 



□ 



Example 5.4.3. We define a strictly increasing function F G lo^ and a creat- 
ing pair (i^jsX^, XjsXa) which: captures singletons, is strongly finitary, reducible, 
forgetful, simple, essentially /^-big and /i-limited for some function h : uixuj — > uj 
such that (V°°n)( Y[ h{m,m) < g^{n) < f^{n)), where f^,g^ are given by 



5.4.1 for F. 



Construction. For N < lu we define a nice pre-norm Hn on ViPiN) \ {N}) 



by: 



Hn{A) = log2(l -I- max{fc < uj : {\fx G [N]^){3a G A){x C a)}) 
(for A C V{N) \ {N}). Note that if B C C C V{N) \ {N}, Hn{C) > 1 then: 

1. max{fc <uj: {Vx G [N]^){3a G C){x C a)} > 2, 

2. Hn{B) < Hn{C), 

3. max{i7Ar(B), Hn{C \ B)} > Hn{C) - 1. 

For 3) above note that if it fails then we find k{) G lo such that 

1 + max{i/A,(B), i/jv(C \ B)] < log2(2fco) < Hn{C). 
By the first inequality we find xo,xi G [N]^'^ such that 

(Va G B){xo 2 a) and (Va G C \ B){xi % a). 
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But the second inequahty imphes that there is a g C such that xq U xi C a, what 
gives a contradiction. 

As clearly HnUci}) = for a G V{N) \ {N}, Hn is really a nice pre-norm. 



Let F euj^ he defined by F{m) = 2(™+i)'-2' (for m e lu) and let f^,g^ be from 
(for F). To simplify notation let M„ = 2/''("), 7V„ = (n+l)2.2^" (for n G w). 

t 



5.4.1 



Let H : cu 
Let K| 



4.3 



— > V{[lu]<-'^) be given by H(n) = [7V„ 
consist of creatures t G CR[H] such that, letting m 



'dn' 



(a) dis[i] is a subset of H(m), 

(b) val[t] = G n H(i) X n H(i) : w; < u & M(m) G dis[i]}, 

The composition operation Xjg 4 3 is the trivial one: it gives a nonempty result for 
singletons only and then S|5.4.3|(t) = {.s G -KliX^ : m^^ — m^^^ & dis[s] C dis[i]}. 



Now, we have to check that (j ^.4.3| , S ^.4.3| ) has the required properties. Clearly 
it is a strongly finitary, simple and forgetful creating pair. Plainly, it captures 
singletons. Note that if tm G K |5.4.3| (for ni G uj) is such that dis[tm] = H(m) then 

i/Ar,„(H(m)) log2(l + 2*^") 2-^''(™) „,,_„o 



nor[tm] = 



> 



(m + l)-/^(m) (m + l)-/^(m) (m + 1) • /^(m) 

Consequently the forcing notions Qloi^^A^, 4^.4. 3| ), Qwoo (-^^fTs], ^^1^ etc will be 
non-trivial. 

To verify that (-^ ^.4.3] , I^sX^) is reducible use the fact that Hn is a nice pre-norm 
on ViViN) \ {Njfif a & C e V{V{N) \ {N}), Hn{C) > 1 then HAr(C) - 1 < 
Hn{C \ {a}). For similar reasons (i ^.4.3| , S ^.4.:j ) is essentially /^-big, remember 



that we divide the respective value of i?Ar„ by (m + 1) ■ f (m) (where m 



Finally, let h{m, k) 
TO G w, so (A| 
TO G w: 



for TO, fc G UJ. Then |H(to) 



H5.4.3 



\2M. 



< 2 



N„ 



for all 



S 5.4.3) is /i-limited (actually much more). Moreover, for every 



9 



2(m+l)^-2'' 



> 



k<m 



Thus (ii5. 4. 3, 515.4.3) is as required 



□ 



5.4.3 



Conclusion 5.4.4. The forcing notion i 

1. is proper and tj'^-bounding, 

2. preserves non-meager sets, 

3. is (/^, (7^)-bounding, 

4. makes the ground model reals have measure zero. 
Moreover, assuming CH, countable support iterations of 

Laver's forcing notion. Miller's forcing notion and random forcing do not add Cohen 
reals. 



, (-R ]5.4.3| , ^.4.3| ) with 



Proof. The first required property is a consequence of 2.1.12| and 3.1.3. The 
second follows from 3.2.6| and the third property is a consequence of 5.1.1C| . The 



"moreover" part holds true by 5.4.2 



Let -^==11 be equipped with the product measure. Of course, this space 



is measure isomorphic to the reals, so what we have to show is the following claim. 
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Claim 5.4.4.1. Ih 



Qwoo(-Kp^,sini|) riX is a null set". 

Proof of the claim: Let W be the Q^oo(^-4-s|' ^ 3.4.3 )~iiame for the generic real 
(see |1.1.13| ) and let yl be a (J ^.4.3| , S] ^.4.3| )-name for a subset of X such that 

''A^{xeX: e W{n))y\ 

Note that Ih" (Vm e u;){W{m) e [A^m]^"")" and 2^ = (m+iyi - Consequently, 
Ih" A is a null subset of X" . By the definition of (iijsX^, S^Xs) (remember the 
definition of Hjsi) one easily shows that Ih" V n ^ C what finishes the proof of 
the claim and the conclusion. □ 



One may consider tree versions of 5.4.3 
Example 5.4.5. Let F e , h : uj x uj 



and H 



l< w 



) be as 



defined in 5.4.3 , There are finitary tree-creating pairs (A ^ 4 cj , I j^ 4 g| ) (for £ < 3) 
for H such that 



(a) (A^ 4 J, iJg 4 g|) is local, reducible, /i-limited and essentially /^-big (where 



IS given by 5.4.1), 



(b) [KTZ 

(c) [KfJ, 



, 4 5!) is t-omittory, reducible and essentially /^-big, 
, I§ 4 5) is reducible, /i-limited and essentially f^~hig, 



(d) the'TS^cing notions {l€l2^^tll) . {i<iI2.^Tll) and 



(AII 4 5], si 4 5!) are equivalent 



(e) the forcing notion ^^''''''(it? 4 5, 4 j ) is proper, w'^-bounding, makes ground 



model reals meager and null (even more), is (/ , ^~^)-bounding, where 

g+[n)= n m)i 

(f) the forcing notions Qf°'=(i4| 



5.4.5 



and Qi''°°(i^|7^,S|79) are proper, 
nd m 



UJ 



bounding, preserve non-meager sets, make ground model reals null and 



are (/^, (7^)-bounding. 



Construction. Let F, N^, M„i, H, h be as in 5.4.3 



A tree creature t e TCR^ [H] is in K^J^ if 
. dm{t] C ll{£g{f^)), 

• val[t] = {(77, 1/) : r/ <] 1/ & ig{i^) = lg{r]) + 1 & v{lg{tl)) £ dis[i]}, 

The tree composition 2J5 4 c 
valM}. 

The family A|| 4 A consists of these tree-creatures t G TCR[H] that for some ?/ < 
e U n HiT) we have 

n<LO i<n 

. dis[i] C H(£5(7?*)), 



on 


P — 1 

5.4.5 


is trivial: S 


5.4.5 



val[s] C 



val[<] = {(77, t.) : r;* < & ^5(7.) = Igi^q*) + 1 & ^^(^5(7?*)) G dis[t]}, 
nor[t] = 



(^s(')*)+i)-/^(^ff(';-))- 
The tree composition E^Xs] is such that 

Y^J^{t^: 1/ e T) = {t e Jt|X^: dom(val[t]) = {root(r)} & rng(val[i]) C max(r)}. 
In a similar manner we define (i^ ^.4 j , 4^^ ) . A tree creature t e TCR,, [H] is in 



if 
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dis[i] = {At, {lyi'.xe At}), where At C Jl{ig{rj)) and 1^1 e \J U U{i) (for 



X At) are such that ry <J ri'^{x) < ;y* , 
val[t] = {(?7,i/*} :a;eAt}, 

is defined hke L jg 4 , 



n<t.j i<n 



and the tree composition ^^"4 5 



similar to 5.4.3 (remember d 5.1.8, 3.2.2, 3.2 



Checking that (iilg 4 A, I]| 4 have the desired properties is straightforward and 



□ 



Corollary 5.4.6. Let F G uj^ be an increasing function, /, H he as defined in 



2.4-6 (for F) andlet F*{n) — F{ipYi{n)). Then the forcing notion Qj(K ^X^ , ^2.4.6| ) 
(defined as in \2.4-t for F) is proper, lo^ -hounding, {F* , (pii) -hounding and makes 



ground model reals meager. 



Proof. By 3.1.2, 5.1.12 and 3.2.8(2). 



□ 



CHAPTER 6 



Playing with ultrafilters 



This chapter originated in the foUowing question of Matet and Pawhkowski. 
Are the cardinals mi, m2 equal, where 

mi is the least cardinality of a set Z C |J uj^ such that 

EClu 

(i) {3F e io^){Vf e Z)(Vn e dom(/))(/(n) < F{n)), 

(ii) the family {doni(/) : f € Z} has the finite intersection property, and 

(iii) {Vx e n H- e Z)(V°°n e dom(/))(/(n) ^ x{n)); 

m2 is defined in a similar manner, but (iii) is replaced by 

(iii)- (V5 e u;^){3f G Z)(V°°n e dom(/))(/(n) ^ g{n))l 

It was known that m2 < A < mi, where A is the least size of a basis of an ideal on 



uj which is not a weak q-point (see Matet Pawhkowski [ MaPaQx | ) . We answer the 



Matet - Pawhkowski question in 6.4.6 , showing that it is consistent that A = Hi 
(and so m2 — Ki) and mi = H2. On the way to this result we have to deal with 
preserving some special ultrafilters on lo. The technology developed in the previous 
section is very useful for this (both to describe the required properties and to 
preserve them at limit stages of countable support iterations). 

In the first part of the chapter we present the framework: ultrafilters gener- 
ated by quasi- W^-generic P. Then we introduce several properties of ultrafilters and 
discuss relations between them. The third section shows how forcing notions con- 
structed according to our schema may preserve some special ultrafilters. Finally, in 
the last part, we apply all these tools to answer the Matet - Pawhkowski question. 

6.1. Generating an ultrafilter 
Definition 6.1.1. We say that a creating pair (A', S) generates an ultrafilter 

if 



6.1.1 



for every k < lu there is fc* < a; such that 

ifteK, nor[t] > k* and c : [m*i„, m*p) — > 2, 
then for some s £ S(t) and i* < 2 we have nor[s] > k and 

[u S basis(s) & w £ pos(u, s) & m*^^ < m < & v{m) 7^ 0] => c(m) = i* 

and if nor[i] > 0, u £ basis(t) then there is w £ pos{u,t) such that for some 
m G [m^dm ^np) ^6 have v{m) ^ 0. 

Proposition 6.1.2. Assume that (A', E) is an omittory and monotonic (see 

5.2.0 ) creating pair which generates an ultrafilter. Then 



''"Q* (-ftr,s) "i*^ ■ W{m) 7^ 0} induces an ultrafilter on the algebra 7'(aj)^/Fin' 
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Proof. For k e uj, let g{k) be the k* given by ((8) ^.1. i| ) (for k). Let Z be a 
Q*^iK, i;)-nanie such that 

'^Q.*oo(^,s) Z = {meLu: W{m) ^ 0}. 

Clearly II-q. Z G [ujf^ (by the second reqmrcmcnt of |6.1.1 ). We have to show 

that for each e [w]'^ 

ll"Qj^(K,s) "either Z (lAor Z\A is finite". 

So suppose that p £ Q*^{K, E), A e [uj]^ are such that 

P ''"Q* (KX) "both Z n A and Z\A are infinite". 

Since (X, S) is omittory we may assume that p = (i/;^, fg, ii, • • ■ ) where nor[i£] > 
g{l + ml^ (see ^.f -4 (2)). Let q : ["i^'jj, mj/p) — > 2 be the characteristic function 



of A n [?^dn'"^up)- Applying the condition ((8fe.i.i|) and the choice of g for each 



^ < w we find s\ e S(t£) such that nor[s^] > ^ + m^'^^ and for some i < 2 we have 

(0*) if u & basis(s^), v g pos(u, s^), m^'j^ < m < niup and w(m) 7^ 
t/ien ci{m) = i^. 

Now choose i* < 2 and an increasing sequence {£k ■ k < uj) C_ uj such that i^*-' = i* 
(for k < uj) and take sq = 4o ^ ['^dn''^up )' ^fc+i ^ 4^+1 ^ [^riup , mup'°+' ). Once 

again, since (i^, S) is omittory we get q =^ (w^, sq, si, S2, • • • ) G Qsoo(^7^) and 
it is stronger than p. Suppose i* = 0. We claim that in this case q II"q»^(_r-,s) 
Z n A C m^jj (contradicting the choice of p, A). If not then we find k < oj, 
w e pos(w^, soj ■ • • , s/c) and n G [m^^, m*^)nyl such that w(n) 7^ 0. By smoothness 

we may additionally demand that, if fc > then n G ['Tijjj,^^^) = [mnp~^ ,mup). 
By the smoothness and monotonicity of {K, S) we have 

w G pos(w['m^^,Sfe) = {u : (wtm^^,i;) G val[sfe]}. 

Now, by the choice of Sk we may conclude that 

w \ ["^dn ' "^dn ) = ^ and thus n G [to^*„'= , mup ) . 

[™dn'™dn'' ) 

Moreover {w\m^'^ ,w) G val[s^^] so we may apply ((Xi*) (to £k) and conclude that 
Ci^{n) = i* = 0, a contradiction. Similarly one shows q Ih Z\A G m^i'Jj if i* = \. □ 

Definition 6.1.3. Suppose that (/^, S) is a creating pair, t G PCc(nor)(-f'^, 
and : w X w X wi±^ — > V{K) is a t-system (see |5.3.lD . Let F G fl(^^^^){K, E) be 
quasi- VF-generic. 

1. We define 2?(F) as the family of all sets A C w such that: for some s = (s„ : 
n < w) G F and N < uj, for every w G basis(so) and u G pos(z«, sq, ■ ■ ■ , sjv) 
we have 

(Vm > 7V)(Vw G pos(u, SN+i, ■■■ , s„^)){{k G [ig{u), lg{v)) : v{k) ^ 0} G A). 

2. We say that F generates a filter (an ultrafilter, respectively) on lo if 2?(F) is 
a filter (an ultrafilter, resp.). 

Remark 6.1.4. Note the close relation of [6.1.3 and 6.1.2, Below it becomes 
even closer. 
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Definition 6.1.5. A creating pair {K,I]) is interesting if for each creature 
t ^ K such that nor[i] > and every u £ basis (t) we have 

\{m e [m^„,m[,p) : {3v G pos{u,t)){v{m,) =^ 0)}| > 1. 

Proposition 6.1.6. Let (if, S) be a forgetful creating pair, t G PCoo(^, S) 

and W : Lu X Lu X uJi > ViK) he a t-system. 

1- r C ¥^(1, [K, E)) is quasi-W -generic thenViV) is a filter onto containing 

all co-finite sets. If, additionally, {K,'£) is interesting and condensed (see 

4.34 (3)) and A C LU is such that 

(V-n)(|An[m*;,m*"p)|<l) 

then A ^ V{r). 



2. IfT is quasi-W -generic in P^(t, {K,Y,)) then T>(r) is a p-point (see 6.2.1). 

3. Assume CH. Suppose that, additionally, {K, E) is finitary, omittory, mono- 
tonic and generates an ultrafilter. Then there exists a quasi-W -generic 
r C V*^[K, E) such that I?(r) is an ultrafilter on uo. 

Proof. 1), 2) Should be obvious. 
3) Modify the proof of ^.3.4| (2), noting that if s e PCoo(i^, E), A C cj then there is 



s* = (s* ■.n<uj)e VQ^iK, E) such that s < s* and either 

(Vm e basis(s5)) (Vn < ijj) (Vw G pos(u, ,...,<)) ({fc G [lg{u) , eg(v)) : ^ 0} C A) 

or a similar requirement with lo\A instead of A holds. (Compare the proof of |6.1.2| , 
remember (if, E) is forgetful.) □ 

Conclusion 6.1.7. Suppose that {K, E) is a forgetful and monotonic creating 
pair, i G VGaa{K, S) and W is a t-system. Assume that F C P^(i, {K, E)) is quasi- 
M^-generic and T>(r) is an ultrafilter. Let (5 be a limit ordinal and (Pq, Qq : a < 5) 
be a countable support iteration of proper forcing notions such that for each a < 5: 

(a) Ihp^ "P is quasi- Ty-generic" , 

(b) lhp„"D(P) is an ultrafilter". 
Then 

1. Ihp^ "P is quasi-M^-generic", 

2. lhp,"I'(P) is an ultrafilter". 

Proof. 1) It follows from ^3.3.12 . 



2) Since, by [6.1.61 (2), V{T) is a p-point we may use [ ^hi| , Ch VI, 5.2] (another 



presentation of this result might be found in BaJu95, 6.2]). □ 



Remark 6.1.8. 1. If f = (i„ : n < w) G PCoo(-^, S), W \s a. f-system 
and P is quasi-VF-generic generating a filter then we make think of T>(r) 
as a filter on IJ {i} x (m^p — w^n) 0^^^ putting the intervals mj/p) 

vertically). This will be our approach in the further part, where we will 
consider ultrafilters on (* + !)• 

2. We may treat 2?(r) as a canonical filter on lo with a property described by 
P (or, more accurately, by the f-system W). This is the way we are going 



to use 3.1.7 later: it will allow us to claim that the additional property of 



an ultrafilter is preserved at limit stages of an iteration. 
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6.2. Between Ramsey and p-points 

Here we recall some definitions of special properties of ultrafilters on lo and we 
introduce more of them. Then we comment on relations between these notions. 

Definition 6.2.1. Let I? be a filter on uj. We say that: 

1. V is Ramsey if for each colouring F : [uj] — > 2 there is a set A € V 
homogeneous for F. 

2. V is a p-point if for every partition {An : n Cz lu) oi lu into sets from the dual 
ideal (i.e. uj \ An E T>) we find a set A E V with 

(Vn e i^){\An nA\< u). 

3. D is a q-point if for every partition (An : n E lu) of lu into finite sets there is 
aset A eT> with 

(Vn G uj){\AnnA\ < 1). 

4. V is a weak q-point if for each set B Q lu such that lo\B and a partition 
{An : n E oj) oi B into finite sets there is a set ^ C S such that 

uj\A(^V and (Vti G cj)(|A„ n A] < 1). 

Remark 6.2.2. Clearly, if V is an ultrafilter on u; which is a weak g-point then 
I? is a g-point. (So the two notions coincide for ultrafilters). 

Definition 6.2.3. 1. For a filter V on u) let G^{V) be the game of two 
players, I and II, in which Player I in his rt*'' move plays a set An E T) and 
Player II answers choosing a point fc„ G An- Thus a result of a play is a pair 
of sequences {{An : n Eu), {kn : n E lu)) such that /c„ G A„ G V. 
Player I wins the play of the game G^(P) if and only if 
the result {{An '■ n E uj), {kn '■ n E uj)) satisfies: {kn : n E uj} ^V. 

2. Similarly we define the game G^{'D) allowing the second player to play finite 
sets a„ C An (instead of points fc„ G ^n)- 
Player I wins if IJ an ^"D 

Remark 6.2.4. Let us recall that if V is an ultrafilter on uj then the following 
conditions are equivalent (see ph^ , Ch VI, 5.6] or [ [BaJu95| , 4.5]): 



(a) V is Ramsey, 

(b) T) is both a p-point and a g-point, 

(c) Player I does not have a winning strategy in the game G^(P). 
Similarly, an ultrafilter I? is a p-point if and only if Player I does not have a winning 
strategy in Gp{V). 

As we are interested in ultrafilters which are not q-points (see the discussion of 
the Matet — Pawlikowski problem at the beginning of this chapter) it is natural 
to fix a partition of uj which witnesses this. Thus, after renaming, we may consider 
ultrafilters on IJ {i} x (i + 1) instead (compare with the last remark of the previous 

section). 

Definition 6.2.5. Let X> be a filter on IJ {i} x {i + 1). 
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1. We say that the filter T> is interesting if for each function h € Y\{i + ^) the 

set {{i, h{i)) : I G w} is not in V. 

2. Let G^^{T>) be the game of two players in which Player I in his n^^ move 
plays a set An & V and the second player answers choosing an integer i„ 
and a set a„ e [An n {i„} x (i„ + 1)]-". 

Finally, Player I wins the play if IJ a„ ^ V. 

3. The game G'"^(2?) is a modification of G^^iV) such that now, the first 
Player (in his n*'' move) chooses a set An (z V, Ln < oj and a function 

fn:\J[{i}x{i + l)]-'' ^Ln. 

Player II answers playing i„ e w and a set a„ e [A„ n {i„} x (i„ + 1)]-" 
homogeneous for /„ (i.e. such that fn\[<in\^ is constant for k < n). 
Player I wins the play if IJ '^n ^ T^- 

4. We say that the filter V is semi-Ramsey if the first player has no winning 
strategy in the game G*^(2?). 

5. The filter V is almost Ramsey if it is semi-Ramsey and for every colouring 

/: y[Wx(i + l)]^"^L, {n,L<uj) 

there is a set A G 2? which is almost homogeneous for / in the following 
sense: 

(Vi G uj){f\[A n ({«} X (i + 1))]'^ is constant for each k < n). 

Proposition 6.2.6. Suppose T> is a non-principal ultrafilter on [J {i} x (i + l). 

1. IfV is interesting then it is not a q-point. 

2. IfV is Ramsey then V is almost Ramsey. 

3. IfV is semi-Ramsey then it is a p-point. 

4. IfV is semi-Ramsey then 

V* = {ACoj:[j{i}x{i + l)€V} 

ieA 

is a Ramsey ultrafilter. 
Proof. Compare the games and definitions. □ 

Theorem 6.2.7. Assume CH. There exists an ultrafilter V on \J {i} x (i + l) 

which is semi-Ramsey but not almost Ramsey. 

Proof. For i G let ki be the integer part of the square root of i + 1. Choose 
partitions (e™ : m < h) of {i} x (i + 1) such that (Vm < ki){\e^\ > ki). Let 
/ : U [{0 X + 1)]^ — * 2 be such that 

/((^,4), (tji)) - 1 if and only if (Vm < h)((i,£o) e e™ O G e™). 

Assuming CH, we will construct a semi-Ramsey ultrafilter containing no almost 
homogeneous set for /. To this end we choose an enumeration {ipa : a < wi} of all 
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functions from a; to [ (J {i} x (i + 1)]'^. By induction on a < Wi define sequences 

{i'^ : n < uj) and (a^ : n < iv) such that for a < /3 < Wi: 

(a) < if < < . . . < ui, 

(b) e[K}x(z^ + (forne a;), 

(c) either (3m G w)(Vn G a;)(a^ n V5a(m) = 0) or (Vn € c^)(a^+i C iy9a(i^)), 

(d) lim |{m < ki<. : n a° ^ 0}| = oo, 

Urn min{|a^ n | : m < fcja & n 7^ 0} = oo, 

(e) rXTa^V U 

There should be no problems with carrying out the construction. Let = \J a". 

Clearly the sequence {Aa : a < ivi) generates a non-principal ultrafilter V on 
U {i} X (i + 1) (remember that the constant functions are among the <^a's). By the 

demand (d), no set is almost homogeneous for /, so I? is not almost Ramsey. 
To show that V is semi-Ramsey suppose that a is a winning strategy for the 
first player in the game G^^{T>). Then cr is a function defined on finite sequences 
X = {{io, ao), ... , {in-i, Cn-i)) such that io < ... <ini and 

{W < n){ae e [{h} x {ie + 1)]^ ^) 

and with values in V. For j <oj put 

^U) = r\{(^{{io,ao),... ,{in-i,an-i)) ■ io < ■ ■ ■ < in~i < j and 

at e [{ie} X {ii + 1)]^ ^} . 

Thus if : to — > T), so for some a < cji we have ip = Lp^. But now look at the 
sequence a = ((zq , Oq), {if, a"), (zj , a2 )' ■ ■ ■ )■ Since A^ & V and ipaim) G V for all 
m G CO we necessarily have 

(Vn e a;)(a«+i C ^„(z«) C a{{i^,a^), {i^, a«))). 

This means that the sequence a is a result of a legal play of the second player 
against the strategy a. Hence Ac = [j a'^ ^ V, a contradiction. □ 

Theorem 6.2.8. Suppose that V is a semi-Ramsey ultrafilter on [j {i} x {i + 

1). Then the following conditions are equivalent. 

(a) V is almost Ramsey, 

(b) the first player has no winning strategy in the game C^^iV), 

(c) for each m,L Guj and a colouring f : IJ [{i} x (i + 1)] — ™ — > L, the first 

i<oj 

player has no winning strategy in the following modification G^j^{T>) of the 

game G^^ {'D): rules are like in C^CD) but the sets an chosen by the second 

player have to he homogeneous for f . 

Proof. The implications (b) (c) =J> (a) are immediate by the definitions. 

The implication (a) => (b) is easy too: suppose that cr is a strategy for the first 
player in the game G°^(X'). Let a* be a strategy for Player I in G^^{T>) such that 
if (7((io,ao), . . . , (i„_i,a„_i)) = (/„,A„) then a* {{io,ao), . . . , (z„_i, a^-i)) G P is 
an almost /„-homogeneous subset of An (exists by the assumption (a)). Now, a* 
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cannot be the winning strategy for Player I as I? is semi-Ramsey. But then the 
play witnessing this shows that a is not winning in G'^^{T>). □ 

Theorem 6.2.9. Assume that T) is a semi-Ramsey ultrafilter on [J {i}x{i+l). 
Suppose that ¥ is a proper -bounding forcing notion such that 
I hp " P generates an ultrafilter ". 

Then 

Ihp " 2? generates a semi-Ramsey ultrafilter ". 



Proof. This is very similar to Sh:l, Ch VI, 5.1]. We know that, in V^, 



V generates an ultrafilter. What we have to show is that Player I has no winning 
strategy in the game ^^{V) (in V*"). So suppose that a € is a winning strategy 
of the first player in G'^^{T>). We may assume that the values of a are elements 
of V (so from the ground model). But now, as P is proper and tj'-^-bounding, we 
find a function (T+ S V such that dom(o'+) = dom((T), rng((T+) C [P]^ ^ and 
(j{a) G cr'''(a) for all a G dom(cr). Letting cr*(a) = f]a'^{a) for a S dom(cr) we will 
get, in V, a winning strategy for Player I in G"*^(2?), a contradiction. □ 



Remark 6.2.10. One may note that we did not mention an ythin g about the 
existence of almost Ramsey ultrafilters. Of course it is done like 3.2.7 , under CH. 
However we want to have an explicit representation of the ultrafilter as 2?(r) for 
some quasi- generic P. This will give us the preservation of the "colouring" part of 
the definition of almost Ramsey ultrafilters at limit stages. As the representation 
is very specific we postpone it for a moment and we will present this in Examples 
(see |S.4.1|, |6.4.2D. 



6.3. Preserving ultrafilters 

In this section we show when forcing notions of the type Q*'°° preserve ultra- 
filters introduced in the previous part. The key property of a tree-creating pair 
needed for this is formulated in the following definition. 

Definition 6.3.1. Let I? be a filter on uj. We say that a tree creating pair 
{K, E) is of the XJP {VY'''^'^ -type if the following condition is satisfied: 

(®)up(X)) Assume that 1 < m < uj, p e Q0'°°(A', S), nor[tP] > m + 1 for each 
ly G TP, and Fo,Fi,... are fronts of TP such that 

(Vn e w)(Vz/ e F„+i)(3r; e F^){r] < u). 

Further suppose that u„ C F„ (for n E oj) are sets such that there is no 
system {sn : € T) C_ K with: 

(a) T C {i/ E TP : (3r; G F„)(i/ <! ?/)} is a (well founded) quasi tree with 
max(T) C and root(T) ^ root(rP), 

(b) for each ly ef: 

root(si/) = ly, pos(s^) = succt(j^), nor[si,] > m and 
Si, € 'S{tP : 77 € S^) for some (well founded) quasi tree S,y C TP. 
Then there is a condition q E Q^^''"^{K, E) such that 
(a) p<q, 
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(/3) the set 



Z'^^^ {necu: Un H dcl(T«) = 0} 



is not in the ideal dual to T>, 
(7) (Vi^ G r«)(nor[t9] > min{nor[<P] - m: < r/ G TP}). 

If we may additionally demand that the condition q e Q^^'^'^{K, E) above satisfies 

(S) root(g) = root(p) and (Vn e Z)(F„ n T« is a front of T"?) 
then we say that (K, S) is of the sUP(P)''°'=-type. 

If 2? is the filter of all co-finite subsets of ui then we say that {K, E) is of the UP*'^'^''- 
type (sUP*'''='=-type, respectively) instead of UP(P)*''<=°-type (sUP(I?)'™-type, 
resp.). 

Theorem 6.3.2. Let V be a Ramsey ultrafilter on uj. Suppose that (K, E) is a 
finitary 2-big tree-creating pair of the \JP (T>Y'^'^^ -type. Then: 

^Q5"'<='=(if.S) "2? generates an ultrafilter on lo ". 

Consequently, \'f(f_^'"'{K,Y,) generates a Ramsey ultrafilter on lo ". 

Proof. Let X be a Qf^^ (iiT, E)~name for a subset of uj, pa e Qf'''' {K , j:) . 
Consider the following strategy for Player I in the game G^{V): 

in the n"^ move he chooses a condition Pn+i G Qi™°(-?^, S) such 
that Pn <]i Pn+i and Pn+i \\- kn € X (where fc„ is the last point 
played so far by Player II). Then he plays the set 

B{pn+i,n + 1) {keuj:{3qe QT^K, E))(p„+i <i^, q & q\hke X)}. 

As P is Ramsey, this strategy cannot be the winning one for Player I and therefore 
there is a play (determined by fco, fci, A:2, ■ ■ • ) according to this strategy in which 
Player I looses. This means that one of the following two possibilities holds: 

Case A In the course of the play all sets B{pn+i,n + 1) are in the ultrafilter V 
and {fco, /ci, . . . } G P. 



In this situation we look at the sequence (pn '■ n G uj). By 1.3.11 it has the limit 
p* = limp„. Clearly p* Ih {fco, fci, . . . } C X and we are done. 

Case B In the course of the play it occurs that for some n G w the set B{pn+i, n+ 
1) is not in the ultrafilter. 

Take q G Qf''''(i^, E), p„+i <]^^^ q and fronts F*,Fk of such that the condition 
gt''! decides the truth value of "fc G X" for each 77 G Fk and fc G w and 

(Vi^ G F*)(V?7 G r«)(iy < 77 ^ nor[i«] > n + 3), 

(VfcGtj)(ViyGi^fc)(V77Gr«)(i/<77 ^ nor[t«] > 2'=^ + n + 3) 
(possible by |2.3.7| (2) and ^.3.1l| ). Of course we may assume that 

(Vfc G G Fk+i){3v eFk){r]<ii^) 

and that the fronts Fk are "above" F* and F* is "above" F^_|_i((7). Further let 
Uk = {v G Fk : \\-qI'o.(k,y:) k G X}. 

Look at the set C = w \ B{pn+i, n + 1) G P. If fc G C then necessarily for some 
p e F* there is no {s^ : e f) <Z K with: 



132 



6. PLAYING WITH ULTRAFILTERS 



is a (well founded) quasi tree with 

max(r) C Uk and root(T) — p 
2. for each v ^T: 

root(si,) = V, pos(siy) — succt(i'), nor[si,] > n + 2 and 

Si, e E(t^ : 77 G for some (well founded) quasi tree 5*,^ C T*. 

(Otherwise we could build a condition <,;'j^]^-stronger than q (and thus than Pn+i) 
and forcing that k G X, contradicting k ^ i?(p„+i, n + 1).) As F* is finite we have 
one p £ F* for which the above holds for all k G Cq for some Cq G 2?, Cq C C. 

But now we may apply the fact that {K,I]) is of the UP(2?)*™'^-type (see 
3.3. 1| , remember the choice of F*): we get q* G (Q)^"'=(is:, S) such that ql^'l < q*, 

Z =^ {fc G Co : Mfc n dc^T?* ) = 0} G P and 

nor[tl] > min{nor[t«] - (n + 2) : < 77 G r«}. 

Now we easily see that in fact q* G Q^i°°{K, S) (by the norm requirement and the 
choice of q and F^s) and q* I^Qtr<=o(^ ^) Z CiX = (I). 

For the "consequently" part, note that, by |3.1.l| , the forcing notion Q^^^i^^ ^) 
is proper and w'^-bounding. Therefore we may apply |Sh:l, Ch VI, 5.1]. This 
finishes the proof of the theorem. □ 



Definition 6.3.3. We say that a tree creating pair (A', S) for H is rich if: 
for every system (s^ '■ v gT) Q K, n G lu and u such that 

^- T C [J Y[ H(?Ti) is a well founded quasi tree, u C max(T), 

2. root(si,) — V, pos(siy) — succT(i^), nor[s,y] > 71 + 3, 

3. there is no (s* : G T*) C such that 

T* C T, max(T*) C u, root(T*) = root(T), root(s*) = v, 
pos(s*) — sviCCT'{v), nor[s*] > 71 + 1, and 
s* G S(s^ -rief^) for some C T 

there is (s+ : v G T^) C X such that 

T+ C T, max(T+) C max(r) \ u, root(T+) 
pos(s+) = succt+(7^), nor[s+] > min{nor[sj,] 
and s+ G S(s^ -riGf^) for some C T. 



— root(r), root(s+) = 
:r7Gr}-(7i + 2), 



Theorem 6.3.4. j4ssu77ie {K, E) is afinitary 2-big rich tree-creating pair of the 
sUP '^^^ -type. Let T) be an almost Ramsey interesting ultrafilter on IJ {7} x (i + 1). 

Then 

ll"Q'"'<=<=(K,s:) " generates an interesting ultrafilter on IJ {7} x [i + 1) ". 

Proof. First note that if we show that, in Y^^^°°^^'^\ V generates an ultra- 
filter then the ultrafilter has to be interesting (remember that V is interesting). 
Let X be a '='=(A:, I])-name for a subset of IJ {i} x {i + 1). 

We say that a condition p G Qf°^(i^, S) is (X, n)-special if: 
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there is a set C G "D such that: 

for every i E lu and a £ [C Ci {i} x (i + 1)]— ^ there are a condition 
p' >p and a front F of T'p such that 

root(p) = root(p'), (Vz/ € T^' ){noT[ti] > n + 1), 

(Vi/ G TP' ) (V?7 e F) (r/ < 1/ ^ = iP' ) and p' IhQt.ee ( a C X. 

The condition p is n-special if it is either (X, n)-special or (cj \ X, n) special. 

Note that the part of the definition of spec;ial c;onditions concerning the exis- 
tence of a front F (of TP ) is purely technical and usually easy to get (once we have 
the rest): 

// the condition p is such that (Vu G TP){nor[tf,] > n+1) and the 

values of X n {i} x (?' + 1) are decided on some fronts Fi of 
then if we have a condition p' >q p such that 

(Vi/ G rf')(nor[iP'] >n+l) 

and p' Ih a C X, then we may find one (weaker than p') which has 
this property and a front F as there. Moreover, in this situation, 
if p <o Pi and pi is {X, n)-special then p is {X, n)-special. 

Note that if n > m and p is {X, n)-special then it is {X, m)- special. 
Claim 6.3.4.1. Let n<u). Suppose that p G Qf^''{K,T,) is such that 
G TP){nor[tl] > (2^" + l)(n + 3)) 
and there are fronts Fi of (for i Geo) with 

(Vi G uj){yu G Fi)(pM decides Xn{i}x{i + 1)). 
Then p is n-special. 

Proof of the claim: Let /+, /" : IJ [{i} x{i + 1)]'^ — >2he such that 

f^{v) = 1 if and only if there are q >o p and a front F of T"^ 
such that q \\-q\^'='=(k,^) v C X and 

(V!/GT«)(Vr7eF)(?7 < ^ tl ^ t^) & eT"){nor[tl] > n + 1), 

and /~ is defined similarly replacing "X" by "w \ X" . 

As V is almost Ramsey and interesting we find < 2 and a set C G P 

such that for each i G uj : 

a CD {?;} X (i + 1) ^ 

then \C n {i} X {i + 1)\ > 2n, f+\[Cn{i}x{i + l)]^ = j+ and 

f-\[Cn{i}x{i + iT=j-. 

If either j+ = 1 or = 1 then plainly p is n-special. So suppose that j+ = j~ = 
(and we want to get a contradiction). 

Take i € co such that |C n {z} x (z + 1)| > 2n (remember the choice of C) and 
fix w G [C n {i} X {i + 1)]2"'. For each viCv let 
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Since {K, E) is rich we find vi and (s+ : v G r+) C K such that 

T+<ZTP, max{T+) Cui^_^, root (r+ )= root (p), pos(s+) = succt+ (j/), 
root(s+) = I', nor[,s+] > n + 1 and s+ e S(s^ : 77 € Ti,) for some C T^. 



[How? We try successively each vi C v. If we fail with one, we use 6.3.3 to pass to 
a subtree with the minimum of norms dropping down by at most n + 2 and we try 
next candidate. For some i;i C 1; wc have to succeed.] 

Now look at this vi (and suitable (s+ : v G T'^)). Since j+ = we necessarily have 
|ui| < n: if not then we may take V2 G [fi]^ and then f^{v2) = 1 as witnessed 
by the condition q starting with (sj^ : G T^). Similarly, by = 0, we have 
It" \ fi| < n. Together contradiction to \v\ — 2n. Thus the claim is proved. 

Now, let p G Q'r°(i^, S). By ^.3.12| and |2.3.7| (2) we find pi > p and fronts F,, 



of TPi such that for n G cj: 

1. (Vi^ G Fn+i){3v e KKv < t'), 

2. (Vi^ G F„)(V7? G TP'){iy <r] ^ nor[iPi] > (22"+i + 5){n + 3)), 

3. {Viy G F„)(p^''l decides X n {n} x (n + 1)). 



Then, by 6.3.4.1, for each f G F„ the condition p^"' is n-special. Let 

Un = {i^ ^ Fn : p^i^ is {X, n)-special}. 
Now we consider two cases. 

Case A: There are n G w, G Fn such that for each in > n there is no system 
{sri : rj Cz T) C_ K with: 

T C r^i, max(T) C Um, root(T) = ly, root(s,,) = rj, pos(s^) = sucCT(?y), 
nor[s^] > (22" + 2)(n + 3) and s^, G Y.{tP^ : p e fr,) for some Trj C TPK 

Since {K, E) is of the sUP"'°''-type and 

(V77GTfi)(i^<^ ^ nor[tj;i] > (22"+i + 5)(n + 3)), 
we find a condition q G Q\'-''^°(K, S) such that 
(«) P[^^ <h 1, 

(/3) Z =^ {m > n : u,„ n dcl(T«) = 0} G M^, 

(7) (Vr; G r«)(nor[t9] > min{nor[iPi] : 7/ < p G T^i} - (2^" + 2)(n + 3)), 
{5) (Vm G n T9 is a front of T?). 

Let ?Ti G Z (so then F^ n is a front of T« and u„ n T« = 0) and let 77 G F„i n T«. 
By (7) and (2) above we know that 

(Vp G r«)(r; < p ^ nor[i«] > (2^'" + l)(m + 3)). 

Consequently we may use [6.3.4.1 to conclude that q^^^ is m-special. It cannot be 



(X, m)-special as then the condition pf^ would be (X, ?7i)-special (compare the 
remark after the definition of special conditions) contradicting 77 ^ Um. Thus g^''' 
is (w \ X, 77i)-special. 

For 777 G Z and 77 G F„, n fix a set C™ G V witnessing the fact that " gl''! is 
{uj \ X, 777)-special " . Let B„, = fl C™ G P (for 777 G Z). 

Consider the following strategy for Player I in the game ^^{V): 
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at position number 0: 

Player I writes down to the side: toq = minZ, qo = q and he plays: i?mo- 
[Note that he is (trivially) sure that if (ip, oq) is an answer of Player II then he may 
find qi >Q qo such that qi Ih og C w \ X and for some front F of gi, (Vp G F){\fr/ e 

at position number fc + 1: 

Player I looks at the last move {ik,ak) of his opponent. He chooses a condition 
qk+i qk and a front F of T^'^+i such that 

(Vp e ^^)(V77 G r9'=+i)(P < ^ = i^) and qk+i Ih C a. \ X. 

Now he takes mk+i £ Z so large that nik+i > rrik and the front Fm^^-^ is "above" 
both F and F^_|_2(<Zfc+i)- Finally: 

Player I writes down to the side: ruk+i, qk+i and he plays: Bmk+i- 
[After this move he is sure that if {ik+i, a,k+i) is a legal answer of the second player 
then he may find a condition qk+2 >fe+i qk+i such that qk+2 II" cifc+i Q and 
for some front F of T'"'+^ , P ^ V => tl''+'^ = whene ver p e F, 77 e T'"'+2 . Why? 
Remember the choice of Z, m^^+i, _B„j^.^ J andi^„i^^j^; see 2.3.1, clearly TOfe-)_i > /c+l.] 



The strategy described above cannot be the winning one. Consequently there is a 
sequence {{io, oq), («i, ai), . . . ) such that (i„, a„) are legitimative moves of Player II 
against the strategy and IJ ak E V. But in this play, Player I constructs (on a side) 

a sequence p < g = go ^0 9i <i 92 <2 • ■ • of conditions such that ft II- C w \ X. 
Take the limit condition goo = limgfe; it forces that IJ C \ X, finishing the 

proof of the theorem in Case A. 

Case B: Not Case A. 

Thus for every € Fn, n € uj we find m > n and (s^ : rj £T) Q K such that: 

T C TPi, max(T) C Um, root(r) = v, root(s^) = 77, pos(s,,) ~ succt('7), 
nor[s^] > (22" + 2)(n + 3) and G S(iPi : p G f^) for some C T^i . 

If (s,, : ri £ T), m > n are as above then we will say that (s,j : rj £ T) is (m, n)-good 
for V. For each n G ix) and G m„ fix a set C" G V witnessing the fact that "the 
condition is (X, n)-special" . Now consider the following strategy for Player I 
in the game G^^{V): 

at position number 0: 

For each i' £ Fq, Player I chooses n(i') > and {s'^ : rj £ T^) C K which is 
(n(i/), 0)-good. He builds a condition go which starts like these sequences. Thus go 
is such that: 

(a) root (go) = root(pi), 

(b) if G is below the front Fo then 77 G T?", i^" = t^^ , 

(c) if G for some £ Fq then 77 G T*, t?" = s^^, 

(d) if 77 G and there are £ Fq and p £ max(r,y) such that p < 77 then 
Note that Fq* =^ IJ max(r^) is a front of T«« above ^^"(go). 
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Now, Player I writes down to the side: qo, Fq and he plays: 

^0 = fliC';^"^ : e Fo, 77 e max(T,)}. 

[Thus Player I knows that Ff^ is a front of T*" above F^{qo), and for each u € Fq 
the condition p^'^' = gl,'^' is (X, l)-special and the set witnesses this fact.] 

at the position number k + I: 

Player I looks at the last move {ik,ak) of his opponent. He chooses a condition 
Qk+i >fc qk and a front F^^-^ of T^'^+i such that qk+i II" ak Q X, the front Fj^^-^ is 
above ^"^^3(9^-1-1) and for each u G -F^+i the condition g^"^^ = pj^^ is {X,k + 2)- 
special. How does he find qk+i and -Ffe+i? He has qk and Fj^ and he knows that 
F^ is a front of above ffc^_2(9fc) and for each u G F^, the condition = p[^' 
is (X, k + l)-special and the set Ak (played by Player I before) witnesses this fact 
(this is our inductive hypothesis). Now, as C Ak, for each v G F^ the first 
player may choose a condition g+ >o g^!^' = Pi"^ which forces that C X and such 
that (Vr? e T-ii ){nor[tf] > k + l) and for some front F+ of q+ , li r] < p & Tp\ 
T] e F+ then p G T^" , fp" = fP/ . We may assume that the fronts F+ are such 
that F+ C for some m+(i^) > fc + 2 and is above ffc_^3(gj"). For each 

p G F+, v G F^ wc may choose m(p) > m"'"(i^) and (s^ : G T),) C iiT such that 
{sP : r] e Tp) is (m(p), m+(j/))-good. Let 

= U{'^ax(T,) : (31. G F,*)(i. < p G F+)}. 

The condition g^+i is such that: 

(a) below F^ it agrees with qk, 

(b) iiv<r]<pe F+, V G F^*, 7? G then 7? G T'f'+i, 4'+' = i^"^, 

(c) \iv <p<rtGfp,v G Fl, p G F+ then r/ G T«+S = s^, 

(d) if J. < p < ?7o < r?i, G J;*, p G F+, r?o G max(Tp), t/i G T^i then r?i G T'f'+i 
and =iP;. 

Thus gfe+i >fc gfe, is a front of T^'^+i , and if J/ < p < ry G v&F*,p£F+ 

then q^'^j^ = p^**' is (X, m(p) )-special, m(p) > m'^{i') > k + 2 (so m(p) > fc + 3). 
Now the first player writes down to the side qk+\, ^k+i ^'^'^ ^® plays: 

Ak+^ = fli^^r^'^ • (3^^ e F,*)(p GF+ & z/<p<r7G Um(p))}- 

[Note that for each v G the set Ak+i witnesses that the condition <^k+i ~ Pi"^ 

is {X, k + 2)-special; the front Fj^_^-^ is above F^_^^{qk+i) .] 

The strategy described above cannot be the winning one. Consequently, there 
is a play according to this strategy in which Player I loses. Thus we have moves 
{io, ao), (zi, ai), ... of Player II (legal in this play) for which IJ ak eV. But in the 

kGui 

course of the play the first player constructs conditions pi < qo <o 3i <i 92 <2 • • • 
such that gfc II" flfe C X. Then the limit condition q^o = lim qk forces that [j ak 

X. This finishes the proof of the theorem. □ 
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Definition 6.3.5. For n,k,m e u let Rn{k,m) be the smallest integer such 
that for every colouring / : [i?„(fc, m)]— — > k there is a G [i?„(fc,TO)]™ homoge- 
neous for / (so this is the respective Ramsey number). 

Theorem 6.3.6. Let T) he an almost Ramsey ultrafilter on [J {i} x (i + 1). 
Suppose that (K, S) is a finitary 2-big rich tree-creating pair such that 
I'"q'"'^(a:,S) generates an ultrafilter on [J {i} x (z + 1) ". 

Then \\^qY'"'{k,'S) " ultrafilter V generated by T) is almost Ramsey " . 
Proof. Due to |3.1.lK l) we may apply 6.2.9 and get that 
IhQtiocj'^ " V generates a semi-Ramsey ultrafilter on IJ {i} x (i -|- 1) ". 

So, what we have to do is to sho w that , in V'^i (^'^) , the ultrafilter T) generated by 
V has the colouring property of 6.2.5 (5). Suppose that a condition p e Q''°°(-^i 
n, L < and a Q^{°°{K, i;)-name <^ are such that p Ih"(y5 : IJ [{i} x (i + l)]"" — > U\ 

Note that if V is not interesting and it is witnessed by ft, e 11 (* + 1) then the set 

{{i,h{i)) : i G is almost homogeneous for ip and it is in P. Consequently, we 
may assume that V is interesting. 

We say that a condition q G QY°°{K, S) is m-heautiful (for m G u) if: 

there is a set C G V such that: 

for every i G w and a G [C n {i} x {i + 1)]™ there are a condition 
q' > q and a front F of T'' such that 

root((?) root((j'), (Vj^ G r«')(nor[t«'] > 7n + 1), 

q' Ih "a is .^-homogeneous" and {yiyeT'^'){yrieF){r] ^ tl=t'{,). 

Clearly, if q is m-beautiful and k < m then q is fc-beautiful. 
Let R*{m) = Rn{L,m) (see |6.3.5| ). 

Claim 6.3.6.1. Letm<uj, qe Q*i"'°{K,Y,). Assume that 

{^v G T9)(nor[t^] > ((^^*^™^) + l)(m + 3)) 

and there are fronts Fi of T'' (for i £ uj) such that conditions q^'^^ (for v G Fi, 
i Geo) decide the value of (p\[{i} x (i + 1)]"". Then the condition q is m~beautiful. 

Proof of the claim: Look at the following colouring / : IJ [{i} x (i + 1)]™ — * 2: 

f{v) = 1 if and only if there are q' >o q and a front F of 
such that 

q' ll"Qtr™(i<-,s) is homogeneous for i^" and 
(Vi^ G T'?')(V?7 G F)(77 < 1/ ^ ti = tl) k (Vi^ G r«')(nor[t«'] > m + 1). 
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Since V is almost Ramsey and interesting we find j < 2 and a set C £ 2? such that 
for each i ^ to: 

if C n {i} X (i + 1) 7^ 

then \Cn{i}x{i + l)\>R*{m), / r[C n {i} x (i + 1)]™ = j. 

If J = 1 then easily the condition q is m-beautiful. Thus we have to exclude the 
other possibility. So assume j = 0. Take i G cu such that C {i} x (i + 1) ^ and 

choose V e[Cn{i} X {i + For vi e [v]^ put 

Kt,v ^ {v e Fi : q^"^ \\-Qi"=''(K,s) "wi is V3-homogeneous" } . 

Note that, by the definition of R*{m), for each e wc find vi G [w]"^ such that 
v G ul_^^^. Consequently we may apply the assumption that {K,T,) is rich and we 
find vi G [w]™ and {s+ : v e f+) C K such that 

r+ C r«, max(r+) C root(T+) = root((7), pos(s+) = succt+(j^), 

root(s+) = V, nor[s+] > m + 1 and s+ G : 77 G T^) for some C T'. 



[Exactly like in 6.3.4.1 .] But with this in hands we easily conclude that /(ui) — 1, 
contradicting wi G [C n {«} x (i + 1)]"^ and the choice of j, C. 

Choose a condition q > p such that for some fronts of T'? (for rn G lu) we 
have 

1. (V!.GF„+i)(3?7GF^)(r/<i.), 

2. (Vi/GF„0(V?7Gr«)(z.<77 ^ nor[t?] > ((«*^™)) +l)(m + 3)), 

3. (Vz/ G decides ^[-[{m} x (m + 1)]") 

(possible by ^.3.12| and ^.3.7| (2)). By |6. 3.6.1 we know that for each v G Fm, m £ lo 
the condition q'"^' is m-beautiful. So for every m < u) and v G -Fm we may fix a set 
C™ G P witnessing "ql'^l is m-beautiful" . 

Consider the following strategy of the first player in the game G^^{'D): 



at position number 0: 

Player I writes down to the side qo — q, Fq — Fq. 



Heplaysn{C^l^e^^o}eP. 



arriving at position fc + 1: 

Player I has a condition q^ and a front F^ of T'^'' such that qk above F^ agrees with 
q. Moreover, the set played by him before witnesses that each gl'^l is fc-beautiful 
(for ly G Fj^). He looks at the last move {ik, ak) of his opponent. For each v € Fj^, 
Player I can find a condition q^, >o q^^^ ~ g^"^' such that 

(a) (Vr/ G r9-)(nor[t9-] > fc + 1), 

(b) for some fronts Fi, of T"?" , q^, above agrees with q and 

(c) '^Qtr<"'(_ft:,i;) "ifc is (/^-homogeneous" . 

We may think that for some m > ik the fronts F^ are contained in F„i (for 1/ G Fj^). 
Now let qk+i be such that 

(a) below Fj^ it agrees with qk, 

(/3) ifv<r]<\peF^,iy£F*,rje T?" then ?/ G T^'^+S = 

(7) ifi^ <\ p ^J] eTi", ly e F*, p e F^ then tj G F-f-'+i, 4"+' = t?- = t?. 
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Let F^^^ = ■ ^ £ Pk)- Clearly FjT+i is a front of T'^+i contained in F„ 

Qk+i >k Ik and qk+i forces that Ofe is i^-homogeneous. Now: 
Player I writes down to the side Qk+i, Fk+i ^^"^ plays the set 



[Note that for every 1/ G -Ffe+i the condition qj^_li = q^'^^ is fc + 1-beautifuI and the 
set played by Player I witnesses it.] 

This strategy cannot be winning for the first player. Consequently he loses some 
play according to it. Let ((iq, ao), (ii, ai), . . . } be the sequence of the respective 
moves of the second player (so IJ G P) and let 91; 92, ■ • • be the sequence of 

k^u 

conditions written down by the first player during the play. Let goo be the limit 
condition limg^. Then we have: 

gcx> l^'Q5'<=<=(if,s) (Vfc e w)(afc is (^-homogeneous ). 
This finishes the proof of the theorem. □ 

Let us finish this section with a theorem showing how several types of forcing 
notions built according to our scheme may preserve F-genericity in the context of 



ultrafilters. The proof of theorem 6.3.8 below resembles the proof that Blass-Shelah 



forcing notion preserves p-points (see [BsSh 242, 3.3]) 



Definition 6.3.7. 1. A creating pair {K, S) is simple except omitting if it 
is omittory, |pos(u,t)| > 1 whenever t E K, nor[i] > and u G basis(t), 
and for every (^o, • • • ■ tn-i) G PFC{K, S) and s e S(to, • ■ ■ , tn-i) there is 
k < n such that s e E(tfe f [to^j^, m^p)). 

2. Suppose that {K, E) is an omittory creating pair, t ^ {tk '. k < lu) E 
PCoo(^'i^, S) and W : uj x u; x iiti. — > K is a f-system. We say that W 
is omittory compatible if 

(a) k < £ < n < uj and s G S(if f [™dn'"^dn)) ™ply nw{s) — I (where 



nw{s) is as in 5.3.1 (lb, c)), and 



{(3) k <i <uj,a : [mj'^, m^^p) — > ui imply 
W^(™d„> ^) = Ui-^ ^ [™d„: <p) ■■ s e M^(m*^;, mf,"p, a\[m\l, mlr^)), k<n<i}. 

Theorem 6.3.8. Suppose that a creating pair {Kq,T,q) is simple except omit- 
ting, forgetful and monotonic. Lett G VCao{K, S) and W he an omittory-compatible 
t-system. Assume that T C PCoo(-K^07 5]o) is quasi-W -generic and generates an ul- 
trafilter. 

1. If (Ko,Y,o) is strongly finitary, {K^Yi) is a finitary, monotonic, omittory and 
omittory-big creating pair then the forcing notion Q*^{K, S) is V -genericity 
preserving. 

2. // (i^, E) is a finitary creating pair which captures singletons then the forcing 
notion Q^oc(i^, E) is T-genericity preserving. 

3. // {K, E) is a finitary t-omittory tree creating pair then the forcing notion 
Q*^''°{K,T,) is T-genericity preserving. 



Proof. 1) We have to show that, in V^^^^^^^), the demand |53T| (3b) is 
satisfied (as we know that Ql^{K, E) is proper). So suppose that 77 is a Q*^{K, E)- 
name for an element of u)^ and p G Q*^{K, E). Since {Kq, Eq) is strongly finitary 
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we may repeatedly use 2.2. 6| and we get a condition q > p such that for each n < 



and V G pos{w'^ ,tl, . . . the condition {v,t1^,t'^^^^, . . .) decides the value of 

W{m*^^,mll,i)\[m*^^,mli)), where t = (to, ii, ^2, ■ • ■ )■ Fixv e pos(w«, tg, . . ., i^^^J, 
n < uj for a moment. For fc > n let i;*^ = v'^ ti g pos(w,i^,... ,t1) 

(remember that {K,!^) is omittory). Note that, for each k > n, the condition 
(^'^^fe+l,^fe+2,••■) decides the value of W{ml^^^\mu)^\r]\[m*^^+\rn^^')). Thus 
we find a function r]{v) G lu^ such that, for each £ < n, 

{v, 4,4+1, . . . ) 1^ M^K;, <p, 'irK;, <p)) = M/(m^'„, <p, rK;, m[,g) 

and for each k > n the condition {v'' ,t1^i, 4-+2' • ■ ■ ) forces that 

Since T is quasi-W-generic we find s = {sm : m < lu) CzT such that for every n < lu 
and V G pos(w', tg, . . . , 4_i) we have 

(remember (F, ^) is directed countably closed). Next we choose inductively an 
increasing sequence £(0) < ^(1) < £{2) < . . . < uj such that 

if w G pos(u'9,to, . . . ,^-1)7 "^up < 'Tiup*' , n,i£uj 

then (Vm > e{i + l))(s„, G M^(m^;:^ , mf,^ , ?7(«) r[m^"„- , m^'p"))). 

For j < 4 let Y,- = IJ [m"^'^*'+'\ml'^^'+ Since F generates an uhrafiher, 

exactly one of these sets is in 2?(F). Without loss of generality we may assume that 
I2 G 2-'(r) (otherwise start the sequence of the £(i)'s from .^(1), or £{2) or £{3)). 
This means that we find s* = (s^ : m < a;) G F such that s < s* and for sufficiently 
large m (say m > m*), there are i — i{m) and k — k{m) such that 



m^:" • -' < m^^ < < m J and s,*„ G T.{tk f [m^'^ , mu^)) 



be such that Wdn'' = '^dn*''^^' (fo^ « G w). Now we define a condition q* 



S€(4i + 2) ^ tfc ^ tjr / S«(4i + 3) 

dn < ^dn < ^up < "^dn 

(remember (ifo,So) is simple-except-omitting and monotonic). Let x{i) G lu 
be such that m^"^ 

w"' = w', 4 = tl^^^ ^ [^g(z««),mS'"), and tf_^, = tl^^^^^ ^ [m^-' , mS'+^' ). 
Plainly, this defines a condition in 1^1^{K, S) stronger than q. We claim that 

q* Ih (Vm > m*)«„ G W{ml^,ml^ ,f]\[ml^,rnl^))). 
Assume not. Then we find q' > q* and m > m* such that 

q' Ih s,*„ ^ W^(™dn>'^up>'?l'['^dn''^up)))- 

Of course we may assume that £g{w'^ ) > mup"' . Let k'^,k^, k^ be such that mj'^ = 
^sf(4>(m)+f) V = w'' \m^° . Clearly 

^g* jg ^g ^g ^g ^g* 

^ fcO , '1.1 , ''..2 ^ 'fc(m) , 'i(m) 

"^dn < "^UP < "^UP < "^UP - '"up < "^UP = '"up ' 

, fi t'' . 

V G pos(u'^, tg, . . . ,t'j^o_i) (by smoothness) and tl^dn" ' "^dn'*"*" ) = ^ (^^ 
definition of t^(„-), remember (if, S) is monotonic). Consequently for each k G 
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[fc°, a;(i(m))) we have u'^ < w''. Since < fc(m) < x{i(m)) we conclude that the 
condition q' forces 

" Till/ *fe(m) tfc(m) • i-r tfc(m) *fc(m)\\ tt// tfe(m) tfc(m) / \ I- T *fc(m)NN „ 

Since mlfp < TOup*''"'*^', for each i e [£(4i(m) + 2),£(4i(m) + 3)) we have G 
^("^dn' "^up: ^(^) t["^dn' '^u p)) (re member that choice of the sequence of the £{iys). 
Now fook at the condition 5.3.1 (lc). Since W is omittory-compatible we have 

nw{Sm) — kim) e [k"^ , x{i{m))) and therefore s*j € W^("^dn ' '^"p ' '^(^) f["^dn ' "^"p ))■ 
Hence, by |6.3.7 (2/?), we easily get 



a contradiction. 



2) Repeat the proof of 1) noting that we do not have to assume that {Ko,T,o) 
is strongly finitary as we use 2.1.12 instead of 2.2.6| . (Defining v'^ we use fixed 
sequences m„ (for n ^ uj) such that u„ G pos(u,t^j) for each u G basis(t^).) 

3) Similarly (remember that (K,!^) is finitary). □ 



Remark 6.3.9. In 3.3.^ (3) we need th e assumpt ion that the tree creating pair 
{K, E) is finitary. The forcing notion of |NeRo93], in which conditions are trees 
C uj^^ such that each node has an extension which has all possible successors in 
the tree, adds a Cohen real (see [NeRo93, 2.1]). This forcing may be represented 
as QY'^°{K' for some t-omittory (not finitary) tree creating pair {K',!]'). 



6.4. Examples 

Example 6.4.1. Let H(m) = 2 for m < a;. We construct a creating pair 



( ^.4.i| , S ^X]| ) for H, i G PCoo(-K|Xi|, S|Xi|) and i-systems W£ (for n,L < uj) 



such that 



1. 



(J( ^ 4 ]| , X |g 4 i| ) is simple except omitting, finitary, forgetful, monotonic, inter- 
esting, condensed and generates an ultrafilter, the systems W£ are omittory- 
compatible, 

if r C V*^{t, {K^^,I^J^)) is quasi- Wl^-generic then X'(r) is a filter on 
IJ {i} X {i + 1) such that for every colouring / : IJ [{i} x {i + 1)]^ >■ L 

there is a set A G 2?(r) almost homogeneous for /, 

if r C (j ^.4.]| , £ ]6.4.i| )) is ^-directed and countably closed and 2?(r) is 

a filter such that for every colouring / : IJ [{i} x (i + 1)]^^ — > L {n,L < oj) 

there is a set A G 'D{T) almost homogeneous for / then T is quasi- VK^-generic 
for all n, L. 



Construction. A creature t e CR[H] is in ii|Xi| if for some non-empty 
subset at of [Wdn'^up) have nor[i] = log2 ( | at |) and 



val[i] 



{{u,v) G 2"^d„ X 2"'"P : (VnG[m*i„,m* ))(t;(n) 



n G at)}. 



We define S^X^ by: 

if to , ■ • ■ ,tn G J ^6.4.i| are such that 

^iA.l\ {to, . . . , t„) = {s G K |6.4.l| : ml^n = 



-up 



Mn 



= +^ (for £ <n) then 

& mJip = & (3^ < n){as C atj}. 
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It should be clear that (i ^.4.i| , is a finitary, forgetful, monotonic and simple 

except omitting creating pair. It is interesting as nor[t] > implies |a(| > 1 
(for t G J( 6.4.i| )- By the definition of S |6.4.i| ; one easily shows that (J( ^.4.i| , S |g.4.i| ) is 



modulo 



Now, let t 



condensed and generates an ultrafilter. Moreover, (-K6.4.1 
s je 4 i| 



, Z 5.4.1) is strongly finitary 



{U : i < Lu) e PCoo(-K[6.4.i 
. {^ + l){^ + 2) 



, S |6.4.i| ) be such that for 



'dn 



at. 



m 



u 

dn' ' 



up/ 



(so nor[t 

(for i G 



2 > up 2 
log2(i + 1)). We will identify the interval [m^^, m^^) with {i} x (i + 1) 



UJ 



i2\ 

Thus, 



if r c 



3.4.1 



5.4.1 



)) is quasi- VF- generic for some t- 
system W , then we may think of 2?(r) as a filter on |J {1} x (i + 1). The filter 

V{T) is interesting by |6. 1.61 (1). 

Fix n, L < Lu. For each i G w choose a mapping 

ti 



i}}, : J^dn^ "^up) °^{f : / is a function from 



Ndn' "^up 



)]" to L}. 



Next, for i < j < and a : [m*^^, m^p) 



W^r('^dn:"^up,(T)- {tGS 



define 



JZ\{U, ■ ■ ■ ,tj) ■■ a i < k < j, at C at,^ 
;licn Of is homogeneous for V'fc(c'r[™dn' ™up))} 
(in all other instances we let W£{m' , m", a) =0). 

Claim 6.4.1.1. is an omittory-compatible t-system. 



Proof of the claim: The requirement 5.3.1 (la) is immediate by the definition 
of W£. For 5.3.1(lb,c) remember the way we defined the composition operation 
Sg.4.1: if s G ^6.4.i| ('So, • • ■ ,Sfc) then C a^^ for some < £ < k. Finally note 
that if s G Z6.4.i(ifc: ■ ■ • 



,ti), k < £ < UJ, nor[s] > log2(i?„(i, m)) (see |6.3.5 ) and 
UJ then there is t G W£{m^^,m^p,a) such that t G S3.4.](.s) 
and nor[i] > log2(TO) (by the definition of Rn{L,m)). This gives the suitable for 
5.3.l| (ld) function G. Thus we have verified that W£ is a i-system. It should be 
clear that W is omittory-compatible. 

Note that if F C P;^(f, (ii|Xi|, E|Xi|)) is ^-directed then V{T) is the filter 
generated by all sets [J Og^, for s = (s„ : n < uj) ^ T and N < uj. 

N<n 

Therefore we easily check that the systems (for n,L < uj) are as required in 2, 
3 of 6.4.1, noting that each colouring / : IJ [{i} x (i + 1)]^^ — > L corresponds via 



{^pi : i < uj) to some function r] E uj^ 



□ 



Proposition 6.4.2. Assume CH. Then there exist T C P;^(f, (iV ^eTil , ^6.4. i| )) 
which is quasi-W£ -generic for all n,L < uj and such that D{T) is a semi-Ramsey 
ultrafilter on [J {i} x (i + 1). Consequently, I?(r) is an interesting almost Ramsey 

ultrafilter on [J {i} x {i + 1). 



Proof. This is somewhat similar to |6.1.6K 3) (and so to 5.3.4| (2)), but we have 



to be more careful to ensure that V(T) is semi-Ramsey. For this, as a basic step 
of the inductive construction of F, we use the following observation. 
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Claim 6.4.2.1. Suppose that s e P*^{t, {I^^J^,Yl^Zi\)), n,L < u, i] <^ lo^ 
and if : lu — > [[J {i} x (i + 1)]^. Then there exists s* — (s^ : m < lu) E 

Pi^(i, (-ft ]6.4.i| i ^6.4. i| )) such that s < s* and 

2. (Vm G w)(|as.J < to + 1), 

3. if < ^ (for m E Lu) are such that as*^ C {i*„} x + 1) ^ [m^^ , TOup') 
then 

either {3k G Lu){\fm G a')(as*^ H = 0) or (Vto G aj)(as«^^^ C (^(ij^)). 

Proof of the claim: Let s = (s„i : m < lu) and let i„i be such that a^^ C 
{im} X {im + 1) (remember t < s, see the definition of (-K |6.4.i| , S |6.4.i| )). We know 
that hm |as^| — oo, so we may choose toq < toi < TO2 < ... < uj such that 



(Vfc G Lu){\as„^ I > Rn{L,k)) (see 6.3.5). Choose 6^ G [a^^ homogeneous for the 



colouring of [{imfc} x [inik + 1)]" (with values in L) coded by ri\[m^^'' , TOup" 
Next choose k{0) < fc(l) < . . . < u> and Ci G [fofe(^)]^ ^ (for ^ < cj) such that 

either {3k G cj)(V^ G uj){ci n (^(fc) = 0) or {Vm G w)(q+i C ip{im )). 



0- 



Let Sq G K ^,4.i| be such that to^^ 
■Sf+i G A ^,4.i| (for ^ G w) be such that to^^" 



e+i 



''Up 



^up 1 



''Up 



^up 



Co and let 

"''<^+^> and 



cgj^i. Easily, the sequence s* = (s* : n < w) is as required. 



Assume CH. Using 6.4.2.1 , we may construct a sequence (sq : a < uji) C 
P^(i, (i<|7], S^)) such that 

(a) a < /3 < => Sq ^ S/3, 

(/3) for each n, L < lo we have 



(V7? G c.'^)(3a < c.i)(v°°to)(sq,„ g w^r("^d„"-'^:p'".^rK;"".<p'")))- 

(7) for each function tf : uj — > [ IJ {i} x {i + 1)]^ there is a < uji such that 
if ^ C {ia^m} X (*Q,m + 1) (for m E Lu) then 
either {3k G w)(Vto G t^)(asc „ ri <i5(fc) = 0) or (Vto G uj){as^ C (p{ia.m))- 

Like in [6.2.7 and ^.3.4 (2) we check that F {sa '■ a < lui} is quasi- W]^-generic for 
all n, L < oj and T>{r) is a semi-Ramsey ultrafilter on |J {i} x {i + 1). □ 



Conclusion 6.4.3. Assume CH. Let (i^pX], ^6.4.i| ), t, W" be given by |6.4.1 
and let F C P^(f, (j^ |6.4.i| , S] ^.4.ip ) be quasi- iV^'-generic for all n,L < to such that 
2?(F) is a semi-Ramsey ultrafilter on IJ {i} x (i -f- 1) (see 6.4.2). Suppose that 5 

is a limit ordinal and (Pq, , Qq, : a < 5) is a, countable support iteration of proper 
w'^-bounding forcing notions such that for each a < 5: 

I hp^ "F generates an interesting almost Ramsey ultrafilter" . 

Then Ihp^ "F generates an interesting almost Ramsey ultrafilter". 
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Proof. By |6.4.l| (3) we have 

Ihp^ 'T is quasi-iy£'-generic for all n,L < uj" 
(for each a < 6). Hence, by |6.1.7| , we get 

'T is quasi- W^£'-generic for each n,L < ui and generates an ultrafilter" 



As fs is Lj^-bounding (by |Sh:f , Ch VI, 2.3, 2.8]) we may apply 3.2.c to conclude 



that 



Ihp^ "2?(r) is a semi-Ramsey ultrafilter". 



Consequently, by 6.4.1| (2), we have 

\hpg "2?(r) is an interesting almost Ramsey ultrafilter". 



□ 



Example 6.4.4. Let G w'^ be such that (Wn e Lu){^j{n) > (n + 1)^). 



We build a tree creating pair {R^ \ Jj, 4 j) which is: finitary, 2-big, rich (see 5.3.3) 
and of the sUP(X')'''°°-type (see ^.1 ) tor every Ramsey ultrafilter V on iv. 

Construction. Let H(n) = [^(n)]"- + 

For G H H(to) (n G lo) and AC [J {m} x tl>{m) we will write A ^ v ii 

rn<n m<uj 

(ym < n)(yk < ip{'m)){{m, k) d A ^ fee t/(m)). 

Now we define (K p^ , S^^). A tree-like creature t g TCR^[H] is in K^Z^ if: 

1. val[t] is finite and 

2. nor[t] = log2(min{|yl|: A C IJ {m}x^{m) & (yiy e pos{t)){A ly)}). 

By the definition, Kq 4 4 is finitary. The tree composition is generated simi- 

larly to E'™™ of \L.2.^ but with norms as above. Thus, if {U : ly e f) C K '^J^ is a 
system of tree-creatures such that T is a well founded quasi tree, root(ti/) = v, and 
rng(val[t,y]) — succt(i') (for v ^ T) then we define S*{t^ : ly € T) as the unique 



creature t* in Alj 4 J with rng(val[t*]) — max(r), dom(val[<*]) = {root(T)} and 



dis[t*] = (dis[t^] weT). Now we let 



Clearly, Z g 4 4 is a tree-composition on K . Note that if t g -K^TJ then we may 
identify elements of S^^(t) with subsets of pos(t): for each non-empty u C pos(i), 

I with pos(i") = u and root(t") = root(f). More 
F is a front oi , u C F then there is a unique 



is the unique creature in 



general, if p G 




creature t{p, u) G -K^T^ such that 



pos(t(p, = root(f(p, u)) = root(p) and t{p,u) € T^^{tf,: (3r]eF){iy <i t])). 

Claim 6.4.4.1. nor[S*(t^ ■i' ef )]> min{nor[<^] : G f }. 

Proof of the claim: Suppose that m < 2"""t"°''[*-^''e^}, but there is a set ^ C 
U {k} X tpik) (where no = £g{TOot{T))) such that \A\ — m and A yi. ly for each 

k>nQ 

V G max(T). Now we build inductively a bad v G max(r): since m < 2"°'"t*'°°'<^)l 
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we find G pos(fi.oot(T)) such that A ^ i/q. Next we look at — An [J {k} x 

k>ig{uo) 

tp{k). Since m < 2"°''[*''f)l we find vi e pos(t^o) such that A^ ^ i>i. Continuing in 
this fashion, after finitely many steps, we get I'k G max(T) such that A < v^, a. 
contradiction. 



Claim 6.4.4.2. {Kfy.Y^ is 2-big. 



Proof of the claim: Let t G KV^a J, nor[t] > and let pos(t) = uq U ui. Take sets 
^07^1 ^ U {™} ^ ipim) (where hq — ig{root{t))) such that for z = 0, 1: 

m>no 

(iv e u,){A, ly) and logadA^I) = nor[t'"']. 
Look a,t A — AqU Ai. Clearly {Viy e pos(i))(y4 -/i v). Hence, for some i < 2: 
nor[t] < log2(|yl|) < log2(|A,|) + 1 = nor[t"'] + 1. 

Claim 6.4.4.3. (i^^T^, is rich. 

Proof of the claim: Suppose that (s,y '■ v ^T) (- ii^^ J, n G uj and u are such that 
^- T C [j Yl H(m) is a well founded quasi tree, u C max(r), 

2. root(si/) = i^, pos(si,) = succt(;^), nor[s,y] > n + 3, 

3. there is no system (s* : G T*) C K^Jl such that 



T*CT, max(r*)Cu, root(r*) = root(T), pos(s;) = succt- M 
root(s*) = i^, nor[s*] > n + 1, and 
K S ^6.4.4|('*T) ■V '^Tt,) for some T^, C T. 

Let i ^ S*{s^ -.vef). By |6.4.4 ni we have nor[t] > rt + 3 (remember 2. above). 
But now, considering (defined as before) we note that necessarily nor[t"] < 
n + 1 < nor[t] — 1. Let v = pos(i) \ u. By the bigness (see 6.4. 4. 3| ) we have 
nor[i''] > nor[t] — 1, finishing the claim (remember 5.4.4.1). 

Claim 6.4.4.4. Let V be a Ramsey ultrafilter on oj. Then J, 4 j) is of 

the sVF{VY''''' -type. 

Proof of the claim: Assume that 1 < m< uj, p £ Q^jK ^J^ , S ^^ ), nor[iP] > m+1 
for each v gTP and Fq, i^i, . . . are fronts of such that 

(Vn G w)(Vz/ e i^„+i)(3r; G Fn){v < y)- 

Further suppose that u„ C Fn are such that there is no system {su : v Cz T) with 

pos(S'*(s^ : 1/ e f)) C root(r) = root(TP), and nor[s^] > to. 

In particular, this means that nor[t(p, u„)] < m for each n £ uj {t{p,u.n) is as 
defined earlier). Thus, for each rt G w, we find a set 

^„ C IJ {k} X ij{k) 

k>lg(mot{p)) 

such that 

|A„| = 2™ and {^u £ Un){An ^ v). 
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Now we use the assumption that T) is Ramsey: we find sets Zq ^ T) and A* C 
U {i} X such that 

{Wno, ni e Zo)ino < ni ^ A^^ n A^^ = A*). 

[How? Just consider the colouring / of [oj] such that f{no,ni) codes the trace 
of Ana on j4„j (for hq < rii, in the canonical enumerations of A„'s) and take an 
/-homogeneous set.] Now choose Z C Zq, Z such that if ng < ni, uq, rii G Z 
then 

min{i : {A„, \ A*) n {i} x 7^ 0} > max{eg{v) : v G -F„J. 

[How? Consider the following strategy for Player I in the game G^{'D): 

at stage fc + 1 of the game he looks at the last move ik of the second player and he 

chooses N such that if n > iV, n e then 

{An\A*)n[j{{i} X : I < ma.x{egiiy) : v G F,J} 0. 

Now he plays fl {N ^lS). This strategy cannot be the winning one.] Using the set 
Z we build the suitable condition q e (^^'^"(iif^ ^ 
in such a way that p <q q, T'' C {root((7)} U 

front of T« (for t ^ Z). Let 4 = min Z and vg^, 
the choice of Af^^ we know that n u^^ = 



It will be constructed 



Ff and each Ft n will be a 



.4.4' ^^6.4.4 



{v e Ft„ : Ag,, < v}. By 
i(p, ti£g). Note that 

2nor[t(p.«,„)] _^2™ > 2"°'-l*(P-P''!o)l, and hence, as nor[i(p,^>J] > to + 1 (see |6.4.4.l|) , 
we have 



Let Cot(g) 



nor[t(p, Wfg)] > nor[t(p, Ffg)] — m > min{nor[t^] : root(p) < e T^} — to. 

We put i^QQj(q) = t(p, w^o)- Suppose that we have defined T'^ up to the level of Fi, 
l^Z (thus we know T^nF^ already). Let j] e T«n^> and let £' = min(Z\ (£+ 1)). 
By the first step of the construction we know that A* -< t]. By the choice of Z we 
have that 

{At,\A*)^ U {i} X V-'(i) = 0. 

i<lg(ri) 

We take 7j,,,£' = {v E F^i : rj <, v k, Aii -< v}. As before, v^^i' H u^' = and 

nor[t{p''^\v^jj)] > nor[t(p[''l, n r^'"')] - to > min{nor[iP] : 77 < 1/ e T^} - m 
(remember [6.4.4.1 ) . 

Now we easily check that the condition q constructed above is as required by 
sXl] to show that (itfcl, Sfcl) is of the sUP(r»)*^<=<= 



-type. 



□ 



One easily checks that the forcing notion (-^16.4 4I' ^baI) non-trivial 



(i.e. All 4 J contains enough tree like creatures with arbitrarily large norms). Let us 



6.4.4 



3.4.4 



show another property of the tree creating pair {Kt 

Proposition 6.4.5. Let (AlgXl, S^^) be the tree creating pair of 6.4-4 - Then: 

1- 'V-(ifI],« (^"^ ^ cj){W{m) e [V'(m)]"^+ 1) and 
2. if h is a partiatfunction, dom(/i) € [w]^ and (Vm e dom(/i))(/i(TO) < ip{m)) 
then 



IK 



(3°°TO e dom(/i))(/i(m) G W(to)) 



6.4. EXAMPLES 



147 



(where W is the generic real added by Q'''°°(iit'4 a Su'4 j), see 1.1.1c ) 



Should be clear. 



Proof. 1) 

2) Let p G Qtrcc(7^|^'^ J jjg'^ j) and let h be as in the assumptions. We may 
assume that (Vr; G T^'j(nor[i^] > 5). Let mo = min (dom(/i) \ ^(7(root(p))) . Take 
a front F of such that (V?7 G F){£g{r]) > too) and look at the set u = {77 G F : 
h{mo) G 77(mo)}. Plainly, nor[t{p,u)] > nor[t{p, F)] — 1 > 4. Let g be a condition 



6.4.. 



qtlp such that root(q) = root(p), C TP, = t{p,u) and 

if G u, 77 < 1/ G TP then i' G T«, = tf,. Clearly g > p and g Ih /i(mo) G W{mQ). 
Now we may easily finish. □ 

Conclusion 6.4.6. The following is consistent with ZFC: 

1. there is an almost Ramsey interesting ultrafilter on IJ {i} x {i + 1) which 

is generated by Hi elements (so m2 = A = Ki, see the introduction to this 
chapter) and 

2. mi = ^2, and even more: for each function ip G ui'^ and a family T of Hi 
partial infinite functions h : dom(/i) — > to such that 

(Vm G doni(/i) )(/i(m) < ijj^m)) 



there is W & JJ [V'(™)]^ 



1 



such that 



(V/i G J')(3°°m G doni(/i))(/i(m) G VK(to)). 



Proof. Start with V h CH. By |6X2 we have an interesting almost Ram- 
sey ultrafilter V — ViT) on IJ {i} x (« + 1) generated by a quasi generic T C 

P^(i, (i< ]6.4.i| i ^6.4. i| )) as there. Build a countable support iteration {Pa,Qa ■ Oi < 
LO2) and a list (i/'q : a < 0^2) such that for each a < uj2- 

1. ij^a is a P^-namc for a function in lu^ such that (Vti G LLi){'ipa{n) > {n + 1)'^), 



2. Qo! is the P^-name for the forcing notion 




3. ('0/3 : /3 < UJ2) lists with a;2"repetitions all (canonica. 
tions G o;'^ such that (Vri G a;)(i/'(n) > {n + 1)^) 



4. J' ^1.4. 4])' 



-names for func- 



We claim that if G C P^^ is a generic filter over V, then, in V[G], the two sentences 
of the conclusion hold true. Why? One can inductively show that for each a < 0J2- 

IHp^ 'T generates an almost Ramsey interesting ultrafilter on [J{i} x (i + 1)" 



(at successor stages use |6.3.4 , 6.3.6 and |6.4.4 ; at limit stages use ^.4.3 ). Hence, in 
V|G], the ultrafilter X'(r) witnesses the first property. For the second assertion use 
|6.4.5| . □ 



CHAPTER 7 



Friends and relatives of PP 



In this chapter we answer a question of Balcerzak and Plewik, showing that the 
cardinal number kbp (see [7.1.1| ) may be smaller than the continuum ( 7.5.3| ) and 



that it may be larger than the dominating number (7.5.2). As this cardinal turns 
out to be bounded by a cardinal number related to the strong PP-property, we 
take this opportunity to have a look at several properties close to the PP-property. 

7.1. Balcerzak Plewik number 

For an ideal J of subsets of 2^ it is natural to ask if it has the following 
property (P): 

(P)j- every perfect subset of 2^ contains a perfect set from J . 
The pr operty (P) has numerous consequences and applications (see e.g. Balcerzak 



Ba91 , some related results and references may be found in Balcerzak Roslanowski 
BaRo95 |) and it is usually easy to decide if (P)j holds. However, that was not 
clear for some of Mycielski's ideals k- 

Suppose that /C C is a non-empty family such that 

(®) (vx G /c)(3Xo,Xi e /c)(a:o,a:i c X & x^r\x^=%). 

Let consist of these sets A C 2^ that 

(VX e /C)(3/ : X 2)(V.g G A)(-/ C g). 
It is easy to check that r ^ cr-ideal of subsets of 2^. These ideals are relatives 



of the ideals from Mycielski | IV[y69| and were studied e.g. in Cichoh Roslanowski 



Steprans W§glorz |CRSW93| and |Ro94|. If the family JC is countable than easily 
the ideal jc determined by it has the property (P). D§bski, Kleszcz and Plewik 



|DKP92" showed that the ideal ^A* does not satisfy (P). Then Balcerzak and 



Plewik defined the following cardinal number kbp (see Balcerzak Plewik [BaP196|) 



Definition 7.1.1. The Balcerzak-Plewik number kbp is the minimal size of a 
family /C C [uj]^ such that 

for some perfect set Q C 2^ , for every perfect subset P of Q there 
is AT G /C such that 

P\X {/ G 2^ : (3.9 G P)(/ C g)} = 2^. 

[Note that kbp is the minimal size of /C C [uj]^ satisfying (©) for which the ideal 
M2 ic does not have the property (P).] 

They proved that 5 < kbp and asked if 

• it is consistent that kbp < c, 

• it is consistent that c) < kbp. 
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A full answer to these questions will be given in the final part of this chapter. Now 
we want to give an upper bound to kbp- 

Definition 7.1.2. Let X be the space of all sequences w = {wi : i € B) such 
that B e [uj]^ and (Vi £ B){wi e [ujf). We define a relation C x AT by 

(?7, w) £ R^^^ if and only if rj e iJ^ , w £ X, and (Vi £ dom{w)){r]{i) G Wi). 

Note that the space X carries a natural Polish topology (inherited from the 
product space of all w = {wi : i < uu) such that for each i £ lu, eit her W j = or 
\wi\ — i). The relation R^^^ describes the strong PP~property of | Sh:i| , Ch VI, 
2.12E]: a proper forcing notion P has the strong PP~property if and only if it has 
the i?''^^-localization property (see 0.2.2). 

Theorem 7.1.3. kbp < ^(i?'^^). 

Proof. Construct inductively a perfect tree T C 2"^^ and an increasing se- 
quence = fco < fci < fc2 < • • • < ^ such that for every i £ lo: 

(a) (Vi^ £Tr\2^i){37^o,i]i £Tr]2^i+^){v <\ t]q k v <\ j^i k ijo ^ m), 
(/3) for each colouring f : T (1 2^* — > 2 there is n e [fc^, /ci+i) such that 

(V77ern2^»+i)(,?(7i)-/(,7rfc.))- 

The construction is straightforward. It is not difficult to check that if P C [T] is a 
perfect set then there is X e [uj]^ such that P\X ^2^ (or see 1DKP92[ ). 
Let D CX be such that \D\ = i)(i?"PP) and 

(V?7 £ w^)(3w £ D){{t],w) £ 

Let N be an elementary submodel of H{x) such that D,T, {ki : i < uj) £ N , D £ N 
and |A^| = \D\. We are going to show that 

for each perfect set P C [T] there is X e TV n [lo]^ such that P\X = 2^ 
(what will finish the proof of the theorem). To this end suppose that T* C T is 
a perfect tree. Since N n cu'^ is a dominating family (as the strong PP-property 
implies w'^-bounding) we may choose an increasing sequence {ui : i < uj) £ N Huj^ 
such that 

(View)(Vi^er*n2^«0(l{'7e7'*n2^"'+i :u<ir]}\ >2(i + i)). 

As we may encode (in a canonical way) subsets of 2^* as integers, we may use the 
choice of D and N and find a sequence {wi : i £ B) £ N such that for each i £ B: 

(i) 0<\w^\<i, 

(ii) a£Wi ^ a cm 2^"^ , 

(iii) T* n 2^=". £ w,. 

By shrinking each Wi if necessary, we may additionally demand that \a\ > 2-min(i?) 
for each a £ Winin(s) a-nd if i < j both are from B, a £ Wj then 

(iv) for each £ a the set {rj £ a : t^f/c„. — ?7fA:„. } has at least 2j elements 
(remember the choice of the rij's). Now, working in N, we inductively build a perfect 
tree T+ C T. First for each a £ Wniin(S) we choose r]aO^''lai ^ such that there 
are no repetitions in (7/^^^ : a £ Winin(B), £ < 2) (possible as |winin(B)| < min(i?) 
and |a| > 2 • min(i3) for a £ Wniin(B))- We declare that 

T+ n 2^""-(-) = {ryP, : a £ u;,„i„(B), £ < 2}. 
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Suppose that we have defined r+ n 2^''^^ , i ^ B and j = min(i3 \ (« + 1)). For each 
1/ e r+ n 2^". and a e Wj we choose 77^ g, yy^ ^ G T n 2^"^ such that 

1. there are no repetitions in (77aOi'7a,i • ^ ^ '^j); 

2. if a e Wj is such that {3f] e a)(z^ < 77) then ?7aO''7a,i ^ 
Again, the choice is possible by (iv). We declare that 

T+ n 2^"^ = {?7^^^ : iy e r+ n 2^"> , a e Wj, £ < 2}. 

This fully describes the construction (in N) of the tree C T. Next, working 
still in N, we choose integers nij G [A;„^ , fc„^+i) such that for each j G B: 

(+) if ly e T+ n 2^»> , i e _B is such that j = niin(S \ {i + 1)) (or = () and 

j = min(_B)) and a £ Wj and r]"^^ ^ < r] e T D 2^"i+i then r]{mj) = i 

(possible by (/3) of the choice of the tree T and the first demand of the choice of 
the 77^ /s). Let X = {rrij : j e B} e [uj]^nN. Suppose f:X — > 2. By clause (iii) 

dcf k 

we know that for each j e _B, 6j = T* n 2 "3 G wj. Consequently we may build 
inductively an infinite branch rj G [T*] such that rjlkn^i^^B) ~ Vt /("i (b)) ^^'^ 
for each z G -B, if j = min(i3 \ (i + 1)), = 77 f/c^. then rj \knj = j^rn )- follows 
from (+) that f ^rj. □ 

Remark 7.1.4. Note that a sequence (w, : i G B), where Wi G [w]*, may 
be interpreted as a sequence {vi : i G B), where \vi\ — i and members of Vi 
are functions from the interval [-^^^J^, ilti^iiHi) to lu. Consequently, considering 
suita ble diago nals, we may use Bartoszyhski-Miller's characterization of non(A^) 



(see [[BaJu95| , 2.4.7]) and show that non(. M) < d(R ^^^). As clearly 5 < d{R^^^) 
we conclude that co{{M) < d{R'^^) (by ||BaJu95| , 2.2.11]). O n the othe r hand. 



it follows from Bartoszyhski's characterization of co{{Af) (see [ BaJu95 , 2.3.9]) 
that d{R^^^) < cof (A/") (just note that the Sacks property implies the strong PP- 
property). 

7.2. An iterable friend of the strong PP property 

The PP-property is preserved in countably support iterations of proper forcing 



notions (see |Sh:f , Ch VI, 2.12]). However, it is not clear if the strong PP-property 
is preserved. Here, we introduce a property stronger then the strong PP which is 
preserved in countable support iterations. 

Definition 7.2.1. Let 2? be a filter onus, x ^ oj^ be a non-decreasing function 
and let ^ = (JF, <jr) be a partial order on C uj^ . 

1. The filter V is weakly non-reducible if it is non-principal and for every par- 
tition {Xn : n < uj) oi LU into finite sets there exists a set F G [usf^ such that 

U X„ev. 

neui\Y 

If above we allow partitions into sets from the dual ideal V then we say 
that V is non-reducible. 

2. The partial order is PP-ok if it is dense, has no maximal and minimal 
elements, each member of is non-decreasing, the identity function belongs 
to and 
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((g)) if ho, hi £ ho <jr hi then (Vn G < ho{n) < hi{n)) and 
lim jTT^ — oo and there is h £ T such that 

(y-n£u;)ihin)<^). 

ho[n) 

3. We say that a proper forcing notion P has the (T>, x)~strong PP-property if 

I hp " for every rj G lu'^ there are i? £ I? n V and {wi : i G B) e V such that 
(Vi £ B){\w,\ < x{i) & ?7(0ewj)". 

4. A proper forcing notion P has the {T>,!F) -strong PP-property if it has the 
{T>, a;)-strong PP-property for every x £ T . 

Remark 7.2.2. 1. Each non-principal ultrafilter on uj is non-reducible. 

Clearly non-reducible filters are weakly non-reducible. 
2. One can easily construct a countable partial order T which is PP-ok and 

such that X £ T for any pregiven non-decreasing unbounded function x £ 



Theorem 7.2.3. Suppose that V is a non-principal p-filter on uj (see 6.2.1(2)) 
and J- — (jF, <jf) is a PP-ok partial order. Then: 

1. every proper forcing notion which has the {V, ^) -strong PP-property has 
the strong PP-property, 

2. the (T>,J^) -strong PP-property is preserved in countable support iterations 
of proper forcing notions. 

Proof. 1) Should be clear. 



2) We will apply jSh:^ , Ch VI, 1.13A], so we wiU follow the terminology of |Sh:f , 
Ch VI, §1]. However, we will not quote the conditions which we have to check, as 
that was done in the proof of 5.2.9 (and the proof here is parallel to the one there). 
We will present the proof in a slightly more complicated way than needed, but later 
we will be able to refer to it in a bounded context (in 7.3.6). Moreover, in this way 
the analogy to 5.2.S| will be more clear. 

For each m > 1 we fix a function -0™ : w [cj]— ™ and for h £ we define 
i^h-U!^ > n H"^^ by ■iph{v){n) = V'''^"H'7("))- Further, for h*,h £ J^, B £V 

and w = {wi : i £ B) such that h* <jr h and (Vi G B){wi £ [cj]-^(*)) we put 

T^.h' = {i' G c^<'^ : (Vz G Bn^g(z.))(^''*«(z.(z)) C w,)}. 

Each Tiij^h' is a perfect subtree of u)^^ . Now we define: 

. Dj, f is n{ni)^, 

• for x,T £ Dj) f we say that x Rj, -p T if and only if 

X = {h* , h) and T = T^jj^h* for some h* ,h £ J- and w — {wi : i £ B) £ Djj ■p 

such that h*<jrh, B£V, and (Vi G B)(w, G M-'^(*)), 

• for {h*,h}, (h**,h') £ dom{Rj, p) we say that {h*,h} <j,^fr (h**,h') if and 
only li h* = h** <:f h <jr h' . 



Claim 7.2.3.1. 



1- {^7},^! Rv,f) 0, weak covering model in V. 
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2. In any generic extension V* o/ V in which {Dj, f,Rx> jf) covers, a forcing 
notion P is {D^ jp, R-p f)-preserving if and only if it has the (P, !F)-strong 
PP-property. 

[Compare ^.2. 9.1[ ^.2.9/4 ] 

Proof of the claim: 1) Check. 

2) Suppose that {D-p ■p, R-p -p) covers in V* and P £ V* is a forcing notion with 
the (D, J^)-strong PP-property. Let {h*,h) e dom{i?p_^) and 77 g cj^ n (V*)'. 
Choose ho, hi € such that ho <jr hi and (V°°n € LL)){hi{n) < j^r^) (possible by 
7^(2)). Take w* ^ {w* : i e B*) e V* such that e P n V and 

Let 77* G u^nV* be such that V'*°^*H?7*(«)) = < (for « G ^*)- Since iDpjr,Rpjr) 
covers in V* and {ho, hi) G dom(Dp we find w = {wi : i £ B) G Dp p such 

that r^* G hm(Ts,,,,o) and (Vi G B)(wi G Let S+ = S n S* G P n V, 



U ip^''^'^\k) for i e B+. Note that for sufficiently large i G 
\wt\ < \Wi 



h*{i) < hi{i) ■ h*{i) < h{i) 

and we may assume that this holds for all i G B^ . Letting w+ = {w'l : i G B^) we 
will have {h* , h) Rp p T^,+ ^. and 77 G lim(T^j+ ^.), and hence (Dp jr, Rp p) covers 
in(V*f. 

The converse implication is even simpler. 

Claim 7.2.3.2. (Dp p, Rp p, <p ^) is a fine covering model. 
[Compare ^.2.9.^ ] 

Proof of the claim: Immediately by the definition of (Dp -p, Rp p, <p -p) one sees 
that the demands (a), ((3)(i} -(m) of | |Sh:^ , Ch VI, 1.2(1)] are satisfied. To verify 
the condition (/?)(iv) of |Sh4 Ch VI, 1.2(1)] suppose that {h*,h) <p p {h*,h') and 
{h*, h) Rp^ T^^M' , w'^ = {w^t Bi), Be G V (for ^=1,2). Take n e uj such that 
(Vto > n)(2-h(m) < h'(m)) (possible by |7.2.l| (2)) and let B = BinB2n[n,w) G V. 
Put Wi = w] Uw? for i G B and look at the tree T^^h*- Clearly {h*,h') Rp^p T^,h* 
and T^iji* UT^^2 ^j. C T^^h' (so more than needed). 

Checking clauses (7) and (S) of ph^ , Ch VI, 1.2(1)] we restrict ourselves to 
the stronger condition (6). So suppose that V* is a generic extension (via a proper 
forcing notion) of V such that V* \= "(Dp p, Rp p) covers", 
(a) Assume that x, x^ ,Xn G dom(i?25 p), Tn £ Dp p are such that for n £ uj 

<U,:r <T>,f' ^T>,f' ^ ^ud Xn Rv,^ ^n- 

Let X = {h*,h), Xn = {h*,hn), x+ = {h*,h+) (so h* <yr hn <t hn+i <r h'^ <r h) 
and let = (wf : i £ B^) & Dp jr be such that T„ = T^ja^^h* (so B„ G P ("1 V 
and < hn(i))- Look at the sequence (i?„ : n G cj) C P n V. It does not 
have to belong to V, but it may be covered by a countable set from V (as V* is a 
proper forcing extension of V). Hence, as P is a p-filter, we find a set B £ T> such 
that (Vri G to)(\B \ Bn\ < iu). Take h^,h^ £ T such that h^ <jr h\ and (V°°7i G 
— hHri) ) (remember (®) of 7.2.1 (2)) and choose an increasing sequence 



^)(^i 

mo < mi < TO2 < ■ ■ ■ < uj such that (Vi > mo)(h^ (i) < -^rjjj), B \ Bo '!= mo and 
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for n G Lo: 

B \ B,n„ C nin+i and (Vi > m„+i)((n + 2) • h„i^{i) < h^{i)). 
hcirj e tj'^nV* besuchthatifi G Sn[m„, m„+i) then V'''^^ (?7(i)) = w°U U wf", 

and let 77* e tj*^ n V* be such that i/''*" ^^H*?*!*)) = {^(*)} for each i e lu. Since 
(Dp ^, ^) covers in V* we find ^- G -Dp ^ such that 77* G hm(rjj_ and 

(/iq , i?-p jr Tj_ Let B* =^ i? n dom(iD") \ mo G V. By the choice of 77, 
T^~^h- and /i^f we find w* ^ {w* : i e B*) e D-^ f such that < h^{i)-h+{i) < 
h{i) and w° U IJ w™*" C w* whenever z G i?* n [7n„, ?7i„+i), n ^ uj. Clearly 

Tw*,h' G D-p fr and (/i*, ft-) i?D^;r Tib*, ft,* • Put =^ {ttiq, mi, 7712, . . . } and suppose 
that p e uj^ nV* is such that for every n e uj, p\m„+i G IJ T„i^ U Tq. If 7 G B* , 

k<n 

nin < 7 < 7n„+i then, by the assumptions on p, ^jj'^ ^^\p{i)) C tu^ U IJ if™'" C 77;*. 
Hence p G lim(Tu).^/j* ) (remember i?* C [777,0,0;)). 

(b) Assume that x — {h* , h) G dom(i?25 f), rjmrj G are such that r]\n — rjn \n 
for 77 G Take h' ^ T such that h* <jr h' <yr h and choose an increasing sequence 
= 777o < TTii < 7772 < • . • < cij such that for each 77 G 

(V777 > 777„+i)((77 + 2) • h* (m) < h' [m)). 

Let 77* G uj^ (in V*) be such that 

if 771 G [777„, 777„+l), 77GW, 0<fc<77+l 

then ^ V''''(™H'7*M) 

(remember the choice of the 7r7„'s). Since iD^i^f, Rt>,:f) covers in V* we find 
Hj = {wi : i E B) such that {h' ,h) R-p fr T^^h' (so in particular D G I? and 
\wi\ < h{i)) and 77* G lim(rto^;i/). But now look at the tree T^.h' ■ Clearly it satisfies 
{h*,h) R-p f T^.h'. Moreover, one can inductively show that rim^^i G \iTa{T^^fi*) 
for each n E iv. [Why? Plainly for each m E B we have ip''' (77ml (777)) C 
ipf^' i™) (ri* (m)) C w„i, so rjjni G lim(TtB,;i. ). Looking at 77^^^^, 77, > 0, note 
that 7/m„+i |^777„ — 77m„ [777„ and for each 777 > 777„ we have ?/;'' ('ymn+i ("^)) ^ 
(™)(jy*(TO)) ] Thus Tw,h* is as required, finishing the proof of the claim. 

Finally, due to |7.2.3.1| , [7^2X2| we may apply [ ]Sh:| Ch VI, 1.13 A] to conclude 
the theorem. □ 



Theorem 7.2.4. Let V he a weakly non-reducible filter on u, x E lu^ be an 
unbounded nan- decreasing function. 

1. // {K, S) is a finitary t-omittory tree-creating pair then the forcing notion 
Qf'"'{K,T,) has the {V,x)-strong PP-property. 

2. If {K, E) is a finitary creating pair which captures singletons then the forcing 
notion Q^^(i\r, S) has the {T), x)-strong PP-property. 

Proof. 1) Suppose that 77 is a Q'''°°(iir, I])-name for an element of uj^ , 
p E Q\'-'^°{K, E). Choose a condition q > p and fronts F„ of T'^ such that for each 
n E LO 

1. if G Fn then the condition q^"^ decides the value of 77(77), 

2. {yv E Fn){nor[tl] >n+l), 
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(possible by 2.3.7 (2), 2.3.5 ). Next choose an increasing sequence = ?io < < 
n2 < . ■ . < such that for each k G lu 



Since V is weakly non-reducible we find Y G [lo]^ such that B [J [uk, JT-fc+i) G 

keLj\Y 

v. Now construct inductively a condition q* > q such that root((7*) — root(g) and 

(a) T"' C {root(9)} U U{pos(i^) : v ^ F^, k k ^Y}, 

(b) if e r?* then pos(t9*) C pos(t^.) and nov[tf] > nor[tl,] - 1 for some 

e U 

fcev 

It should be clear that one can build such q* (remember {K, S) is t-omittory) . Note 
that if fcoi ki £Y, kg < ki and (fco, fci) C then for each n G (jikoi '^feil have 

|dcl(T«*)nF„| = |dcl(r«')nF„,^^J < | |J{pos(i^J: < x(nfe„+i) < ^W- 

For n e B let Wn = {m e uj : {3v £ F„ndcl(T«'))(gM Ih 77(71) = m)}. By the above 
remark we have \wn\ < x(n) (for n £ B) and clearly g* Ih (V7i G B){fi{n) £ Wn)- 

2) Similar. □ 

7.3. Bounded relatives of PP 

In the following definition we introduce relations which determine localization 
properties (see 0.2.2| (2)) close to the PP-property when restricted to functions from 
Y\ f{n). Not surprisingly they include (the relation responsible for) the {f,g)- 

bounding property too. 

Definition 7.3.1. Let f,g£ be non-decreasing functions such that (Vn £ 
a;)(0 < g{n) < f{n)). Define: 

2. Rig.. Rig C n /(") X Sf,g are given by 
rj g A if and only if 

V& f\ fin), A = {An ■.n£Lu)£ Sf^g and (3°°n £ Lu){ri{n) £ A„), 

T] g A if and only if 
G n A = {A,, ■.n£Lu)£ Sf,g and (y°°n £ Lu){ri{n) £ A„), 

3. a relation -Ry ^ H /(^) ^ 11 /(^) defined by 

770 R*f 111 if and only if 770,771 £ J] /("-) and (3°°7i G cj)(77o(7i) = 771(71)), 

4. a relation Ry^ C J] /(n) x 5'y ^ is such that 

77 Rfg (i, if) if and only if 

e n /H, A^ {An : n £ uj) £ Sf^g, K = {fco, /ci, fca, . . . } G (the 

increasing enumeration) and (Vm G € [A^m, ^m+i))(^(^) ^ ^n)- 
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Remark 7.3.2. 1. The spaces Sf^g, Sjg and J] /(^*) carry natural (prod- 

uct) Polish topologies. 
2. The relation i?Y corresponds to the (/, g)-bounding property, of course. 



The cardinal number ) is the c{f,g) of GoSh 448 (see there for 



various ZFC dependencies between the cardinals determined by different 
functions as well as for consistency results). 

Note that the relation i?^*^ (or actually the corresponding localization prop- 
erty) is really very close to the PP-property. The cardinal numbers ^(-Rp 
and d{RYg) appear naturally in | BRSh 616 |. 



4. There are other natural variants of relations introduced in |7.3.1| . We will deal 
with them (and the corresponding cardinal invariants) in the continuation 
of this paper. 

Below we list some obvious relations between the localization properties intro- 



duced in 7.3.1 and the corresponding cardinal numbers. 



Proposition 7.3.3. Let f,g,h e uj^ be non- decreasing functions such that 
< g{n) < f{n) for each n £ lu. Then: 

1. The g -localization implies the Rj g -localization and d{Rj g) < 0(i?jg). 

2. Suppose that for some increasing sequence mo < toi < m2 < . . . < uj we 
have 

(Vn 6 i^){g{n) < m„+i - m„ & f{n) > ]^ h{k)). 

Then the R^ g -localization implies the R'^ -localization andX){R^) < (){R^ g). 

3. The R*j: -localization implies the R^ g localization and d{R^ g) < t)(i?j). 

4. The R^ g -localization plus u!^ -bounding imply the R^g -localization. The 
R*j:*g -localization implies the R^ g -localization. Hence 0(i?^g) < 0(i?j*g) < 
max{0,t)(i?^^^)}. 

5. If g is unbounded then the strong PP-property implies the RJ^ g -localization, 
andd{Rjg) <d{R'^^). 

6. Assume ground model reals are not meager. Then the extension has the 
R*j: -localization property and thus 0(i?J) < non(7W). 

7. The R*j!*g-localization implies that there is no Cohen real over the ground 
model, and thus cov(A^) < ^(i?^*^). 

For getting the R^ ^-localization (i.e. (/, (;)-bounding property) for forcing no- 
tions built according to our schema see |5.l| . Let us note that the other properties 
appear naturally too. 

Proposition 7.3.4. Let f,g£ lu^ . Suppose that ¥ is a forcing notion one of 
the following type 

• 'Qsoo(-^i^) f'^^ finitary creating pair {K,Y,) which is either growing and 
big or omittory and omittory-big, 

• 'Qwoo(^i ^) /"'^ finitary creating pair which captures singletons, 

• iJ^°°(^K, S) for a finitary t-omittory tree-creating pair {K, S). 

Then P has the R^g -localization property. 
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Proof. It should be clear, so we will sketch the proof for the first case only. Let 
77 be a Q*^{K, i;)-name for a function in JJ f{^) a-i^d let p e i^l^{K, S). Using 

^.2.3| or [2Y^ construct a condition q G <S^*^{K^ S), an enumeration {uk : k G to) oi 



U pos(u'*, tg, . . . , t'^_i) and a sequence {mk : k < uj) such that 
1- P ^0 9, mo < mi < . . . < 

2. if Ufc G pos(u''', ■ • ■ I ^n-i) then the condition (ufc, t^, t^+i, . . . ) decides the 
value of ?7(mfe). 

Plainly the construction is possible and easily it finishes the proof. □ 

It may be not clear how one can preserve (in countable support iterations) 
the localization properties introduced in [7.3.1 . To deal with the i?^ ^-localization 



property we may adopt the approach of 7.2.3. It slightly changes the meaning of 



this notion but the change is not serious and makes dealing with compositions much 
easier. 

Definition 7.3.5. Let /iq, /ii, / G be non-decreasing unbounded functions, 
I? be a filter on lj and T = {T, <jr) be a partial order on ^ C f{n). We say 

that a proper forcing notion P: 

1. has the T^-R^ /j,-, -localization property if 

Ihp " for every r/ G J] [f{n)]-^o^'^^ there are B G P n V and (w^ : i G G V 
such that {Vi e B)(\w^\ < hi{i) & f]{i) C w,) " , 

2. has the {V, !F) -Rj -localization property if it has the ^^-localization 
property for every ho, hi G T such that /iq <t hi. 

Proposition 7.3.6. Suppose that V is a non-principal p-filter on lo, f £ lo^ 
is non- decreasing unbounded and T — {J-, <jr) is a PP-ok partial order on J- Q 
n f{^) (^^^ y.^. except that it does not have to contain the identity function) . 



Let {Pa,Qa '■ a < S) be a countable support iteration such that for each a < 6 

I^Pa " Qq is a proper forcing notion which has 
the (T) , ^) -R^ -localization property". 

Then the forcing notion Fa has the {D, T) -R^ -localization property. 



Proof. Repeat the proof of 7.2.3 making suitable adjustments to the fact that 



we are "below the function /" . No real changes are required. □ 
Remark 7.3.7. Note that with no serious changes we may formulate and prove 



a variant of 7.3.6 which would be an exact reformulation of 5.2.£ for the current 
context. 

Proposition 7.3.8. Let f,hQ,hi G uj^ be non- decreasing unbounded functions 
such that (Vn G < ft-o('i) < hi{n) < f{n)) and lim T^-r4 — 00. Assume V 

is a non-reducible p-filter on oj. Suppose that (if, E) is a finitary, omittory and 
omittory-big creating pair. Then the forcing notion Q*^(i4r, E) has the T^-Rf ho hi ~ 
localization property. 
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Proof. Like 7.2.4 plus 7.3.4 



□ 



Remark 7.3.9. Note that if x{n) < '-^^^ for n 6 cj then the (17, a:)-strong 
PP-property imphes the 'D-Rj -l ocahzation property. Consequently we may 
use 7.2.4 to get the conclusion of 7.3.^ for the two types of forcing notions specified 



7.2.4 



7.4. Weakly non-reducible p-filters in iterations 



One could get an impression that 7.2.3, 7.3.6 together with 7.2.4 and 7.3.8 are 
everything we need: the properties involved are iterable and we may get them for 
various forcing notions. However, to be able to make a real use of 7.2.4 or 7.3.8 
we have to know that if we start with a weakly non-reducible p-filter and then we 
iterate suitable forcing notions, the filter remains weakly non-reducible. One could 
start with a p-point and consider forcing notions which are p-point preserving only. 
However this is much too restrictive: we may iterate forcing notions mentioned in 
7.2.4 and 7.3.i and the iterations will preserve the fact that the filter is weakly 



non-reducible. The first step in proving this is the following observation. 

Proposition 7.4.1. Suppose that V is a weakly non-reducible filter on lo. Let 
P be an almost lo^ -bounding forcing notion. Then 

hp " (The filer generated by) T> is weakly non-reducible ". 

[Note that this covers lo^ -bounding forcing notions.] 

Proof. Suppose that (X„ : n e w) is a P-name for a partition of lo into finite 
sets. Let / be a P-name for a function in w*^ such that 

Ihp " (Vn e Lo){3m G u;){X„, C [nj{n))) ". 

Suppose p e P. Since P is almost w'^-bounding we find an increasing function 
g £ Lo^ such that 

(VA e [uor){3q > p){q Ihp " £ A){f{n) < g{n)) "). 

Let ^ n^) < ni < n2 < . . . < LO he such that gin^) < JT-fe+i- As the filter T> is 
weakly non-reducible, we find Y e [lo]^ such that Z = [j [rife, Uk+i) e V. Let 

^ = {^fc ■ k £ Y}. By the choice of the function g, there is a condition q > p such 
that 

glhp " {3°°neA){f{n)<g{n)) ". 
Now look at the choice of / - necessarily 

glhp " (3°°meco)(X„nZ = 0) 
which is enough to conclude the proposition. □ 



Note that 7.4.1 captures almost all forcing notions mentioned in 7.2.4, 7.3 



So what is needed more is that "2? is weakly non-reducible" is preserved at limit 
stages of countable support iterations of proper forcing notions. This is done like 
preserving unbounded families (i.e. by |Sh:l, Ch VI, §3]). 
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Theorem 7.4.2. Let V be a weakly non-reducible p-filter on lo. Suppose that 
(PajQa : a < 5) is a countable support iteration of proper forcing notions such that 
5 is limit and for each a < 6 

Ihp^ " (The filter generated by) V is weakly non-reducible ". 

Then Ihp^ " (The filter generated by) T> is weakly non-reducible ". 



Proof. We will use | Sh:f| , Ch VI, 3.13] and thus wc will follow the notation 



there. Let F C uj be the family of all increasing enumerations of elements of 



V (i.e. F = {^x : X e T>}, see |4.4.4| ). Let R be (a definition of) the following 
two-place relation on u;^ : 

g R f if and only if [g, f e lo^ and) 

(El°°fc)([n^,, n^,_l_^) nrng(/) = 0), where = 0, Ji-f^^ = + 9{k) + 1 for fc e w. 
As T> is weakly non-reducible, the family F is i?-bounding (i.e. (ig G uj^){3f G 
F){9Rf))- 



Claim 7.4.2.1. (F,i?) is S-nice (see [|hi|, Ch VI, 3.2]; here S C [F]'^ is 
arbitrary). 

Proof of the claim: We have to show that for each N ^ S there is g € F such that 
for each mo G w (the uq of ^h:i , Ch VI, 3.2.3(/3)] is irrelevant here) the second 



player has an absolute winning strategy in the following game. 

At the stage k of the game, Player I chooses fk G lj^ and gk G 
FDN such that fk I'm^+i — fe t™f+i for all < £ < fc and fk R gk- 
Then Player II answers playing an integer ruk+i > nrik- 
Player II wins the game if ( IJ fk \'mk) R g- 

But this is easy: let g G be such that rng((7) C* rng(/) for all / G F Ci N 
(remember 2? is a p-filter). Then 

fk R gk implies {3^1 G u;){[n{'' , n{^J n rng(g) = 0). 

Thus, at stage k of the game, the second player may choose mk+i > ruk such that 
[n{'' ,n{\^) nrng(.g) = for some i G {mk,mk+i). 

As we iterate proper forcing notions, countable subsets of F from V''" can be 
covered by countable subsets of F from V. By our assumptions, F is i?-bounding 
in each Y^" (f or a < 6) and it is nice there (like in the claim above) . Consequently 
we may apply I Sh:^ Ch VI, 3.13(3)] and we conclude that 



Ihpj " F is i?-bounding ". 
But this is exactly what we need. □ 

7.5. Examples 

Example 7.5.1. Let P C 2^ be a perfect set. We construct a finitary function 
H^, an H^-fast function f^ : lu x uj — > lo and a 2-big trivially meagering simple 
creating pair (A jf^g ]| , S^^) for H-'^ with the (weak) Halving Property such that 

IKq.^ (-R |?71| s~) " there is a perfect set Q Q P such that 
(ViiTG [ujf" f^Y){Q\K ^2^) ". 
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Construction. The creating pair (-ftlf^, Li^g j) will be constructed in a way 



slightly similar to (-K0TT3j ^liXiS) • F^i' posrSve ' integers i,m let R\{2,m) be the 

I — '. — '. — □ I — '. — i 1 ^ ^ r\ 

minimal integer k such that for every function : Y\[k\ — > 2 there are sets 

t<i 

flo, . . . , ai-i e [fc]"^ such that (^["[ao]^ x . . . x [a^-i]^ is constant. [Thus this is the 
Ramsey number for polarized partition relations; R\{2,'m) is essentially i?2(2,m) 
of |6.3.5[ ] 

Define inductively (fc) for fc e w by Z|(0) = i?|(2, 4) , Z|(fc+1 ) = i?i (2, 2 • (fc) ) , 
and for a finite set X let 

H,{X) min{fc ^uj:\X\< Z\{k)}. 

Let T C 2^^ be a perfect tree such that P — [T]. Now construct inductively 
functions H'^ H and ~ f and an increasing sequence h = {rii : i d oj) such 
that 

(i) /(O,/ ) = £ + 1, /(fc + 1,£) = 2^«W+i • {f{k,i) + + 2) (compare 



(ii) no = 0, n.i+i is the first such that for every v eT C\ 2""* 

i/2.({7? e ^2*^'+! : J/ < r;}) > 2^(^'*\ 

(iii) H(i) is the family of all non-empty subsets of T fl 2"'*+i. 

It should be clear that the clauses (i)-(in) uniquely determine H, / and fi. 
Call a sequence m S ]^ H(i) acceptable if for each < ii < m 



|-u(0)| = 2, u(io) = {ri\ni„+i : rj G m(«i)}, 



and 



Note that if G H H(m) is such that each W\m is acceptable then the sequence 
W determines a perfect tree 



drf {t/ e T : (3m e w)(3r7 e V^^(m))(l/ < ?/)} C T 



with the property that \T^ n 2"^^| 
ramification below n^+i. 

A creature t G CR[H] is in Kfc^ j if 
it 



2' and each node from n 2"» has a 



dis[<] 



(Bi : e T n 2' 



'dn 



1 = « + 1 and 



where r* is a non-negative real and 



Bl {i] e T C^ 2"'+i : z/ < 77} (for all z^ € T n 2"'*; remember i = m^jj, 

• val[t] = {(m, w) G H(A:) x Y\ H(fc) : u <] u both are acceptable and 

if 7? G v{m\^) then r? G 

• nor[t] = max{0, min{ff2.(-B*) : J/ G T n 2"-»} - r*}. 
The operation Sf*^ is defined by 

^^{t) - {s G : = ml„ & (Vi. G T n 2"')(i3^ C ) & > r*}. 

It should be clear that (Al.^^ J, Sl^g j^l) is a simple finitary creating pair and the 
forcing notion Qf (iilf^s i|, Sf 5 j) is not trivial. 



To check that (iilf ^ J, iJf 5 j|) is 2-big suppose that t G Aly^g J, nor[t] > 1, u G 
basis(i) and c : pos(it, t) — -> 2 (note that basis(t) = dom(val [t\) and pos(u,t) = 
{v G rng(val[t]) : u <\ w}). Then u is acceptable and, if tg{u) > 0, \u{£g{u) — 1)| = 
2^9("). Let i = £g(u) = m^„. Let k = min{i72>(S*) : ly e u(i - 1)}. By the 
definition of the norm of t we know that k > nor[t] + r* > 1, so necessarily k > 2. 
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Note that under natural interpretation Y[ C pos(u, t), so we may restrict 

our colouring c to this set and use the definition of (and the choice of k). Thus 
we find sets B* C (for v E u{i — 1)) such that 

{Viy e u{i - 1)){\B;\ = 2 ■ Zf {k - 2)) and c\{ ]J S*) is constant. 



Note that H^^iB*) > fc - 1 > nor[t] - 1 
determined by 



> r*. Let s e K^"^ A be a creature 



'dm 



Bf, 



B* if e u{i — 1), and B^ = otherwise. 



Clearly s £ iJ^g nor[s] > nor[<] — 1 and c["pos(u, s) is constant. 



Plainly ( 



Let half 



7.5.1 



S j^g ]^| ) is trivially meagering, as if y G X then 
H,{X\{x,y})>H,{X)^l. 
iif 5 j| be such that if nor[f] > 2 then 



dis(half(i)) = (B* : 1/ e T, ^^(z/) = n„^J, r* + -norM), 

and half (t) = t otherwise. Exactly like in ^.4.12| one checks that the function half 
witnesses the fact that (iil^g J, g j) h as the (weak) Halving Property. 
To show the last assertion of [^b.l we prove that 



lb 



(V/^ e [ujf r\Y){[T^']\K ^2 



where W is the name for the generic real (see |1.1.13 ) and is the tree defined 
before. To this end suppose that p e and K G [ijj]^ ■ We may 

assume that £g{wP) = jo > and (Vi G uj){nor[t^] > f^{0,rnj^) > 2). Choose 
ji G uj such that %i) (~\ K\ > 2^" and fix one-to-one mapping 

k : wP{jQ - 1) — > [njg.rijj n K : u ^-^ k[v) 

(remember that is acceptable, so [^^(jo - 1)1 = 2^" and ^^(jo - 1) ^ Tn 2'^Jo). 

Fix G wP{jo — 1) for a moment. Let z(i^) ~ i < ji — jo be such that 
A:(j/) G [njo+i, njo+i+i). For each 77 G m2"'Jo+^ such that i/ <i ij choose 0^0+^(77) G 2 

dcf 1 

such that the set B'^ = {p E Brf : p(k{i')) = Cjo+i{v)} has at least ^\Br{ \ elements 

(so then H2io+i{B'^^) > i/23Q+' (-S,,* ) — 1). li -q — v then we finish the procedure. 
Otherwise, for each p G m2'^Jo+i-i g^ch that < p we choose Cj^+i-i{p) G 2 such 

dcf 

that the set B^ = [t] E Bp^^ : Cjo+i-i(p) = Cjo+iiv)} at least ^\Bp^^ \ elements 

(and so H23Q+i-i (Bp) > i/23o+>-i {Bp^^) — 1). Continuing this procedure downward 
till we arrive to v we determine sets {B^ : v <rj eT C\ 2^i , jo < J < Jo + £ind 
Cjg {ly) G 2 such that 

(a), if < ?7 G T n 2"J , Jo < J < Jo + ^l^^) 

then Bj; C and J?2.(S^) > i/s^sj"'") - 1, 

(/3). if < ?7 G T n 2"ji is such that (Vj G [jo, Jo + i(z^)))(r/fnj+i G B'^^^^) 
then ri{k{v)) — Cjg{h'). 

For each i < ji — jo choose a creature G Llf^g iK^f) such that r''' = r*? and 
for every 77 G T n 2"'Jo+» 

if i{i]\njg) < i then S^' = S.^^"^", otherwise B^' = bI^ . 
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Clearly nor[si] > nor[i^] — 1 and thus q ~ {wP,sq,... , Sji_jo„i, , . . . ) is a 
condition in Q^.j, (A |f^5 ][ , stronger than p. Let a : K Ci [nj^ , rij^ ) — > 2 be 

such that (T(fc(i/)) = 1 — Cjo(i^) for each e wP{jo — 1). Note that 

u e pos(u;P,so, ■ • ■ ,Sji_jn_i) ^ (V77 e - l)){i]\{K n [njo,njJ 7^ cr)), 
what finishes the proof. □ 

Conclusion 7.5.2. It is consistent that kbp = non(A^) = 0(7?''^^) = c = H2 
and = Hi. 

Proof. Start with a model for CH and build inductively (with a suitable 
bookkeeping) a countable support iteration (Pq,Qq, : a < 0^2} and a sequence 
{Pa : a < LU2) such that 

(a) {Pa ■ a < UJ2) lists with a;2-repetitions all P^^-names for perfect subsets of 
2^ ; each Pa is a Pa-name, 



Qa is a Pet-name for the forcing notion Q^p^ (-K 



7.5.1 



Vl^' — I 

^7.5.1 



By |2.2.12| and |3.1.2| we know that each Qq, is a ( name for) proper tj'-^-bounding 
forcing notion and hence l^r^^ "'' ~ ^i"- 3.2.8 (2) we easily conclude that l^p^^^ 
"non(A^) = H2" and finally we note that by the last property of Q^p (A |^g ]| , I^^^) 

stated in 7.5. 1| , and by the choice of {Pa ■ a < W2}, we have Ihp^^ "kbp = ^2"- To 
finish remember [7.1.3| . □ 



Conclusion 7.5.3. It is consistent that kbp = '0[R 
K2. 



iPP\ 



Hi and non(7V) 



Proof. Force over a model of CH with countable support iteration, L02 in 
length, of for cing notions Q;,^(i4|T], ^^sX])- 

By 7.2.4(2) we know that the forcing notion Qwoo (-^^^ ^Xs] , S ^.4.3| ) has the (P, x)- 
strong PP-property for any weakly non-reducible filter I? on a; and an unbounded 
non-decreasing x € iJ^ . Consequently, if (in V) we take a p-point T) and a PP- 
ok partial order T then the iteration will have the (2?, J^)-strong PP-property, so 
in particular the strong PP-property (by 7.2.3; remember that by 7.4.1 + 7.4.2 the 



filter generated by T) in the intermediate universes is weakly non-red ucible ). Hence, 
in the resulting mod el we have 0(i?''^^) = Hi and thus kbp = Hi (by 7.1.3 ). Finally, 

it follows from 5.4.4 that in this model non(A/') = c = H2. 

Note that one can use the forcing notion Q^i''^'^ '' 



[I^Zl qlXil) of ^.4.5| as well. □ 



Let us recall the following notions from | Sh 326 |. 

Definition 7.5.4. Let T QuJ^ and g e cj^. 

1. We say that the family T is g -closed if 

(V/ £ T)(3f+,r e T){\J^n e uj){,f{nY^^^'> < r{n) & [] (/M + 1) ^ /^("))- 

rn<n 

2. We say that a proper forcing notion P has the {J- , g)-homidiiig property if 
it has the (/, 5^)-bounding property for each e > and f ^ T . 

These notions are important when we want to iterate (/, (7)-bounding forcing 
notions: if ^ is a 5-closed family then each countable support iteration of proper 
( J^, (7)-bounding forcing notions is (.F, (?)-bounding (see | |Sh 326 , A2.5], compare 
to |5.2.S| ). 
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Proposition 7.5.5. Suppose that T C llH is a g-closed family and (p (z lu^ 



an increasing function. Let g^p 
g^-closed. 

Proof. Check. 



g o Lp and let J-^p — {f o ip : f £ J-}. 



Then T^p is 



□ 



Conclusion 7.5.6. Let g{n) = n" for n e w and let T C he a, countable 
g-closed family. Suppose that F G uj^ is an increasing function which dominates 
all elements of T (i.e. (V/ G T){\f °°n G w)(/(n) < F{n))) and let H = H^, / = 
(and (pu) be as defined in 2.4.6 for F. Next, let fa G J- and {nik : k G ut) C ui 
and h G uj^ be such that mg = 0, m^+i = m^^ + ip-H.{k^Y^'"^\ h is non-decreasing 
and h{mk+i) < /o('/'h(^)) (for k G w). Assume that P^^ is the countable support 
iteration of the forcing notions Qj(Jf pX^ ; Then 



Proof. We know that 



5vh 
tion 



= g °Jfa 



= {/' o y'H : ./' G -^l is ^i^H -closed, where 
By 5.4.(; and the choice of F we have that the forcing no- 
) is proper, cj^-bounding, (jFi^^j , g,pj^)-bounding and so is the 

iteration. Hence, for each /i G T, Ihp^^ "^(-^/ioi/ph goi^H^ ^ ^ ^i"' ^^xt note 
that for the function h defined in the assumptions and for sufficiently large k we 
have 

n h{n) < /i(mfe+i)'^«w < ((/o o ^nmr^^'^ < (/o* o ^^m, 



where /q* G J" is such that (V°°n G tj)(/o(7i)9(") < fSin)). Use |7.3.3| (2) to conclude 
that ll"p^2 "^(-^h) — ^i"- Finally, note that if W is the name for the generic real 
then 

(V^ e n H(n) n V)(V-n G Lu){W{n) ^ x{n)) 



and therefore Ihp^ "5(^h) 



□ 



Conclusion 7.5.7. It is consistent that non{M) = 5 = H2 and cov(A^) = 
b = Hi = 'C){Rj: g) for every non-decreasing unbounded g G oj^ and any / G oj^ 



such that lim 



/(") 



CX) 



Proof. Start with a model of CH and iterate uj2 times with countable sup- 



2.4.5 



port the Blass-Shelah forcing notion Q*^ (_Rb' 4 A, E 
conclude that the iteration forces "non(Alj = 
function in o;'^ appears in an intermediate model we may restrict our attention to 



). By 4.4.1 we immediately 
<2 k b = Hi". As each 



/, g G uj^ n V. By 7.3.8 and 7.3.(: we conclude that the iteration has the g- 
localization prope rty (just bu ild a suita ble PP-ok partial order J- and take any 
p-point I? G V; by 7.4.2 , 7.4.1 and [1.4.1 we know that V generates a non-reducible 
p- filter in the intermediate universes). Hence we get that in the resulting model 
cov(7W) = c)(i?3^) = Hi. □ 



Example 7.5.8. We construct a finitary 2-big tree-creating pair (-K t.s.s] 
of the NMP-type (see ^.2.31 (2)) such that the forcing notion Qf^'iK^Zs, 
does not have the strong PP-property. 



7.5.8 



H7.5.8 
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Construction. This example is similar to that of |6.4.4| (what is not surprising 
if you notice some kind of duality between mi and 13 (R^^^)). 

Let H(n) = n". Let A be the family of all pairs {n,x) such that x G [H(n)]"'. 
For G n H(fc), Too < to and A C A we will write v ^ 

k<rn 

(3(ri, a:) G A){mo < n < m & iy{n) G x). 
Now we define ( i ^.s §| , Z jy.s g ). A tree-like creature t G TCR^[H] is taken to be in 

• val[f] is finite, and 

. nor[t] = log2(min{|A| : A C A & (Vz. G rng(val[t]))(z. ^^^^^^ ^1)}). 

The tree composition is defined like in [6.4.4 : if {ty : v & T) A'tXs] is 

a system such that T is a well founded quasi tree, root(ti.) = and rng(val t^J) — 
succT(i^) (for V eT) then we define S* [t^ : v £ T) as the unique creature t* in j ^7,5.g| 
with rng(val[t*]) = max(r), dom(val[t*]) ^ {root(r)} and d\s[t*] = {A\s[t^] : v G 
f). Next we put 

SQi. : G f ) = {t G : val[t] C val[5*(t, : v G f )]}. 

It should be clear that (-K 7.5.8, S^Xs]) is a finitary tree-creating pair and the forcing 
notion Q*''°°(/< ]7.5.g| , E |7.5.g ) is non-trivial. 

Claim 7.5.8.1. {K^^J^ is 2-hig. 

Proof of the claim: Let t G /< |7.5.8| , nor[t] > and suppose that pos(t) = mq U ui. 
Let G £ ]7.5.g| (t) be such that pos(s^) = (for ^ = 0, 1). Take A^ C_ A such that 

-2"°'-[^^l and {y,^epos{se)){u^*^^Ae), 

where toq = ig{ioot{se)) = £5(root(i)). Clearly (V;^ G pos{t)){iy ^'^^ Aq U Ai) and 
thus 

nor[t] < logadAol + |^i|) < 1 + max{nor[so], nor[si]}. 

Claim 7.5.8.2. {K^Z^, SfX^) is of the NMP -type (see ^.24 (2)). 

Proof of the claim: Suppose that {tj) : ij £ T) E (Q0'°°(A7.5.g, E |7.5.8 ) is such that 
(V?7 G r)(nor[t^] > 1) and Fq, Fi, F2, . . . are fronts of T such that 

G F,+i)i3u' G F,){iy' <\ v). 

Clearly these fronts are finite (as (^ ^7.5. I ^.s.gj ) is finitary). Further suppose that 
g '■ V} Fi — > U Fi^i is such that v <\ g{v) G F^+i for v G Fi. 

Let r = min{2"°'"[*''] : ry G T}. Choose increasing sequences (n^ : k < r^ + r), 
(ikijk : k < r"^ + r) such that for each k < r^ + r: 

(i) ik < ik < ik+i and if fc G [r,r + r'^) then jk =4 + 1, 

(ii) if fc < r, G F^^ then \{p G Fj^ : <i p}\ > r, 

(iii) Hk < inm{£g{iy) : i/ e F,,^} < max{£g{iy) : v G F.j^} < Uk+i- 
Choose a mapping tt : Fj^ -^ — > r^ such that 

(*)o if < ?7o e Fj^_-^ , < 771 G , v e Fj^, k <r 

then 7r(77o)(fc) = 7r(?7i)(fc), 
(*)i for each 1/ G i^i^, k < r and £ < r there is 77 G such that v <, rj and 

7r(77)(fc)=f. 
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(It is easy to define such a mapping if you remember clause (ii) above.) Let tt* : 
— > be the isomorphism of equipped with the lexicographical order and 
r*" with the natural order of integers. Take a tree-creature s £ • G 

<l '^)) such that 

rng(val[s]) — {v ^ ^j^r+^-i • if ^t™o £ Fj^-n "^o G and fc = 7r*(7r(z^|"mo)) 

and vlnii G Fi^^^, mi G tiJ then 3(1' fmi) < v}. 

(Note that we may find a suitable s by the definition of SI7.5 d.) By the choice, this 



s satisfies the demand (/3)'''°° of 3.2.3| (2). But why does it have large enough norm 



? 



Suppose that A C ^ is such that \A\ < r. Let fep < r be such that 

{n,x) e A ^ n ^ [nko,nko+i). 

Since \A\ < 2"°'"[*''l for each 77 G T we may inductively build a sequence G Fi^^ 
such that 

(V(n,x) G A)(^5r(root(r)) <n< lg{va) M^) i a;). 

Let (To : fco — > r be such that <Jq{K) is the value of T:{ri){k) for each 77 G Fj^_-^, 
<J T]. Take ^ < r such that 

if <T G r^, cro'~'(^) < cr 

then there is no {n,x) G A with n^,f^^^_^_^ <n< n^.(o.)+r+i 
(remember the choice of tt* and that \A\ < r). Now take vi G F^^.^ such that 
I'o <1 '^i and 

(Vr? G F,„_ J(7.i < 77 ^ ^(r?)(fco) = i) 

(possible by (*)o + (*)i)- By the choice of fco we know that 

{V{n,x) G A){£g{ioot{T)) <n< lg{vi) ^ vi{n) i x) 

(look at (iii)). Next continue like at the beginning to get r] G Fj^_^ such that Vi < r] 
and -i(?7 -<|g(root(T)) ^^""^ ^^^^ o'o'^(^) ^ 7r(??) and therefore there is no 

{n,x) G A with 7t7r'(7r(j)))+r < < "-tt* (7r(?7))+r+i ■ Consequently we may continue 
the procedure applied to build 77 and we construct rj* G Fj^^^^ -^ such that 

■q < 77*, if 77* tr?^ G F,^^^.^^^^,, then 3(77* |-7n) < 7/*, and -.(77 -<|g(,oot(T)) 
Since, by its construction, the sequence rf is in rng(val[s]), it exemplifies that A 
cannot witness the minimum in the definition of nor[s]. Consequently, nor[s] > 
log2(r) and thus the tree-creature s satisfies the demand (a)'''°° of 3.2.3| (2). 



Claim 7.5.8.3. The forcing notion '^^{'"^{I ^ .5.^ , S [7,5,g| ) does not have the strong 
PP-property. 

Proof of the claim: We will show that the generic real W shows that the strong 
PP-property fails for Qtrce^-^i ^ 1 ^ Sq suppose that {wi : i G i?) is such that 



B e[Lj]^ and (Vi G B){w^ G [w]*) and let p G Qf°°(JtfJi|, SpXj)- We may assume 
that nor[t^] > 1 for each 77 G T^. Take G -B \ £g{TOot(p)) and build inductively 
a condition q > p such that for each rj ^ T"^ and h' G pos(t9) 

tl G S[I](tp and nor[t«] > nor[tP] - 1 and (iq < £g{iy) ^ i^{io) i w^,) 

(remember the definition of the norm of elements of i^^Xs])- Now clearly g Ih " 
VF(jo) ^ 7«io "i finishing the proof of the claim and the construction. □ 

Conclusion 7.5.9. It is consistent that co^{M) < diR"^^). 



7.5. EXAMPLES 
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Proof. Start with a model of CH and force with countable support iteration of 
length UJ2 of forcing notions We know tha^Q5^'=<=(i^[X], S jTIsI ) 

is proper, cj'^-bounding and Cohen-preserving (by ^.2.5| + |3.1.lD . Consequently 
the iteration is of the same type (see |BaJu95| , 6.3.21, 6.3.22]) and, by standard 
arguments, in the final model we have non(A^) = I) = Ki. But this implies that 
coi{M) = too (see jBaJu95| , 2.2.11]). Finally, as Qf'=°(ii|J], E^) does 
not have the strong PP-property we easily conclude that the iteration forces that 
t)(i?^PP) = H2. □ 



List of definitions 



1.1.1 weak creatures, WCR[H]; 

1.1.3 finitary H, Unitary K] 

1.1.4 sub-composition operation, weak creating pair, the relation '^s; 

1.1.6 basis basis(i), possibilities pos(?i',5); 

1.1.7 forcing notion Qc(nor)(^j ^) (for a weak creating pair {K, E) and a norm 
condition C(nor)); 

1.1.10 TOdn(i)i norm conditions and corresponding forcing notions <[^soc {K ,Yj) ^ 
Qoo {K, S) , Qwoo {K, S) , (/C, S) , Q0 (K, E) ; 

1.1.12 fast function, H-fast function f : uj x uj — > w; 

1.1.13 name for the generic real W; 

1.2.1 TOdn' '^up) creatures, CR[H]; 

1.2.2 composition operation on K, creating pairs (iT, E); 

1.2.4 finite candidates FC{K, E), pure finite candidates PFC(ii', E), pure candi- 
dates PC(i4r, E), C(nor)-normed pure candidates PCc{noT){K,T,) and par- 
tial orders on them; 

1.2.5 creating pairs which are: nice, smooth, forgetful, full; 

1.2.6 forcing notions Qc(nor)(-^' ^) ^'^^ creating pairs {K, E); 

1.2.9 when a condition p essentially decides a name f, approximates r; 

1.2.11 partial orders <apr, <r, <;:°°, <i; 

1.3.1 quasi trees, well founded quasi trees, downward closure dcl(r), successors 
succt(?7) of T] in T, T^, split(r), max(r), f , lim(r), fronts of a quasi tree 
T; 

1.3.3 tree-creatures, TCR[H], tree-composition, bounded tree-composition; 
I.3.5I forcing notions Q'/''''(X,E) for e < 5, (^^/"^(A^E), condition pi''! for 

peQ*/°°(if,E),7?GTf; 
|1.3.7 | e-thick antichains in T'p for p e Qf'^'iK, E); 
1.3.10 partial orders <^ (for e < 3); 

1.4.3 local weak creating pairs; 

2.1.1 creature t f [mg, mi), for a creating pair {K, E) we say when it is omittory, 
growing; 

2.1.7 creating pairs which are: gluing, simple; 
2.1.10 creating pairs which capture singletons; 

2.2.1 big creating pairs; 

2.2.5 omittory-big creating pairs; 

2.2.7 Halving Property and weak Halving Property; 

2.3.2 big tree-creating pairs; 

2.3.4 t-omittory tree creating pairs; 

2.4.1 pre-norm on V^A), nice pre-norm; 

2.4.2 pre-norms dp', dp^ (for i < 3, n G w); 
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3.2.1 Cohen-preserving proper forcing notions; 

3.2.3 creating pairs of the NMP-type, tree creating pairs of the NMP^'^'^'^-type; 
3.2.7 trivially meagering weak creating pairs; 

3.3.1 weak creating pairs of the NNP-type; 

3.3.2 gluing and weakly gluing tree creating pairs; 

3.3.4 strongly finitary creating pairs; 

3.4.1 when a weak creating pair {K, S) strongly refuses Sacks property; 

4.1.2 creating pairs which are: meagering, anti-big; 

4.2.3 (d,M)-sum S^^™; 

4.2.4 when a creating pair is saturated with respect to a family of pre-norms; 

4.3.1 decision functions, creating pairs of the AB-type, condensed creating 
pairs; 

4.3.7 creating pairs of the AB^-type; 

5.1.1 essentially /-big weak creating pairs; 

5.1.6 reducible weak creating pairs; 

5.1.7 /i-limited weak creating pairs; 
5 1.11 (H, i^)-fast function; 

5.2.1 Uh{t), Vi^{t), (f, /ii, /i2) -bounding forcing notions; 

5.2.3 creating pairs which are monotonic, strictly monotonic, spread; 

5.2.5 m-additivity add„i(i) of a weak creature t, {g, ft,)-additive weak creating 
pairs; 

5.2.8 i-good families of functions, (t, ^)-bounding forcing notions; 

5.3.1 i-systems, regular i-systems, PJ^^^^^ (f, (i^T, S)) and the partial order < 
on it, quasi- ly-generic F; 

5.3.6 (r, VF)-genericity preserving forcing notions; 
5.3.8 Cohen sensitive f-systems, directed f-systems; 

5.3.10 (io, hi, /i2)-coherent t-systems, (fo , -^)-coherent sequences of f-systems; 

S.1.1 creating pair which generates an ultrafilter; 

S.1.3 when F generates a filter (ultrafilter), X'(F); 

S.1.5 interesting creating pair; 

B.2.1 Ramsey filter, p-point, q-point, weak q-point; 

6.2. 5 interesting ultrafilters, games G^^(X'), G'^^(2?), semi-Ramsey ultrafilters, 
almost Ramsey ultrafilters; 

S.3.l | tree creating pairs of the UP(P)"°°, sUP(2?)*''™ -types; 

3.3.3 rich tree creating pairs; 

5.3. 5 Rn{k,m); 

3.3.7 simple except omitting creating pairs, omittory-compatible t-systems; 

7.1.1 kbp; 

7.1.2 i^'^PP; 

7.2.1 non-reducible filters, PP-ok partial orders, forcing notions with {T>,x)- 
strong PP-property, {V, :F)-strong PP-property; 

7.3.5 (2?, ^)-i?|-localization property. 
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